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Foreword

“...Both Mathematics and Physics are in a state of crisis in present days,
from intellectual and social sides simultaneously. Both have much to con-
tribute to each other’s disciplines, and I believe that a renewal of their
traditional liaison would go far to cure at least the intellectual side of the
malaise felt by workers in both disciplines...” — Robert Hermann in Lec-
tures in Mathematical Physics — Vol. I & Vol. II.

My aim in this set of informal lecture notes on applied mathematical
analysis is to present mathematical author’s original research material
(Chaps. 3-9 and appendixes) revised and amplified of our two previous work
on path-integrals in statistical and quantum physics and strongly focused
at a pure and applied mathematical audience of readers.

We have a strong believe that mathematics students can find a source
of inspiration to stimulate mutual interaction of their discipline and physics
and thus, undertaking the reading of physics books, talking with physi-
cists and try to read our previous two monographs in classical and
quantum physics. The special emphasis in this supplementary volume 3
is on advanced mathematical analysis methods with its applications to
solve partial differential equations in finite and infinite dimensions arising
in applied settings. Another objective behind writing this set of author’s
mostly original results in the form of lectures is the hope it could serve
to show that the “aridity” and “sterility” that one finds in much modern
“estimate mathematical analysis” can be conterweighted side by side by
mathematical analysis formulae exactly used in the modern applications.

A word on the “methodology” in our set of lecture notes as a set of com-
plementary notes we feel that the students should read the chapter with a
pencil and paper at hand, after which they should make additional studies
in the specific topic in the literature and thus present their studies in sem-
inars to others students with all lectures mathematical details worked out.

Luiz C.L. Botelho
Professor
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Chapter 1

Elementary Aspects of Potential Theory
in Mathematical Physics

1.1. Introduction

Many problems of elementary classical mathematical-physical analysis
are connected with the solution through integral representations of the
Dirichlet, Newmann, and Poisson problems for the Laplacian operator,
including its generalization to the Cauchy problem for wave and diffusion
equations. In this chapter, we present the basic and introductory mathe-
matical methods analysis used in obtaining such above-mentioned integral
representations.?

1.2. The Laplace Differential Operator
and the Poisson—Dirichlet Potential Problem

Let © be an open-bounded set in RY. We define C?(f2) to be the vectorial
space composed by those functions f(x) = f(x!,...,2") = f(7). (Here we
adopt the physical notation 77 = Zfil x'e; with € denoting the canonical
vectorial basis of RY), continuously differentiable until the second order in
Q, namely,

9*f(x)
OxkOz™

Let us consider the following linear transformation with domain C?(£2)
and range C(Q)

e C(Q), forany (k,m)e{1,...,n}.

Ay CP(Q—C(Q)
flx) = (Af)(z) = < %) f(xl,...,x"). (1.1)

We now have the following simple result about the kernel of the above
linear transformation in R? (holding true for any RY, with N > 2).
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Lemma 1.1. The kernel of the Laplacean operator as defined by Eq. (1.1)
has infinite dimension in R>.

Proof. Let f € C?(C x R) such that gji (w,t) exists and the function

defined below (2! = x, 22 = y, 2® = 2 — the usual classical notation in
potential theory in the physical space R3)
Ui(z,y,2) = f(iz cost + iy sint + 2,t). (1.2)
We wish to show that
Ay (Ui, y,2)) = 0. (1.3)

This result is a simple consequence of the following elementary
identities:

2 2
92,2 Ui(z,y,2) = 2w (0, V)| w=z-+iz cos t+iysint » (1.4a)
2 2 ,
9222 Ui(z,y,z) = 2w (W, t) | w=2+iz cos t+iy sint(( cost)?), (1.4b)
2 2

0° =z .
82y2 Ut(x7y’z) = 92w (w7t)|w:z+iazcost+iysint(zSlnt)z. (14C)

As a consequence

02 .
AVEN (Ut(x, Y, Z)) =52, f(w, t>}w:z+im cos t4-iy aing(L— cos?t —sin?t) = 0.

(1.5)

Note that a whole class of harmonic functions H () in the class of
C?(Q)-functions in the kernel of the Laplacean operator Eq. (1.3) may be
obtained from Eq. (1.3):

b
U(.T7y,Z) :/ dtg(t)(f(wat)'w:ia:cost+isinty+z)7 (16)

a

and for the special function below:

f(w,t) =w" e (o€ R,nel),
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we have the harmonic legendre polynomials in the three-dimensional
spherical ball

U(z,y,2) :/ e (2 + iz cost + iysint)™ dt

—T
T

= dt e (r cos @ + irsin § cos @ cost + irsin @ sin @ sin t)"

= 2" e'® (/ dt cos(at)(cos @ + (sin 0sin t)")
0

= 1" P, ,(cos?). (1.7)

After these preliminary elementary remarks we pass on the discussion
of the famous classical Poisson-Newton problem: Let 2 C R? be a bounded
open set of R® with a boundary 9Q being an orientable simply con-
nected C?-surface. We search for the solution of the nonhomogeneous linear
problem in € through an integral representation (the Laplacean Green
function).

—A3U(x,y,2) = f(x,y, 2). (1.8)

Here f(z,y,2) € C1(Q) (Q=QUIN).
We have the basic result in answering the Poisson-Newton problem.
|

Theorem 1.1. The Laplacean operator
—As: C2(Q)/H(Q) — CHQ) (1.9)

is inversible, and its inverse has the following integral representation:

Va2 {/// de'dy'd/ V(x—a')? i(g(c;g/;f;l—i—(z—z’)z}
def //QdBF’f(F’)~G(0)(|F—F’|). (1.10)
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Proof. Let us re-introduce the “classic mathematical-physicist” vectorial
notation in our formulas

F=(z,y,2); 7 =y, 7). (1.11)

Let us consider the d-approximant solution for the problem

) (7) 4ﬂ/// B3 f (7 Ggg)q — ). (1.12)

Here the “regularized” Green function is given by

1
P for |F— 7’| > ¢,
(®) (17 _ 21} —
G(O)(|r_ /|) 1 7,~»_,,7/|2 (1'13)
%(3_572)7 f0r|r—r’|<5

Note that the above “regularized” Green function is a continuous
function in both variables, i.e.

Glo) (7= 7]) € C(2 x Q)(since G{p) (5F) = Giy) (57))-

We now have the estimate for § — 0:

= 3 _ o a2 :
sup (|U(5) — U|(r)) < HfHL2(Q) X {/// d3T|G(5)(|r —7"’|)| }
TEQ B(;(O)
< HinQ(Q) (V2md), (1.14)

which shows the uniform convergence of the sequence of approximate
solutions to the (well-defined) function U(7) by the Weierstrass uniform
convergence criterium.

That the integral representation Eq. (1.10) defines a well-defined

function comes straightforwardly from the estimate around our infinitesimal
ball B.(7) = {F"| ||’ — 7] < e}.

’///B A AU T {Am/d;}

1 1
< (4me)2 ||f||z2(Q) < 00. (1.15)

As a second step to the proof of Theorem 1.1, we point out that the
sequence of functions

V.-U® = — /// ErfFEHV - GO (7= 7)) (1.16)
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converges uniformly to the (well-defined) function in C/(£2)

I:—i—{///gaﬁf’f(?"')vf(m)}. (1.17)

The proof of the above made claim is a consequence of the following

estimate:
|7 — 7|2 (x —a)
(V”{ 2 | TP

lim{ / / / A3
6—0 Bs ()

Let us now pass on the problem of evaluating second derivatives.
In this case we have the Gauss theorem (integration by parts in R3!)

[ sev(=)
Sl prseve (725)

2 } =0. (1.18)

Il
|
ey
Q
N
s
—~
!
\_>
=y
[ =
i
N
—~
o
o
BN
=
N
=
Nt
I8
n
—~
1
\_>

+//Qd3f’(v,m-f(?’)) L (1.19)

Here cos(N Z7) is the cosine between the normal field of the globally ori-
ented surface 99 and the point 7, argument of the function U(7). At this
point we are using the fact that f € C1(Q). However, Eq. (1.19) has a rig-
orous meaning for f € L?(Q) (left as an exercise to our diligent reader!).
It is important to remark that at this point of our exposition all these
topological-geometrical constraints imposed on the surface 9€2 by means
of Gauss theorem must be imposed as complementary hypothesis on the
geometrical nature of the Poisson problem.

By deriving a second time the left-hand side of Eq. (1.19) and taking
into account that in the surface integral we always have ¥ # 7/ (we do
not evaluate the solution U(7) at the boundary points) and obviously
Vi f(7) = 0, we arrive at the following result (without bothering ourselves
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with the 4m-overall factor in Eq. (1.10)):

UG =—ff 1Y (ﬁ)cos(ﬁl?’)d&‘(f")

Now we have that

f(F){ /% ) v,?( |F_1F,|> cos(ﬁéf’)dS(F’)}

_ f(F){ N;,g ds(F)} — 4nf(7) (1.21)

iy o 3 (xa_x;)z 3 =/
‘///m(f(” 10 - e + e
< (s ren) < {s [f[ e T
7' €B:(T) B (7) T_T |

To = * [P =7 5.\ .
+///B - TR d%’} 9. (1.22)

Precisely, to obtain this estimate, we need the condition that the data
f(7) must belong to the space C1(Q) (including the continuity of the
derivative at the boundary 0€!).

As a general exercise in this section we left to our reader to prove
Theorem 1.1 in the general case of the domain Q C RY (N > 3) with the
Green function in RV,

U(r) = —F(%) X {/ dNFf(F|F — F’|2N}. (1.23)
(N = 2)2(ym)N 0
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Note that the regularized Green function G(®) is now given by

GO |7 7)

1 e o o
7 — 7/ [N2 if |7 = 7"| > 4,

R 2 (N-2\/[[F=7\" ,
- |2 _ -7 <
v 2w () () | weeriss

(1.24)

In R?, we can show that (left to our readers)

g 7 o (e )10 | (1:29)

This case can be seen as coming from the general case Eq. (1.23) after
considering the (distributional) limit

r@g 1 e 1
I 2) L e-murril 2L e L
#92{2%)2%26 o =Tl (126)

We consider now the well-known Dirichlet problem: Determine a U (7) €
C?(2) N CY(Q) such that

{A U(F) = for r € Q, 127)

U(F) | - g ‘BQ’
a very useful problem in string path integrals for Q C R2.

By a simple application of the first Green identity we obtain the
uniqueness property for the Dirichlet problem

/// AU*'VU')(”d‘?’*:/%gw-vﬁU)(F)dr(m=o. (1.28)

As a consequence,

///Q|VU|2(F)CZSF:O<:>U(F) =0 inQ. (1.29)

An explicit solution for Eq. (1.27) is easily obtained by considering the
Poincaré method of considering a Green function of the structural form
below.
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Let

G(7,7)=H(F7") +

1
T (1.30)

Ar|F — 7
where H (7, 7') is a harmonic function in €2 in relation to the variable 7/,
satisfying the following condition:

1

HE ) rreon = = o

(1.31)

7' eoN

Then we have the following explicit representation: |

Theorem 1.2. We have the integral representation for the Dirichlet
problem

1
ur) = _ 3l (g(7)V G ) dS ()
(—1/2mif 7 € OQ — exercise) A {ﬁ N }

o0
1
T Arx

/%Q (g(F’)Vﬁ (H(f; 7') + m»dsoﬂ}. (1.32)

Proof. Let us consider the regularized form for the Green function as
proposed by the Poincaré ansatz

GO 7"y = HO(F 7Y + U (7 — 7). (1.33)
Here
Ay HO(7 7)) = 0,
S S (1.34)
H( )(T’T/)}F’em) = U (77,
with
1
— if |7 —7'| >0
=7 if |7 =] > o,

o= T (135)
Sl ey [ S if |7 — 7| < 6.
47r[26 (3 52 )], if |F—7'| <9

By applying the second Green identity to the pair of functions U(7)
and GO (7, 7'), we obtain the relation

JJ | e ae v

= ﬁf (UF")V g GO(F,7)dS (7). (1.36)
o0
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By noting that we have explicitly the Laplacean action on the regu-
larized function U(®):
0, if |7 — 7' > ¢,

Ar U (7 7y = 3 )
(3 ez
(471'53>7 if |7 —7'| <9,

(1.37)

and by taking the limit of § — 0, it yields the integral representation
Eq. (1.30).

Our problem now is to obtain an explicit procedure to determine the
Harmonic piece of the Green function, namely, H (7, 7).

A solution was first given by H. Poincaré through the use of the so-called
double-layer potential ®(7, ), satisfying the Poincaré integral equation in

L2(09, dS):

1 (7, 7") g/‘ 11 o .
< 47T|77—7?I|) 2 o0 N(47T |77—7?/|) (T‘,’LU) x dS(’LU)
(1.38)

Note the somewhat geometrical complexity of the geometrical measure

dS on the surface 9f2, when the integral equation above is solved by the
standard Fixed Point Theorems.!:?

After solving Eq. (1.38), Poincaré showed that one easily has a formula
for the function H (7, 7'):

H,7) = /% o f’)vﬁ( ¥>d5’(?’). (1.392)

B 4|7 — 7|

Another point worth to call the reader’s attention is that it appears more
straightforward to consider the following integral equation for the surface
derivative of the harmonic function U (7). Since

- el (s -sews(imoo
1.39

we have

() g (vﬁ ! )}dS(F’). (1.39¢)
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One can in principle solve the above-written integral equation in
L?(99,dS (7)) by the Banach fixed point theorem at least for small volumes
and for the normal derivative of the harmonic function U (7) and then using
again the Liouville integral representation Eq. (1.39b) to determine U (7)
in Q.

A more useful approach for the explicit determination of the harmonic
term H(r,7’) in the Poincaré—Green function is by means of the eigenvalue
problem for our Laplacean operator with a Dirichlet condition

—Apn(7) = Angn () for 7€ €, (1.40)
%Dn(’?)‘an =0 for 7€ 0Q,

or in the equivalent integral form (see Theorem 1.1)

/‘n‘pn(F):///Qd?’FI% (1.41)
fin = ;—n = ((///Q soi(?)df”?)///g |V<pn|2(F)d3F> > 0.

Now it is straightforward to see that

[ ororrmie-(50 4 ezt
+ (//QH(F, F’)—(_AF'Ai"(FI)) d3F’).

(1.42)

At the point we left as an exercise to our reader to show that the surface
integral and the volume integral cancel out.

By the usual Mercer theorem (if supzcq |¢n (7)| < M, for Vn € Z1), we
have the uniform convergence of the spectral series defining the Dirichlet
Green Function as a result that lim,,_, o (\2?2) < 00,

G(7, 7)) < Z [en(@)on ()] <M2{ Z #} < o0. (1.43)

nezs nezd

with

The same result holds true for the case of the Newmann problem written
below:

AU(F) =0, for 7 € Q,

Vi UGF) = g(7) (/%Q S(FAS() = 0>7 (1.44a)
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with
U@ﬁ:vg‘mmamfmwwm (1.44b)
o

where

ﬂﬁﬂZ}jéggﬂj, (1.44c)

and with the eigenfunction/eigenvalue problem

{—Aﬁn(F):)\nﬁn(F), for 7€ Q,

(1.45)
Vi Bu() =0, for 7 € 09Q.

Finally, it is left to our readers as a highly nontrivial exercise to gener-
alize all the above results (their proofs!) for the case of Q possessing a Rie-
mannian structure: The famous Laplace—Beltrami operator acting on scalar
functions into the domain (€2, gus(2)), @ € RN, 9, 9 (a=1,...,n)

= Dz

_L ab 7%
\/gaa(\/ﬁg 86)}U( ) (1.46)

mathematical object instrumental in quantum geometry of strings and
quantum gravity.*
For instance, for two-dimensional Riemann manifolds, one can always

—%Uz{

locally parametrize the Riemann metric into the conformal form in the
trivial topological Riemann surface sector gui(x,y) = p(z, y)dab-

An important application in potential theory is the use of the famous
multipole expansion inside the Laplacean Green function (r = 7,7 = |¥']):

1 1 7 3 (77 (1)
—_—=— — — cee 1.47
|7 — 7| 7"+ r3 +{27r( r2 ) 2r3 + (1.47a)
A useful explicit expression for the Laplace Green function can be

obtained for the Ball B,(0) = {# € R® | |f] = r < a} in spherical
coordinates

- CL(T2 — CL2) 2 ’ T . 2 / f(olv 80/)
u(r,0,0) = T{/O di /0 sin 0" df (a2 + 172 —2arcosQ) ) |’
(1.47b)

where the composed angle in the above-written formula is defined as

Q[(6,0); (0, ¢")] = cosf cost +sinf sin 6’ cos(p — ¢'). (1.47¢)
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Another point worth remarking is that Egs. (1.38), (1.39a) and (1.39¢)
have potentialities for problems involving weak perturbations of the domain
boundary 900 — 900 1+ £9QM, since we have for instance the
explicit perturbation result for the integrand of Eq. (1.38) for a given
parametrization of the perturbed surface

-, -

W = Wi (u,v)é; + Wa(u, v)éy + Wa(u,v)és = (WO 4+ W) (u,v)

- V(0 4 (M) 70 4 (M) . .
N(u,v) = (ﬂ +€ﬂ ) X (ﬁ +Eﬂ ) — NO L N 4
[(WO) + W) x (WO +eWD)|ps

1 1 7 — W)

= = = = + =
- WO — W] |- WO - WO

O(7, W) = DO (F, WO) + VoD (7, WO) . YWD 4 ...
(1.47d)

Rigorous mathematical analysis of such e-perturbative expansion is left
to our mathematically oriented readers, including the open problem in
advanced calculus to find explicitly the Green function for a toroidal surface
and the Moebius surface band and its weakly random perturbations. |

An important mathematical question is the one about the well-
posedness properties of the Dirichlet problem in relation to the uniform con-
vergence of the datum. We have the following result in this direction:

Lemma 1.2. If in Eq. (1.27) g,(7) € C°(0S) converges uniformly for a
function g(7) € Cy(0), then we have the uniform convergence of the solu-
tions (1.32) associated with the sequence data {g,} to the solution associated
with g(7).

Proof. Let G be a compact in 2 such that dist(G,9) = § > 0. Since we
have the following estimate for the Green function

1 1
sup  |G(7, 7)< sup || < (1.47e)
FeG;71eon Fed;reon Ar|r — 7| 4o
and so on,
. . Area(0Q)
sup U (7) — U] < 229D 1o glloogony — 0. (L4

f=te! - 471'6
]



Elementary Aspects of Potential Theory in Mathematical Physics 13
Finally, let us announce the combined problem of Poisson—Dirichlet in
R? and its associated integral representation.

Theorem 1.3. Let Q C R? be a region satisfying the hypothesis of the
Gauss theorem. Let g(7) and f(7) be elements in C1(Q); the solution of
this problem in C%(Q) N CH(Q)

{AU() F(F); TeQ, (1.48)

|aQ g(7 ‘BQ’

is (uniquely) given by the integral representation written below:

o ([ e

Here the function v(7") is the harmonic function related to the boundary
data

Aw(r) =0,

S/

1.3. The Dirichlet Problem in Connected Planar Regions: A
Conformal Transformation Method for Green Functions
in String Theory

(1.50)

e

Let € be a simply connected region in R? and W C R? another region
with similar topological properties. A coordinate transformation (diffeo-
morphism) of W into Q

wWcecRrE QcR?

(1.51)
(&) (x(&n),y(&n))

is called conformal when one has the validity of the conditions in W:

oz(§,m)  dy(&,n)

93 on

Ox(&m) _ O0y(&m)
on ¢

(1.52)
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In this case one can see that z = x + iy = f~1(£ +in) and f(z) is an
analytic function in 2. We have the following relation among the functional
expressions of the operator Laplaceans among the two given domains W
and :

st = eten)((5) +(3))

where U(§(z,y),n(2,y)) = U(x, ).
In the case of the given domain transformation F' possesing a unique

extension as a diffeomorphism between the domain boundaries I'y = OW
and I'y; = 01, we have the following relationships among the Dirichlet
problems in each region:

. (1.53)
etin=f(z+iy)

Aﬁv’l U(fﬂ?) =0 (5777) € Wv
(a) (1.54)

Uy, = &l

ALZJ U(xvy) =0 (xvy) € Q:
(b) (1.55)
U(xvy)|p2 = .f(xvy)|p2'

Then,

U(&n) =Ulz,y). (1.56)

It is a deep theorem of B. Riemann in the theory of one-complex
variables that given two simply connected bounded domains where the
boundaries are curved with continuous curvature there is a conformal trans-
formation of the given domains realizing a coordinate (sense preserving)
of the boundaries.> A proof of such a result can be envisaged along the
following arguments: Firstly, one considers the universal domain B;(0) =
{(z,y) | 22 + y* < 1} as the domain Q. Secondly, one considers a triangu-
larization T\, of the region W. It is possible to write explicitly a conformal
transformation of 7}, into B;(0) by means of the well-known Schwartz-
Christoffell transformation of a polygon into the disc B;(0) denoted by
fn(2). One can show now that the family of functions { f,,(z)} is a uniformly
bounded (compact) set in the space H(Q2) (Holomorphic function in §2).
By choosing the family of triangulations 7, in such a way that T;, C T}, 41,
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one can expect that f,(z) converges into H () to a function f(z) € H(Q)
carrying the conformal transformation of W into B;(0). (Details of our sug-
gested proof are left to our mathematically oriented readers again.)

At this point we intend to present a Hilbert space approach to construct
explicitly such canonical conformal mapping of the domain W into the disc
B1(0).

Let H = {F(W,C),f: W — C, f is a holomorphic function in W}.
We introduce the following Hilbert space inner product in this space of
holomorphic (analytical) functions in W:

ge = %/Wdz ANdZ f(2)g(2). (1.57)

We have the following straightforward result for two elements of the
Hilbert space (H,(, ).) obtained by a simple application of the Green
theorem in the plane for any domain W C W:

/c?W—rl 9(z) ~ 9 / / W(2))dz A dz. (1.58)

If one considers h(z) = z—2z¢ and W = B,.(z¢) in Eq. (1.58), one obtains
that

9(x)(z = z0)dz p =1 9z _ 7 g0) (159)
{~/|zz0|—r } /|zz0|_r Z — 20 271

In other words,

27 |1

9(z0)l < 5|5 z) dxdy

[ V)

|z—z0|<r

1] o) (] os)
dxdy) (// dxdy)
7‘2 2 |z— Zo\<r |z—z0|<r

™
(& v ) ol

7TZ)‘/Z ) )
- ||g||H(W) < C||9||W(D) . (1.60)

\ /\

IN

IN

By the Riesz theorem for representations of linear functionals in
Hilbert spaces, the bounded (so continuous) linear evaluation functional on
(H(D),(, )c) = Hp has the following representation:

g(z0) = %//D dz Ndz R(z, 20)g(z) (1.61)
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and

R(z, 20) Z ex(z (1.62)

where {ex(z)} denotes any orthonormal set of holomorphic functions in
Hp.

Let f: W — B1(0) be the aforementioned Riemann function mapping
holomorphically the given bounded simple connected-smooth boundary
domain in B;(0). Since f(z) is univalent, we have that for f(zp) = 0 and
1'(20) > 0 the following identity holds true:

1 9(2) _ 9(0)

2_71'i OW =T, f(Z) B fl(zo)

Let C, = {(f(2))(f(2)) = r < 1} be the curve in the complex plane.
For this special contour, we have that (see Eq. (1.58))

1 _
27TZ f z erz /C 9(2)f(z)dz

1 -
= — 2)f(2))dxdy. 1.64
e N (G ) T (T

Note that we have implicitly assumed that the domain W is a homotopical
deformation of its boundary I'y !
As a consequence (by considering the limit of r — 1)

e

In view of the uniqueness of the Reproducing Kernel Eq. (1.57), we have
the explicit representation for the conformal transformation (f(z9) = 0 and

f'(z0) > 0)
- () o) o

For instance, one could consider the Graham—Schmidt orthogonalization
process applied to the functions {z™, 2"}, cz+ and obtain Eq. (1.66) as an
infinite sum of holomorphic functions, or use triangulations of the domain D
in order to evaluate the functions e, (z) in Eq. (1.62).

for any g € Hp . (1.63)

dxdy} (1.65)

(S
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Finally let us devise some useful formulae for the Dirichlet problem in
planar “smooth” regions, useful in string path integral theory.

Let Ug f~!: B1(0) — R be the associated harmonic function on the
disc B;(0) related to the Dirichlet problem in the region W. Note that by
construction f(zg) = 0 and f/(zg) > 0 for a given zg € W. As a consequence
of the mean value for harmonic function, we have that

Ul(zo) = (U f~1)(0) = %/0 7T(UQ 7Y (cos @, sin §)d6
L ),
=5l U( )fzo(Z) dz. (1.67)

From Eq. (1.67) we can write explicitly the Green functions G(z, z9) =

7.(2)/ f=(z) for the given canonical regions. For instance, f.,(z) = R(z —

)/ (R*—Z)z) applies Br(0) conformally into By (0), leading to the Poisson
formulae in the circle of radius R

2T

U(r,H):% 0 dqu(Rew)(

R2 _ ,,,2
R? + 12 — 2Rrcos(¢ — 0)

). (1.68)

The function f.,(z) = (2—20)/(2+7%0) applies conformally the right-half-
plane [[V = {z =z 4 iy, 2 > 0, —0c0 < y < oo} into B;(0) and fi,(20) = 0.
As a consequence, one has the integral representation for this region

x [T i
Ulz,y) = ;/_m %- (1.69)

The function f.,(z) = (22 —23)/(2? — (%)?) solves the Dirichlet problem
in the first quadrant plane, leading to the integral representation below:

" [/O"" th+ 2t2(x2t€(;§;it 7= yQ),]- (1.70a)

In general

Gz, o'y = L) — Jaal2) (1.70b)

1- fZO (Z) fzo(z/)

with f(z0) = 0 is the explicit Green function associated with the Dirichlet
problem in the planar region W.
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Just for completeness let us write the Green function of the Dirichlet
problem in the S% in polar coordinates

Gl(9.).(6,8) = 1-{ ~logls® + 7 = 200/ cos(6 ~ )

022
+log [RQ + e 2pp cos(0 — 9')} } (1.70c)
Here

APﬂ G((p79)a (p/79/) =

GI(R.0). (7. ) = +  5-talr~ 1) (1.70d)

1.4. Hilbert Spaces Methods in the Poisson Problem

Let us pass now to the formulation of the Poisson and Dirichlet problems in
the Hilbert spaces L2(Q), with  a compact set of RY. This formulation is
known in the mathematical literature as the Hilbert space weak formulation
of the problem.

Let H}(Q) be the completion of the vector space CL(€2) in relation to the

inner product (f,g)m = / d*z VfVg; the weak formulation of Poisson
Q

problem reads as of

U oy = / N VU(z) - (F9)(2)

/dN 2)(z) = (f, @) Ve HYQ), (1.71)

where one must determine a U(z) € H}(Q) for a given f € L*(Q). That
such (unique) U(z) exists is readily seen from the fact that the functional
linear below is bounded in Hg (€2):

Ly: HY(Q — C)

w— / d™ x( =L¢(p) (1.72)
as a consequence of the Friedrichs inequality
/de|U|2(x) < (diam(€)) """ (/ de|VU|2(x)). (1.73a)
Q Q
—_——

101220 < OO U0 (1.73b)
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By the Riesz representation theorem, there is a unique element U(x) €
H}(Q), such that it satisfies Eq. (1.72) and has the explicit expansion

U(x) " S Tylen)en(a)
=> (/QdNy f(y)en(y)>en(a:)

_ / dwy{gn:en@)en(y)} F(y) = / ANy Gla,y) ). (1.74)

Here, e, (z) is an arbitrary orthonormal basis in H}(€2), which can be
constructed from the application of the Grahm—Schmidt orthogonalization
process to any linear independent set of C2°(2), for instance, the set of the
polynomials {z!"!, zI™!} with z € RV.

This method of determining weak solutions is easily generalized to the
Poisson problem with variable coefficients — the Lax—Milgram theorem, a
useful result in covariant euclidean path integrals in string theory.

Let a;;(z) and U(z) be functions in C(£2), with 2 a compact set of RY.
Let us consider the following Hilbert space:

L?a}(Q) = topological closure of

'{f600(9)</9deu(af)%f-%fﬂt/ﬂdeV(x)(ff)(x) <oo)

with Qi ({,C) = aji(x), Qi (x))\l)\J Z CL0|)\|2

and V(x) > Vo > O}. (1.75)

We left as an exercise to our readers to mimic with some improvements
the previous study to prove the existence and uniqueness of the Poisson
problem in L?,,(Q) for f € L} ,(Q) 2 Hj(Q?) and p(z) € Hj(Q)

/Qde<aij(x)% U(x)%gp(x)) —l—/QdeV(x)U(x)@(x)
:/Qdef(x)@(x). (1.76)

It is another nontrivial problem to find conditions on the data function
f(z) (see Theorem 1.1) in order to have the weak solution U(x) to belong
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to the space C2(Q) N C*(€), which will lead to the strong solution of the
Poisson problem in €2

~ XN: {% (aij(x) % U@:)) } LV@U@) = f) zeQ (177)

ij=1

Another important generalization of the Poisson problem is the class
of semilinear Poisson problems defined by Lipschitzian nonlinearities as
written below for Q C R3:

(—AU)(x) + F(U(x)) + V(x)U(z) = f(x). (1.78)

Here f(x) € L?(2) and F(z) are real Lipschitzian functions (i.e. V(21, 22) €
RXx R = |F(z1) — F(22)] < C|z1 — 22| for a uniform bound c).

In order to show the existence and uniqueness through a construction
technique, we rewrite Eq. (1.78) into the form of an integral equation (see

Theorem 1.1)
g [f[ (FEEEREEE I i
(1.79)

One can see easily that T' defines an application with domain L?(Q2) and
range in L?(Q). Besides, T is a contraction application in L?(£2) for small
domains, as we can see from the following estimate:

I Tu = Tol[72 ()

1 2 2 2 3 1
< 1622 ||U—U||L2(Q){(C + ||V||L2(Q)) x //Qd $m

(02 V1B

6.2 )(47r diam(Q))||u — v[[Z2 (o - (1.80)

As a consequence of the Banach Fixed Point Theorem, we have that the
sequence

Up =T(Ups) (1.81)

converges strongly to the solution in L?(€2) of Eq. (1.79).
The reader should repeat the above-made analysis in the general case
Q C RY (see Eq. (1.23)).
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1.5. The Abstract Formulation of the Poisson Problem

Let A be a linear operator defined in a Hilbert space H = (H, (,)) (A: H—H,
A(aU + Bv) = aA(u) + BA(v)) such that its domain D(A) forms a (non-
closed) vectorial subspace dense in H. Note that D(A) has the explicit
analytical representation

DA)={ueH|Auec H & (Au, Au)y < o}. (1.82)

Let A € C such that there is a vector Uy € H, such that AUy = AU, .
Such vector is called the eigenvector of A associated with the eigenvalue A.
The set of all these eigenvectors {Uy} makes an invariant subspace for the
operator A.

We have the following results in operator theory in separable Hilbert
spaces, useful to the Poisson problem solution.

Theorem 1.4. If the operator A satisfies the symmetric condition (so A
is called a symmetric operator) (Au,v)g = (u, Av)g(u,v € D(A)), then all
etgenvalues X are real numbers.

Proof. Let AUy = AU, . As a consequence of the symmetry property of
the operator A, we have that

(AU, Uy = (\Ux, Ux) = M|Us|I* = (Ux, AU) = A|UA|P. (1.83)
]

Theorem 1.5. If A is a symmetric operator, then different eigenvectors
corresponding to different eigenvalues are orthogonals. So A has at most a
countable number of eigenvalues in the separable H.

Proof. Let AUy, = MUy, and AUy, = A2Ux, (A1 # A2). Thus we have the
identity

0= <AU)\17U)\2>H - <U>\17AU>\2>H = (/\1 - )‘2)<U>\17 U>\2>H7 (184)
which means the result searched

<U>\17U)\2>H = 0. (185)
U

We have our basic result in the theory of the Poisson problem in Hilbert
spaces.
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Theorem 1.6. (Dirichlet-Riemann Variational formulation of Poisson
problems.) Let A be a positive-definite symmetric operator in a given sep-
arable Hilbert space H = (H,{,)). (Ezists ¢ € R* such that (AU, U)y >
c(U,U) gy for any U € D(A).) Let the functional given below for any
F € Range(A) be

Foay(p) = (Ap,0)n — () m - (1.86)

Then, the functional equation (1.86) has a minimum value at U € D(A)
such that

AU = f, (1.87)
the converse still holds true.

Let us exemplify the above result for the Poisson problem in bounded
open sets in RN with a Riemannian structure {gu,(2%);a,b = 1,...,n}
(manifolds charts).

Thus we consider the following covariant Hilbert space associated with
the given metric structures

12(92) = closure of {f cc@ ()= [ & \/g<x>f<x>m},
(1.88a)

H 4() = closure of {f €GO ()= / A" \/59" Ouf abf},
W
(1.88b)
H{ ,(Q) = closure of {f e CHY) | (, Yo

= /7 ANz \/g(Va, Vg, @)
w

% {gal’azp/2+1) L ga<p/2>a;}(x)(v

-V Nlz). (1.88c)

/ .
%(p/2+1)

In the covariant Hilbert space H&,Q(Q), we consider the functional
(positive-definite) associated to the Laplace-Beltrami operator A, =
—% 9a(,/g6*°0,) acting on real functions

Fa, (¢) = /W N G (p(—Ag)g) () — /W e /G f@)p@).  (1.89)
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The minimizing U € Hj ,(€2) of the above-written functional is the
solution of the covariant Poisson problem in the open domain W:

(A, U)(z) = f(x) forzeW. (1.90)

Let us now analyze the eigenvalue problem in the Dirichlet problem in
the Hilbert space L?(€2).

We can accomplish such studies by considering the problem rewritten
into the integral operator form

pUA(F) = i/gdgf’ |ZA—(7;)| — (TU)(F). (1.91)

First, let us see that the integral operator T has as its domain C1(Q2) C
L?(Q) and as its range the functional space C2(2). However, it can be
extended to the whole space L?(f2) by the Hahn—Banach theorem

T: L*(Q) — L*(Q) (1.92)

since we have the estimate

|<TU><f>|g(ﬁ/de F_T,P) (/d T )

1 . z
< (Faiam®) 10000 (1.93)

We can see that T is a symmetric bounded compact operator with a set
of eigenvalues |u,| < 2T diam(€2) and p,, — 0 for n — oo.

1.6. Potential Theory for the Wave Equation in R® —
Kirchhoff Potentials (Spherical Means)

Let us start this section by defining the Poisson—Kirchhoff potential asso-

ciated with the given C?(2) functions. The first potential associated with a
certain f(7) € C%(Q) is defined by the spherical means (7 = (z,y,2) € Q)

UD(F 4, [f]) = — / f(@' + act,y’ + Bet, 2" + yet)dS. (1.94)
SE.(
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Here, S2,(7) = 0{B2,(¥)} is the spherical surface centered at the point
7 = (x,y, z) with radius |#/ — #] = ct. The spherical parameter «, 3, and v
are defined as usual as

a = cospsind,

= sin psin 6,
f=sing (1.95)
v = cos b,
dQ) = sin 0df - dep.

The second potential is defined in an analogous way as

U0 = = 5 {5 UV LD (1.96)

We have the following elementary initial-value properties for the above
wave potentials, which are the functions defined in the infinite domain
R? x RT:

— Usx(7,0,[9]) =0 (exercise).

The main differentiability property of the above-written wave potentials
is the following;:

27 ™
A-UD(F 8, [f]) = %{ / dcp/ sin 0dOAzf (x + act,y + Bct, z + vct)}.
0 0
(1.98)

We should now evaluate the second-time derivative of the potential
(Z=z+act,y=y+ Pct,z =z +7ct)

oUW (7 t, £])
ot

UMD (7 t,[f]) t 0 0 0 9
2 nhLih v 9 < 9 #(z.9. 5)d2Q
; + 47T{/S§ft(F) (ca or + cf a7 + ¢y az>f(a:,y,z)d }
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AY
0 0 0
a—+ 0= +74 z,9,z)dA
)( oz P95 5z f(2,9,2)

(Gauss theorem)

_UO@E) 1 /
N t dmet  Js3,(

7

U@L 1 -
- t + 47Tct{ /]3?t(7?)(A N, y, z)dz dy dz}

MWy ct
v %amhwiﬁﬂ‘ﬁ@ﬁﬂ“m”“%”} o

since

(1.100)

dzdydz = dpd*A,
0<p<ct.

Since we have the usual Leibnitz rule for derivatives inside integrals

d ct
—{/ f(z) dm} = f(ct) - c. (1.101)
dt | Jo

We have the result for evaluation of the second-time derivative of Eq. (1.94):

&y 1)

ot?

DR 1L g, )

ot t2

1 ) o
+ o X ¢ X {/Sgt(md A(Af)(%y,z)}

1 ct o
" nct? UO dp/sg(m dQA(Af)(x,y,z)]. (1.102)

Using Eq. (1.99) again to simplify Eq. (1.102), yields

PUDFLf]) 1 L
92t - R |:»/Sg(r”) dQA(Af)(x’yv Z):|
:8{/ ﬁmAﬁm%@}zimﬂwmmmy
53,(7) c?

(1.103)

As a result of the above differential calculus evaluations we have the
analogous of Theorem 1.1 (the Cauchy problem for the wave equation).
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Theorem 1.7. The solution for the Cauchy (initial values) problem for
the wave equation with “smooth” C?(Q)) data (including an external forcing
F(7,t), continuous in the t-variable), is given by the wave potentials

QPU(rt) 1 . .
5 = 2 AU+ F(T),
U, 0) = f(7), 7eQ, (1.104)

Ut(Fvo) :g(F)a 7?6 Qa

U7, t) = U (7, [f]) + UP (7.t [g))
=21 -2
n i{/ Pt |f, ™) d3F’}. (1.105)
|F—7|<ct |

47

In the case of Q@ C R? we have the Poisson wave potentials:

a1 i
U(r,t) = {a (ﬁ/h??’@t T d“r

1 =/
+ |:_/ g(rz — d277/:|
210 Jir—rr<et \/CPL2 — |7 — 72

!/
[ / / (™ C(t t) dQF’]. (1.106)
27 |[F—7"|<ct \/ |7"_7"/|2
Let us give a proof for the problem uniqueness for the Cauchy initial

value Eq. (1.104).
In order to show such a result, let us consider the energy wave (func-
tional) inside a spherical ball of radius R:

_ ///BR«)) [U2 + 2|VU] (7, )d°F. (1.107)

Let us analyze its time derivative

dE
im 2EE( / / / (2U; Uy + 26*VO,U - VU)(7, 1)
Br(0)

R—o0
—2{/// Uy(Uy — AU) + ﬁ/ (U:- Vg U)dS}
B3,(0) S%.(0
=2 lim {)6/ (Ut-VﬁU)dS} =0, (1.108)
R=eo U /s3,0)
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if one imposes a sort of Helmholtz—Sommerfeld radiation condition at
infinity (the vanishing of the surfaces term in Eq. (1.108). As a consequence,
if f(r) = g(r) =0 (vanishing of the initial conditions), we have that

E(t) =

= lim {—c/)/ AU (7,0) 4 lim (Ut-VﬁU)dS}:
R—o0 Br(0) 53.(0)

(1.109)

1.7. The Dirichlet Problem for the Diffusion Equation —
Seminar Exercises

Let us consider the following Dirichlet problem for the diffusion equation in
a given domain Q0 C R? with a nontrivial time-dependence on the boundary
(an interior problem):

AUGH) = 25 2 U
U(7,0) = f(F) € C=(9), (1.110)
U (7 1)] 5o = (7, 1)| 5y € C(09).

Let us introduce the double-layer like Poisson potential for a not-yet
determined density ®(7,t)

et s )
- o [, B ot asi)

(1.111)

We observe that UM (7,t) satisfies Eq. (1.110) and vanishes at t = 0
(exercise).

The solution for the Dirichlet-like problem Eq. (1.110) will be deter-
mined from the ansatz

U@ (7t)

U0 =006+ o { [ e S L )

(2mat)?
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It is clear that the formal solution written above satisfies the boundary
condition in Eq. (1.110) if one can determine the density function ®(7,t)
from the integral equation coming from the imposition of the boundary
condition as given by Eq. (1.110) (exercise):

u(r, t)‘(fm =g(7, t>|8ﬂ =U(7, t)}aﬂ

1t (P ) -2
—P(7. __ ? 1aZ(t—¢) . p!
" [ (7 Olon + 8m2/o dc/ﬁ/@g t—02° ’

x cos(NAF’)dS(F’)} . (1.113)

One can show that for small densities (®(7,t) — A®(7,¢) with A < 1),
one can solve Eq. (1.113) by means of the fixed point theorem of Banach
(exercise) and yielding the solution as a power series in A (the size of the
area of 0f2).

1.8. The Potential Theory in Distributional Spaces — The
Gelfand—Chilov Method

Seminar Exercises

In this brief section, we intend to show the general method of Kirchhoff-
Poisson potentials in the context of Schwartz distribution theory in S’(RY).

Let us start this section by considering the problem of determining the
fundamental solution of an arbitrary elliptic differential operator of order
m in the whole space R with constant coefficients

( > aa D;)U(x) =M (2). (1.114)

lal<m

Here U(x) shall belong to S’(RY). In the distributional sense?

W) = | X a Ds)tm)} . (1.115)

o] <m z=0

Let us consider the analytical regularization of the Dirac distribution in
the right-hand side of Eq. (1.114) (the well-known analytical regularization
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scheme in quantum field theory) leading to a usual function-theoretic partial
differential equation expressed below:

a arr(A) T _ 2|$|>\
(Z DU ()) D)

la|<m
1 / AP =/ }
B e e—— xTr-r dS(r .

zler”){ s T )

(1.116)

At this point one can consider the following analytical regularized asso-
ciated problem:

— « — |F ) F/|)\
(LU)(T):( > aaDFvW(r)) = (1.117)
la|]<m Wn T2 F(%)
Due to the linearity of Eq. (1.116), we should search for a solution of this
analytical regularized equation in the linear-superposing form of a spherical

mean (Radon transforms)
U (7) = / dQ(7") v (7, 7). (1.118)
57 (0)

The solution of Eq. (1.117) reduces to the solution of an ordinary non-
homogeneous differential equation in R after introducing the variable
change a% = wad%, where ¥ = {2%}4=1,..n and 7' € S}(0) & 7' =
{waz1,m [(WH2 4+ 4 (W) = 1)] with —oco < € < +00.

It yields the following simple result:

.....

o d _ €1
L(w d—€>v)‘(€) = m (1.119)

The solution of Eq. (1.119) is easily written down in the distributional
sense in S’(R):

“+oo
v (&) = %{ G(é,g’)|§’|Ad§’}. (1.120)

o T(352) Uos

Here, G(&,¢') is the Green function of the ordinary differential operator in
Eq. (1.119), obtained through Fourier transforms in S’(R), namely,

wai A (1) =
Lo % )ated) =60 - €). (1121)
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Now it can be shown case by case that the limit of A — —n in our
already-obtained distribution-regularized solutions converges in the distri-
butional sense to the expected S’( RY)-distributional solution of Eq. (1.114).

As an exercise, the reader can find the distributional solution of the
a-power Laplacean through the analytical regularized nonhomogeneous
ordinary differential equation. (Here oo € C, and 0 < Real(a) < n).

O O O

X D (52)

(1.122)

The full solution is given by the famous Riesz—Poisson potential in RY
(compare with Eq. (1.41):

(~8)Ulo) = f(2).
I‘( ) £(@) (1.123)
U(:v)zw[/ ek
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Appendix A. Light Deflection on de-Sitter Space
A.1. The Light Deflection

The most general covariant second-order equation for the gravitation field
generated by a given (covariant) enegy—matter distribution on the space—
time is given by the famous Einstein field equation with a cosmological
constant A with dimension (length)=2 (Ref. 5), namely,

(R,“,(g) — %g,wR + Agw) () = 87GT (), (A1)

where = belongs to a space—time local chart.

It is well known that studies on the light deflection by a gravitational
field generated by a massive point-particle with a pure time like geodesic
trajectory (a rest particle “sun” for a three-dimensional spatial space-time
section observer!) is always carried out by considering A = 0.57

Our purpose in this appendix is to understand the light deflection
phenomena in the presence of a nonvanishing cosmological term in Einstein
equation (A.1), at least on a formal mathematical level of solving trajectory
motion equations.

Let us, thus, look for a static spherically symmetric solution of Eq. (A.1)
in the standard isotropic form%7

(ds)* = B(r)(dt)> — A(r)(dr)? — r?[(df)? + sin® O(dep)?]. (A.2)
In the space-time region 7 = + | # |>> 0, where the matter—energy
tensor vanishes identically, we have that the Einstein equation takes the

following form:
Ry (9)(x) = —A(gpuw(@))- (A.3)

In the above cited region, the Ricci tensor is given by

—AB(r) 0 0 0
B 0 AA(r) 0 0
~Agp = 0 0 Ar? 0
0 0 0 Ar?sin 0
Ry 0 0 0
0 R, 0 0
I 0 Ryo 0 (A4)
0 0 0 Ryg
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We have, thus, the following set of ordinary differential equations in place
of Einstein partial differential Eq. (A.1)

B" 1 /(B A B 1 /B
r=—g1 (%) (G 7)1 (F)=m e
B" 1(B A B 1 /A
= —— (=) (S =) =2 (=) =4, A.
r=z5-1(7) (5+%) -7 (%) (a0
r A B 1 9
Ree——l—f—ﬂ(_j‘f'g)'f‘g AT'7 (A7)
Ry = sin® ORgp = A(sin® 0)r?. (A.8)

At this point we note that

Rtt Rrr o
B T am =Y (A.9)
or equivalently
!
A(r) = B’ (A.10)

where « is an integration constant.
Since Rgg = -1+ =B’ + g = Ar?, we get the following expression for
the B(r) function:
alAr? 16

B(r) = =5 +ta+ . (A.11)

with 0 denoting another integration constant.

In the literature situation,®” one always considers the case A # 0 in
a pure classical mathematical vacuum situation context, the so-called de-
Sitter vacuum pure gravity. However, in our case it becomes physical to
consider that our solution depends analytically on the cosmological con-
stant. In other words, if the parameter A — 0 in our solution, it must
converge to the usual Schwarzschild solution with a mass singularity at the
origin r = 0, that is our boundary condition hypothesis imposed on our
solution.
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As a consequence, one gets our proposed Schwarzschild—de-Sitter
solution

-1
= T) (dr)? = %[(d)? + (sin” 0)(dgp)?].
(A.12)

At this point let us comment that for the space-time region exterior to
the spatial sphere r > (22€)(1/3) the field gravitation approximation leads
to the antigravity (a repulsion gravity force) if A < 0; So, explain from
this Einstein Gravitation theory of ours the famous “Huble accelerating
Universe expansion”.

In what follows we are going to consider a nonvanishing A < 0 and study
the path of a light ray on such negative cosmological constant Einstein
manifold Eq. (A.12).

We have the following null-geodesic equation for light propagating in
6 = 7/2 plane (Einstein hypothesis) for light propagation in the presence
of the sun (Sec. A.2 for the related formulae):

0=DB(r) - Bzr) (%)2 —r? (%)2. (A-13)

At this point we note that

d¢ B(r)J
— | = A4
©)-() e
where J is an integration constant.
After substituting Eq. (A.14) into Eq. (A.13) we have the following

differential equation for the light trajectory as a function of the deflection
angle ¢

dr dp\> J2B3(r)
which is exactly integrable:
dr
dp = —————. A.16
¢ 0 (A.16)
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dr

By supposing a deflection point r,, where 4 = 0 and, thus, J =
Tm/\/B(rm), we get the deflection angle
Ad = / dr B / dU

O e Bl “ BT Jy (U - U) - 2MG(U, - U0

1

(A.17)
which is exactly the one given in the pure (A = 0) Schwarzschild famous
case. However, if one supposes that there is no deflection (a continuous
monotone trajectory r = r(¢)!), the total deflection angle now depends on
the cosmological constant and is given formally by the expression below:

A2¢>:/ " ar ! ! £ A1g. (A18)

N e \/1+ {7;(”1@9])}
—r

As a general conclusion of our note we claim that the usual light-
deflection experimented test does not make any difference between the usual
noncosmological Schwarzschild case and our case Eq. (A.12), and, thus,
it should not be considered as a definitive physical support for Einstein
General Relativity without cosmological constant.

A.2. The Trajectory Motion Equations

The body trajectory (t(p),r(p),0(p), v(p)) in the presence of the gravita-
tional field generated by the metric Eqgs. (A.2)—(A.10) is described by the
following geodesic equations:

d*t B’ [dr\ [ dt
2o Z (L ) = Al
d2p+B(dp) (dp> " A1
ﬂ_FiI ﬁ 2_1 d_9 2_TSin29 @ 2_|_E/ ﬁ 2—0
d?p  2A \dp A \dp A D 2A \dp)
(A.20)
20 2d0dr do\ >
%+;$%—Sm0-cose<—> =0, (A.21)
2
d°¢ g@ﬁmcotg(e)@ﬁ:o. (A.22)

% r dp dp
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At this point we remark that by multiplying Eq. (A.19) by B(r(p)),
it reduces to the exact integral form relating the Einstein proper-time
(physical evolution parameter) p with the geometrical-dependent coor-
dinate Newtonian time ¢:

dt 1
— = . A2
W~ B0 2
We remark either that Eq. (A.22) can be rewritten in the form
% (én% + fnr? + 20n sin 9) =0, (A.24)
which reduces to the following form:
d¢ :
(Gorrsint o) ) = 7, (429

where J is an integration constant.

By substituting Eqgs. (A.23) and (A.25) into Egs. (A.20) and (A.21) we
obtain the full set of equations describing the body trajectory in relation
to the (r, ) variables

2 B (dr\’ do\*> J:B B
er_ 2 () _p(Y) L2y 2 o A2
&p 2B (dp) : <dp) s tap =0 (A0

d*0  2dfdr cosf J?
A LA A.27
d2p + rdrdp sin®6 rt ( )

For Einstein hypothesis of light propagation on the plane § = 7/2,
Eq. (A.27) vanishes and Eq. (A.26) takes the form

0 (A.28)

&r B (dr\? B B _
d?p 2B \dp 73 2B

or in a more manageable alternative form after multiplying Eq. (A.28) by
%(j—;) and by using Eq. (A.23) for exchanging the geometrical parameter p

by the time manifold coordinate

ar\*1 J* 1
4 E= A2
(dt) e optEeh (4.29)

where E denotes another integration constant.
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2

By writing r as a function of ¢ and using Eq. (A.25) (%% = J!)7 we

get our final trajectory equation

dr 1 B BE]W?
W\ E e A.
do " Lﬂ 2 g2 } , (A.30)
which leads to the body trajectory geometric form
dr
b= i/ T2B(1/2)[ 1 _ E _ L](1/2)' (A.31)

J?B J? r2

Note that for light propagation the integration constant F always
vanishes, a result used in the text by means of Eq. (A.16).

A.3. On the Topology of the Euclidean Space—Time

One of the most interesting aspects of Einstein gravitation theory is the
question of the nonexistence of “holes” in the space-time C?-manifold from
the view point of a mathematical observer situated on the Euclidean space
RY associated with the “minimal” Whitney imbedding theorem of M on
Euclidean spaces.’

In order to conjecture the validity of such a topological space—time
property, let us suppose that M is a C?-manifold, and the analytically con-
tinued (Euclidean) matter distribution tensor generating the (Euclidean)
gravitation field on M allows a well-defined Euclidean metric tensor
(solution of Euclidean Einstein equation).”

At this point we note that M must be always orientable in order to
have a well-defined theory of integration on M and, thus, the validity of
the rule of integration by parts: Stokes’ theorem is always needed in order
to construct matter tensor energy momentum. Since Euclidean Einstein’s
equations say simply that the sum of sectional curvatures is a measure
of the (classical) matter energy density generating gravity, which must be
always considered positive, it will be natural to expect the positivity of the
Euclidean. Energy—Momentum of the matter content leads to the result
that the associated sectional curvatures are positive individually. Since M
is even-dimensional (four), the famous Synge’s theorem® leads to the result
that M is simply connected (note that this topological property is obvi-
ously independent of the metric structure being Lorentzian or Euclidean!)
and as a direct consequence of this result, any physical geodesic (particles
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trajectory) on M can be topologically deformed to a point, and, thus, M
does not possess “holes” from the point of view of the Whitney imbedding
extrinsic minimal space R°.

Finally, let us argue that the existence of a (symmetric) energy—
momentum tensor on M is associated with the “General Relativity”
description of the space-time manifold M by means of charts (the Physics
is invariant under the action of the diffeomorphism group of M), which
by its turn leads to the existence of the matter energy—momentum tensor
by means of Noether theorem (a metric-independent result) applied to the
matter distribution Lagrangean (a scalar function defined on the tangent
bundle of M).

As a consequence, let us conjecture again that the introduction of a
cosmological term on Einstein equation spoils the physical results presented
on the whole topology and the physical requirement of positivity of the
matter—energy universe moments tensor, given, thus, a plausible topological
argument for the vanishing of the cosmological constant at the level of the
global-topological aspects of the space—time manifold.

Finally, let us show the mathematical formulae associated with our ideas
and conjectures written above.

Let eq,...,es be an orthonormal frame at a point of M (Euclidean). It
is well known that the Ricci quadratic form can be expressed in terms of
sectional curvatures

Ric (e;, €;) ZK (ei Nej), (A.32)
J#i

and the Einstein tensor is defined by

1
—gin. (A33)

Gij = Rij — 5

Since the Einstein equation reads in terms of quadratic forms associated
with the sectional curvatures as

G(ep,ep) =+ Z K(e T(ep, ep), (A.34)

with T;; being the matter energy tensor and e:; the basis two-plane

orthogonal to e,, one can in principle write the sectional curvatures
K (epAeq) in terms of the quadratic energy-momentum sectional curvatures
Tij(ep,eq) at least for “short-time” cylindrical geometrodynamical space—
time configurations as expected in a Quantum theory of gravitation (see
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Ref. 5). For the two-dimensional case this assertive is straightforward as
one can see from the relations below:

G(eo, 60) = K(el A\ 61), (A35)
G(el, 61) = K(eo A 60). (A36)

As a consequence, one should conjecture that the positivity of the
energy-momentum tensor T'(e,, €4) leads to the individual positivity of the
sectional curvature set K (e, es) on the basis of Eq. (A.34), namely,

Glep,eq) = T(ep,eq) = Ric (ep,eg) —0pg | D KlesNej)| . (A37)
4,4,17]



Chapter 2

Scattering Theory in Non-Relativistic One-Body
Short-Range Quantum Mechanics: Moller Wave
Operators and Asymptotic Completeness

2.1. The Wave Operators in One-Body Quantum Mechanics

We know that the quantum dynamics in RV is postulated to be given (see
the previous chapter) by unitary group generated by a self-adjoint operator
of the form

H=Hy+V, (2.1)

where Hy = —%A is the Laplacean operator defined in the Sobolev space
H2?(RM) and U(x) is a given multiplication operator in H?(RY) (for
instance: V € L _(RY) and with a lower bound in R").

The problem in scattering theory is to prove that for a class of special
quantum initial states ¢ € H.(H) (the subspace of absolute continuity
of H), there are states ¢+ € Dom(Hy) such that the interacting dynamics

is asymptotically equivalent to the free dynamics. Namely,

Jim lem 0 — e Mg 12wy = 0 (2:2)
or equivalently
tilgznoo ||¢ - ethe_iHthSiHLz(RN) =0. (23)

Let us thus make a general formulation of the (formal) suggestion as
given in Egs. (2.2) and (2.3).

Definition 2.1. Let H and H be self-adjoint operators in a given Hilbert
space (H,(,)) and Pac(Hop) the projection onto the subspace of absolute
continuity of the “free” hamiltonian Hy. Let us consider the operator
family,! ™ where Pac(Hp) denotes the operator projection on the absolute

39
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continuous spectral subspace of Hy
W (t) = exp(iHt) exp(—iHot) Pac(Hp).- (2.4)

We define the wave operators W=*(H, Hy) associated with the operator
family equation (2.4) by the strong limit (if it exists)

W*(H,Hy) = S — lim W(t). (2.5)

t—too

We now show the existence of the wave operators equation (2.5) for a

certain class of self-adjoint operators (H, Hp).
First we need the following lemma':

Lemma 2.1. Let us suppose that W (t) is strongly continuous differentiable
and there are numbers d+ > 0, such that

[e’e)
/5;

for f € H. Then W (t)f converges for t — +oo.

%W@ﬂH<m, [:H%WwwH<m (2.6)

’ d

Proof. It is a single consequence of the estimate

(tl,tg — 400
-

t1
[Wa, f = Wi flln < / ds 0. (@7
ta

avor],
]

We now have the basic result on the existence of wave operators (Cook—
Kuroda-Jauch).1:3:4

Theorem 2.1. Let M be a dense subset of Dom(H) N Dom(Hy) with the
following properties:

(a) ||(H — Hop) exp(—itHo) f|la is a continuous function in R.
(b) ||(H — Ho)exp(—itHy) f||m is integrable in [5,00) (or in (—oo, —4]).

Then the wave operators are well defined.
Proof. By the Stone theorem

d

T (WO f) = ("7 (H = Ho)e ") f. (2.8)
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As a straightforward consequence of hypothesis (b), we have
d —i
|gwor| =1 - He e o). (@9)
H

Since M is dense in Pac(H)H and W(¢) are uniformly bounded
(IIW (t)]|operator = 1) we have the validity of the lemma of Cock-Kuroda—
Jauch. 0

Let us apply the above result to concrete examples.
First, let the quantum mechanical potential V (z) € L% (R") be such
that there exists € > 0 with

V(@) (1 + [2])~ (37D pagrr) = N, < o0. (2.10)

(The so-called short-range quantum mechanical scattering potential.)
Additionally, let us suppose that H = —%A + V(x) is a self-adjoint
operator in L2(R™). Then there are wave operators associated with the
pair (H, Hp) in L2(RN).
In order to show this result, let us remark that the set of functions

M

Ya(z) € L2(RY) | ¢o(x) = (2 — a), for a € RN

and ¢(z Ha: e~ lel*/4 (2.11)
is dense in L?(RY) (Wiener theorem?) and that (exercise!)

25 [ -5
(exp(—it(~A)wa)(@) = —— | [[(e; —ap)e 771 (212)

3n
(1 +it)= \
We have thus the estimate for any ¢

|(exp(—it(—=A))ta) ()]

_1)+5 3N

)]

(2.13)

_(ﬂ
y|z—al >
1+ at|t+o

T—a
1+t

<2
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As a consequence and by choosing 0 < § < %, we have the combined

2
estimate involving the scattering potential

|V (@)|z — a|~(5 ~D+)

. N
(V exp(-it(-A)a)(@)] < Ca2 ¥ S 2
where ¢ > 0 and C, = supQGRH(QQ)%*_%_WHLM(RN) < 00, here
Q=|(z—a)|/(1+)z.
If we choose § < min(3, ), we have
Ve =48 < v 2.15
(Ve "/}a)(x)||L2(RN) S W» (2.15)

which obviously leads to the searched integrability result

= : > dt
—it(—A
/(er Ve £( )¢aHL2(RN) < Ny ([H W) < 00 (2.16)

and to the existence of the wave operators.

Another important class of potentials well-behaved in quantum
mechanics is those which belongs to the Enss’ class formed by those func-
tions in L= (RY) N L?(RY) (in such a way that V ((—A)+i1) ! is a compact
operator) and satisfying the z-localizibility Enss property®

IV (=A+21)"Y(1 = XB(0) (@)lloperator = hz(R) € L*([0,00)).  (2.17)

Here, xp(0)(7) = F(|z| < R) is the characteristic function of the Ball of
radius R in RN and M a positive real number, M > 1.
Let us consider f € S(RY), such that for a given a > 0

c

1
F — .
T (< o)
(2.18)

|exp(—it(=A))(=A + )7 f(z) <

This set is dense in L2(RN) since supp f(z) C (B4(0))e.
We have the identity

[V exp(—it(=A)) fll L2 (r)

< HV(HO +4)"MF <|x| < %a|t|> e Hot(fy +i)M f

L2(RN)

1 .
+ HV(H0 +4)"MF (|a:| > 5a|ze|> e Hot(Hy 4 )M f

L2(RV) '
(2.19)
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Since every compact operator is a bounded operator and the estimate
equation (2.18) added to the Enss localizibility property equation (2.17),
one can easily obtain the Cook-Kuroda-Jauch lemma validity for the
existence of wave operator for Enss potentials.

At this point of our exposition we call the readers’ attention to the fol-
lowing theorem which is easy to proof and is left to the reader’s completion.?

Theorem 2.2. Let us suppose that the wave operators Wi(H, Hy) exist in
‘H, then we have

(a) W* are partial isometries between Hac(Ho) (the subspace of absolute
continuity of Ho) and the final range spaces HY = Range(W ™ (H, Hy))
(H~ = Range(W~(H, Hy))).

(b) HW* = W*H,.

(c) HE C Hac(H).

(d) The S-matriz operator S = (W*)*(W~): H — H.

An important physical requirement on quantum mechanics is the
requirement that W (H, H°) should be unitary applications between the
subspaces H(Ho) and H(H), with the condition of H* = H™ = Hac(Hy),
and in such a way that the operator S = (WT)*W~ must be a unitary
operator between H~ and H™, and thus, insuring that the physical
S-matrix operator S is a unitary operator, the backbone of the Copenhagen
School interpetration of the quantum phenomena.

We intend to show the confirmation of this result in two situations.
First, we show that it is possible to always have asymptotic completeness
by reducing the physical Hilbert space of the scattering states. Second, we
present mathematical details in next sections, the beautiful original Enss’s
geometrical work on the subject.®

Our first claim is a simple result of ours obtained from a result of Halmos
(exercise).

Halmos Lemma. Let T be an isometry in H. Let us consider the closed
subspace N = (Range T)*. Then we have the following subspace decom-
position of the original Hilbert space in terms of invariant subspace of the
isometry T

H=M® (Z T’“(N)) , (2.20)
k=0

with T* denoting the kth power of T and most importantly, the composite

operator Tyy = TPy (when P: H — M is the orthogonal projection onto

the closed subspace M) is a unitary operator Tpyr: M — M.
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In our case M C HT N'H~ and Sy; = SPys is automatically a unitary
operator in M.

2.2. Asymptotic Properties of States in the Continuous
Spectra of the Enss Hamiltonian

Ho

—N—
Let H = (—3A) +V be a self-adjoint operator defined by an Enss potential
with M =1 (see Eq. (2.13)). Then we have the result®:

Enss Lemma. Let f € H.(H) be a state belonging to the continuily sub-
space of the Enss Hamiltonian. Then there is a sequence of times t, such
that lim, e ty, = +00 (ty, < tyy1,Vn € Z) and

lim [|F(|z| < 13n)e"™ f||lp2pyy =0, (2.21a)

lim/ dt|||F(Jz| < n)e  HE)(H 441) f]|2 = 0.  (2.21b)

In order to show such result let us remark that if a continuous function
has an ergodic mean zero, i.e. limp_, o %(fOTg(z)dz) = 0, then there is a
monotone sequence (t,) such that lim, . g(t,) = 0 with ¢, < ¢,4+1 and
t, — o0o. Now it is a deep theorem that (see Chap. 8)

I :
jjii?)of/(J dtl|f (2] < m)eHOH + i) fllpamey =0, (2.22)

So, the result of lemma is a simple consequence of the above-stated
RAGE theorem applied to the z-functions below written together with
Fubbini theorem in order to interchange an integration order

Wan(e) = [ [F(Jal < mje T (H 4 i) fl o, (229

Want1(2) = [F(lz] < n)e™ " f]| . (2.24)
Let us now define the Enss’ scattering states for a given state f € H.(H)
fn =exp(—iHt,)f. (2.25)

We now have the following operatorial limit:

lim [|((H + 21)7 = (Ho + 21) " HF(Jz| > (13n)]|loperator = 0. (2.26)
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The validity of Eq. (2.26) is a simple consequence of the continuity and
integrability of the Enss function (see Eq. (2.13))

H((H+ Zl)_l - (HO + Zl)_l)F(|$| > (13n)||operator
< |V(Ho + 21) 7 F(jz| > (13n) loperator = h=(R) (2.27)

since

0= lim (/11471 dRhZ(R)) > lim nh,(13n). (2.28)

n—oo 3n n—oo

Similar result is obtained through derivatives in relation to the z-
parameter. As the polynomials in the variables (z +i)~! and (z —i)~! are
dense in the space of the continuous functions vanishing at co (the Stone—
Weierstrass theorem — Chap. 1), by a simple density argument we arrive
at the following result for any function ¢(z) € Co(R):

i [((H) — (Ho)) full 2y = 0. (2.29)

At this point we introduce the Enss scattering states f, € H.(H), the
physical requirement that they are really physical by possessing finite (inter-
acting) energy. This last condition is achieved by considering the energy
cut-off new-states (0 < a < b < o0)

Fo = Ex (73 2 10— a|2) o, (2.30)

where Ep([a,b]) denotes the spectral projection of the full Enss
Hamiltonian H, associated with the spectral interval [a,b]. (Note that
H.(H) C Rt since (H + z1)~! is a compact operator — see Appendix C.)

Let us consider ¢(z) € C°(R) such that ¢(z) = 1 for = € [73a?,
(b—a)?/4] and ¢(z) = 0 for r € [72a?, (b — a)?/4]. We now consider the
“physical free-energy packet” of scattering states

bn = <—%A) fn- (2.31)

Let us point out that the Fourier transforms of the states ¢, () all have
support in the region v2-72a2 < |P| < (b= a) =

supp(Fpn](p)) € {p € RV [ 12a < [p| < b— a}. (2.32)
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At this point we remark that we need to further localize our scattering
states by taking into account fully its quantum nature as given by the
Heisenberg Principle.’ In order to achieve such a result, we introduce a
function s(x) € S(RY) such that its Fourier transform has support in the
ball B,(0) in RN with S(0) = F[S](0) = 1.

Let us define the quantum mechanical classical localization operators
for a given Borelian A

Fo(A)(x) = - dyS(z —y)xa(y). (2.33)
At this point we can see that the family of functions {Fy(A;)}jer is a
unity decomposition if {A;},cs is a disjoint decomposition of R

> Fo(4)) = / S(y)dNy = 5(0) = 1. (2.34)

jel

Another important point to call the readers’ attention is the fact that
the quantum localized states Fy(A)¢,, all have their momenta in the Ball
with radius b. This result is easily obtained through the result that for
m(A) < oo, we have

supp F[Fo(A)(p) C supp S(p) C B, (0). (2.35)

In the case of m(A) = +oco where ya(z) ¢ LY (RY), we left it for our
readers by just considering the equivalent expression

Foa) = [ @y stla -9 + 1) 22 )
Let us now consider the best quantum mechanical spatial clas-
sical localization decomposition of RN in Balls and truncated cones
{B12,(0),C) V1.6 where the cones C) = {z € RN | |z| > 12n,2&; >
|z];2} have axis along the vector {é;}, set of unity vector to be suitably
choosen.
Then we have the following results:

Jim_ [|Fo(Bi2n)nl[2 = 0, (2.37a)
Tim || f — (Z%(Cié%)%) = 0. (2.37b)

Jjel L2
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The proof is achieved by using the estimates

| Fo(Bi2n)én — F(|z| < 13n) full 2

<5(0)=1)
_ _ —N—
< [6(Ho) fr — ¢(H) full L2 | Fo(Bizn)|l L2
+ I[(Fo(Bizn) — f(|z] < 130)]¢(H) fa 2 (2.38a)
and
Jel L2

Let us finally consider the physical Enss localized scattering states by its
classical motion direction. Let h;(p) € C§°(RY) be the functions satisfying
the conditions

hi(p) =0 for p-é; < —2a,

hj(p) + hj(—p) =1 for |p| <b (239)
with é; denoting the vector in the direction of the cone’s axis C’gl as
previously stated.

The Enss OUT and IN states are explicitly given by®

60 ()Y = Fo(C1,)h;(p)éns (2.40a)
6 (i)™ = Fo(Crzn)hs(—p)n. (2.40D)
We now have the important technical result of free evolution of the

above considered directional scattering states (for a detailed proof see
Appendix A).

Enss Theorem (Technical). We have the following result:

o0

lim dt|F(|z| < n+ at)e ot (Hy +i1)p,(5)°VT|| =0, (2.41a)
n—oo 0

0
Jim / At F(12] < n — at)e 0! (Ho + i1)on ()| = 0. (2.41b)

After displaying their geometrical properties of the Enss scattering
states, we now pass to the proof of the asymptotic completeness of the Enss
Hamiltonian in Sec. 2.3.
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2.3. The Enss Proof of the Non-Relativistic One-Body
Quantum Mechanical Scattering

Enss Theorem (Asymptotic completeness).” Let H be the Enss
Hamiltonian and its associated wave operators W+ (H, Hy). Then, the sub-
spaces H* = Range(W™) coincide with the subspace of continuity H.(H)
of the Enss Hamiltonian.

Proof. Let ¢ € M be one of the quantum mechanical localized state of
the previous section. Note that M is dense in H.(H). We now observe that
(Eq. (2.37b))

nh—>ngo Yn — (Z ¢n(J)IN =+ Z ¢n(j)OUT>
jerl jerl L2
lim o, - (Z%(Ofél) o) =0. (2.42)
n—oo el 1

Let us suppose that there is a state ¥ € H.(H ) such that it is orthogonal
to H* = Range(W™).
We observe now that the estimate below holds true

lim [, ¢n)|

<wmwn - { (Z%mm +y %(y‘)o‘”)

jel jerI

= lim

n—oo

- (Z MOREDY asn(j)OUT) }>

Jjel JjeI

< lim

n—oo

<wn, W — (Z HOREDY asn(j)OUT) >'

jerI jeI

+ lim

<me¢>n<y’>IN>

jer
< lim { [II%I

+ lim. ‘ <wm > ¢n(j)OUT>

jeI

(2.43a)

n — <Z HOREDY asn(j)OUT)

jel jerI
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.t ) "

+ lim {‘<wn,ZW+¢n<j>OUT>‘}. (2.43d)

JjeI

Uy Y bn ()™

JeI

Here, we have used the technical lemma (see Appendix B)

T [[(WF = 1)6,()°V) =0, (2.442)
T (. 00 ()] = 0. (2.44b)

As a consequence that (¢, WTw) = 0, Vw € Dom(WT), we have that
the only remaining term in the estimate considered above is the following:

<wn,¢n - (Z b ()™ + ¢n<j>OUT>>‘ ~o. (2.45)

JEE

lim
n—oo

In view of Eq. (2.42), we have the contradiction

<wn, P — (Z dn ()™ + ¢n(j>OUT> >‘ =0 (246)

jel

< lim

~ n—oo

The proof of H~ = H.(H) is similar and only need to consider ¢, (j)™
in Eq. (2.44a). Details are left as an exercise. Note that this result implies
that the singularly continuous spectrum of the Enss Hamiltonian is empty
and all bound states are orthogonal to Hac(H). O
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Appendix A

IN
Theorem A.1. Let us consider the Enss scatterbug states ¢, (7). Then
we have the result

lim / dt||F(|z| < n+ at)e” ot (Hy 4 1), (5)°YT]| = 0, (A.1)
n—oo 0

Jim / dt| F(|j2] < n — at)e 0 (Hy + i1)pn ()N = 0. (A.2)
n—oo 0

Proof. Our aim is to reduce the above estimates to the one-dimensional
case. Thus, let us analyze Eq. (A.1) by considering a new decomposition of
the Enss scattering states ¢, (7)™ in the z-space RY. First, let us observe
that the half-spaces z- F < n+at with f = {f,}1<k<ny € RY and ||f|| =1
contains the Ball B, 4(0) = {z € RV | |z| < n + at}. We let the function
h;(p) with {p € RY | 12a < |p| < b—a} be decomposed into a finite number
of summands f,(ij )(p) € C5°(RY) in such a way that support {f,(ij )(p)} C
{peRN|P-f, >2a}.

Let us choose f,gj ) unity vectors with an angle of 7w/9 rads with the cones
vectors axis é; of Cg)n

As a consequence x - f,gj) > 2n for v € Cl(é)n We remark that Eq. (A.1)
will be a result of the validity of the following limit:

lim dt|F(z - 9 < n+ at)e 0 (Hy + 1) Fo (C9))e9) (p) gl = 0
n—oo O
(A.3)

since any state ¢, has its “momenta” support in the region 12a < |p| < b—a.
Within this region one has decomposition of the Enss scattering state

6n(7)°VT = Fo(CEho(p)bn = > Fo(C13)E ()b (A4)
k

Just in order to simplify the estimates which follows and choose the axis
x1 parallel to f;k) under consideration. Let us thus consider

Fp = (Hy+i1)Fo(CY) n{2n+m < a1 <2n+m+1}). (A.5)
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Obviously
oo
(Ho +i1)Fo(Ci3) = > Fu. (A.6)
m=0

It will be necessary to implement the action of (Hy + ¢1) by means of
a multiplication operator in p-space by means of a function with compact
support. This can be implemented by noting that all the states Fy(A)dy,
with A denoting a Borelian of R, have p-momentum support in the region
|p| < b. Another point worth remarking is that the momentum component
p1 (related to the zq-axis) of the states

(Ho+i)Fo(CY) n{2n+m <z <2n4+m+1DEP (p)dn (A7)

is in the interval a < p; <b.

Let us now pass to the estimates. First, the estimate equation (A.3)
reduces to the one-dimensional case as a consequence of the dependence of
solely the coordinate x; into our sliced up states equation (A.7).

We have thus reduced our analysis to the one-dimensional case

/OOO dtHF(wl <n+at)e TF) gy, @)Hp (A.8)

with ¢(z, ) denoting our new sliced up states.
Let us define the following operator family of operators in L2(RY):

iz} /2¢ +oo Lz
= i [ o1 o () ).
(A.9)

It is a consequence of the support of the state ¢(y1, &) that
(Wed)(x) =0 for z1 < at (A.10)

by just considering Eq. (A.9) by means of the Fourier transform
ix2 /2t P92
e 7
4% =——]|1 ——
(Wig)(x) (2m't)1/2{ + <2t 32(96?1))

(Y st e

and fy1[¢](pl,i‘) = O fOI‘p S IC_l < a.
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We now note the validity of the result written as

H(l +t)(—x1 + 2at)? {((eiagilé - Wt>¢> (a:)]
L2
2 . iy’
=H(1—|—t)t2(—zai+2a> [e“’%/%—l—kﬁ ;
Y1

2t -,
o 2 o )
H 1+t

o

L2
. X 0 .
|P1(|y1|)|( (y1,2)) + [P5 ()] @(ﬁ Y1, %)
1Pl ot | (A12)
L2
where P/ (|y1]), £ = 1,2, 3 are polynomials satisfying the relations (z1 > a)
P (ly1]) = [91]°/48,
daly1|® | 2l
P.
5 ([y1]) = 43 +t—

8 )

1 1
Pin = P(nl 1 ) [P (lnl| 7]} (A13)
We have this for 1 < at the estimate
Bl 2T s i (iy?) 1
2f .9 iy?/2t Y1 Y1) L A
H(1+t)t ( i +2a) {e (1+ o T o) 2)]¢(y1,x)
a *
< (& 1) [[Prmbotn. o)+ P i)

* 82¢(y17§7)
+P3(|y1|)827y1

0
8y Qs(yl: )

- () ()

Ip1
#25 (o) on)? F Lol

<A

(A.14)
L2
since supp ¢(p1,p) € {p € RN | |p| < b}.
As a consequence (see Eqs. (A.10) and (A.14))
iﬁi
H(1 + ) (=21 + 2at)2F (21 < at)e (% 2)¢(x17§c)H <A (A.15)
The result of Eq. (A.15) is the following

_;j0%
HF(zl < —v—|—at)(e ’

(14 t)(u+ at)? (A.16)
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since for v > 0, (x1 < —v + at)

1 1
< .
(—x1 + 2at)? — (v + at)?

(A.17)

As a consequence we have the following estimate for v = m + n and
d(z) = Frn(l(®)pn(z1 + 2m + n, &) and 21 € C& N{2n+m < 21 <
2n 4+ m + 1} (Ref. 5) by using translational invariance 1 — x1 + v:

|F(z1 —2n —m < —(n+m) + at)e o F, () (p) by (21, 8)| 2
A

< .

(1 +t)|m+n+ at|?|

(A.18)
By noting again that

S IF @ —2n—m < —n —m+ at)e T EED () ()|

m=0
= 3 |F(a1 < n+at)e ot FeD (p)g ()]
m=0
We have

|F(z1 < n+ at)e” ot (Hy + 1)) (p)dn (2)

F(x1 <n+at)e lHDt( Z F.&; ) )¢n(x)> H

m=0

<SP (1 + 0+ at)e” Mot Bel? (p) g ()|
m=0
= {Z [(14)( m+n+at) |}

We now left as an exercise to our diligent reader to establish the result®

lim dt|F(z - f9 < n+ at)e Mot (Hy +i1) Fo (CE))ED (p) |

n—oo 0
} 0

<Anlirrgo{ Z/ dt

1
[(14t)(m + n+ at)?]
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Appendix B

Let us show the following technical result used in the proof of the Enss
theorem.

Lemma B.1. Let W.. be the Enss wave operators and ¢,,(j)°VT considered

in Sec. 2.2, then we have the result (|| || =| |lz2)-
lim [|(W* —1)¢n(5)°""] =0, (B.1)
Tim [[(W= — 1) ()] =0, (B.2)

Proof. Since
t .
v - wosl < | [ acemep) (®.3)
0

we have that

1OV — 1) (7)OVT]| < H | acverimes, g

< HV(HO + il)_lHop (AOO d<||F(|J,‘| <n-+ aC)e—iHoC(HO + Zl)¢n(])OUT||)

. ( [ v i) e a<>||op)
0

x [le™Ho¢ (Hy + 1) (5) V7| 2. (B.4)

The first term in Eq. (B.4) goes to zero by the long estimate given in
Appendix A.
The second term can be estimated as follows (|le™Ho¢ ()| < ||(---)||)

I(H + 100" | " b+ ag)d¢

< Iy + D)6n()°V| ( In h(R)dR) | (B.5)
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Since

I(Ho +i1)¢n ()" 22 = (0 + 1) F (6 (1)° ) (0) 2
< (0% + DIIF(@n(3)°7)llz2 < 00 (B.6)

since F[¢,(7)°VT](p) has support in |p| < b and obviously due to the fact
that h(R) € L'(R), we have

im. </:o dRh(R)) =0. (B.7)

We now give a proof of the following additional result in the Enss proof of
asymptotic completeness presented in Sec. 2.3

Jim (6, (7)™, ¥n)| = 0. (B.8)
First, we remark that

[{bn ()™, )| < HUW ™ n ()™, e ) + (T = W) (5)™, e ')

(B.9)

< [(We g ()™, ) + 1L = W) én ()™ ([0 (B.10)
Here we have used the result (exercise)

W = W_etHot, (B.11)

As a consequence
(Y™, )] < 1= W)n )N + (0t 60 ()N, (W)4) | (B12)
since
i /(1= W) ()™ =0 (B.13)
we only need to prove that
i [(e0t 6, ()N, (W)"45) = 0 (B.14)

in order to show the validity of Eq. (B.8).
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Now, we have the set of estimates

[ ("o fn ()™, (W) )|
= [{(F(jz| < n+atn) + Flz] > n+aty))e ™ 6, ()™, (W) )]
<{IF (2l < n+ ata) (W) Bl F(|2] < 1+ aty)e ™ 6n ()™
HIF (2] > 7+ at) (W) DI F (2] > n+ atn)e ™ ¢ (7)™
<N W )R IIF(jz] < n+ atp)e o ¢, ()]
HIF(z] > 1+ ata) (W) Blll6a ()™ . (B.15)

At this point we observe that

lim |F(|z| < n+ at,)etfotg, (5N = 0 (B.16)
by a similar analysis made in Appendix A.5 O

Appendix C

In the appendix, we intend to show that compact resolvent perturbations
of the free quantum dynamics Hy = —%A does not modify the essential
operator spectrum: defined as the union of the continuous spectrum and the
accumulation points of the bound-states (point spectrum). Let us announce
this deep result in its general terms.

Theorem C.1. Let H = Hy+ U and Hy self-adjoint operators acting on a
separable Hilbert Space H. Let us suppose that all Hy spectrum is contained
in positive real axis and such that (Ho+U~+X1)"1—(Ho+A1)"! is a compact
operator for some complex Ao, with Im(Ag) # 0. Then the spectral part
of the operator H contained in Real(\) < 0 is formed entirely by discrete
points possesing zero as the only possible accumulation point for them.

Proof. This result is obtained through an application of the Holomorphic
Fredholm theorem to the following operatorial-valued holomorphic
function:

FO)=1=(A=X)[1 = (A= Xo)(Ho+ A1)~ ]!
x [(Ho+ U+ A1)"t — (Ho + A1) (C.1)

C(X)-compact operator
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Since there is A\g € C\R™ such that f(z) is inversible (f(\g) = 1!), we
have that C()\) has inverse in all C\R™, with the exception of a discret
set S C C\RT. Since for A with non-zero imaginary part C()\) is always
inversible, we have that S C R™. It is straightforward to see that .S coincides
with the negtive part of the spectrum of H. O

Just for completeness let us announce the holomorphic Fredholm
theorem.”

Holomorphic Fredholm Theorem. Let Q) be a connected open set of C
(a domain). Let

ff Q— (L(HaH)a ||||uniform)v

a holomorphic bounded-operator valued function such that for each z € €,
f(2) is a compact operator. Then we have the Fredholm alternatives:

(a) (1 — f(2))~! does not exists for any z € Q

or

(b) (1 — f(2))~! exists for z € Q\S, where S is a discret subset of Q. In
this case (1 — f(2))~! is a meromorphic function in Q, holomorphic in
O\S and in z € S, the equation f(2)Y = 1, has solely a finite number
of linearly independent solutions in H.



Chapter 3

On the Hilbert Space Integration Method for the Wave
Equation and Some Applications to Wave Physics*

3.1. Introduction

One important topic of mathematical methods for wave propagation physics
is to devise functional analytic techniques useful to implement approximate-
numerical schemes.! One important framework to implement such time-
evolution studies is the famous Trotter-Kato—Feynman short-time method
to approximate rigorously the full-wave evolution by means of a finite
number of suitable short-time propagations — the well-known Feynman
idea of a path-integral representation for the Cauchy problem.?

In this chapter we propose a pure Hilbert space analytical framework —
the content of Secs. 3.2 and 3.3 — and suitable to generalize rigorously
to the hyperbolic case, the powerful Trotter—-Kato—Feynman formulae in
Sec. 3.4. In Sec. 3.5, we present as a further example of usefulness of
our abstract Hilbert space Techniques, a simple proof (by means of the
use of the integral Cook-Kuroda criterium) of the existence of reduced
(finite-time) scattering wave operators Wy for elastic wave scattering by
a compact supported inhomogenous medium (a “small” space-dependent
Young medium elasticity modulus E(z) € C2°(R?), i.e. sup |%:)| < 1 and
sup |%{Em)| <1)37

In Sec. 3.6 and Appendix A, we address the very important problem of
giving a complete proof for the asymptotic stability for systems in thermoe-
lasticity in the relevant linearizing approximation for the nonlinear magne-
toelasticity wave equations,®?
system of elastic vibrations and the convective parabolic equation for a
constant external magnetic field.

We give a (new) proof of stability for this system by producing an
exponential uniform bound in time for the total energy of the linearized

i.e. a coupling between the divergences Lamé

*Author’s original results.

58
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magnetoelastic model through the systematic use of simple estimates on the
Trotter formula representations for our magnetoelastic wave propagators in
our proposed Hilbert space abstract scheme.

The resulting exponential bound solve an important long-standing
problem on the structural form of the decay behavior of magnetoelastic
systems in the presence of external constant magnetic fields.

Finally, in Sec. 3.7, we use again Hilbert space techniques to produce a
proof of existence and uniqueness of a semilinear problem of Abstract Klein
Gordon propagation'! as another example of usefulness of our proposed
abstract approach.

3.2. The Abstract Spectral Method — The
Nondissipative Case

Let A be a positive (essential) self-adjoint operator with domain D(A)
acting on a separable Hilbert space H(®) with the inner product denoted
by (, )(O)'

Associated to the above abstract operator A, one can consider the wave
equation (Cauchy problem) on H(® x [0, T

02U
i —AU + f, (3.1)
U(O) = U(); Ut(O) = Vo (32)

with initial dates given in suitable subspaces of H(® to be specified later
and f € L*([0,T), H©®).

It is an important problem in the mathematical physics associated with
Egs. (3.1) and (3.2) to determine exactly the subspaces where the initial
date should belong in order to insure the existence of a global solution of
Egs. (3.1) and (3.2) in C*((0,00), H®) when the time-interval [0, 7] of
the external source f(z,t) is infinite (I = +o00) and besides, when there
exist a natural extension of this global solution to the whole time interval
(=00, 00), namely,

Ulz,t) € C®((—o0,00); HO).

Let us present in this section a solution for this problem by means of a
convenient generalization method exposed in Ref. 1 and based uniquely on
the Stone spectral theorem for one-parameter unitary groups in Hilbert
space.
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In order to implement this Hilbert space abstract method,! we introduce
the following Hilbert space:

HY ={(p,m) | p € D(A); m€ HO, (;)}, (3.3a)
where the closure is taken in relation to the inner product below:

((p1,m); (92, m2)) = (A1, 92) @ + (w1, 7m2) (. (3.3b)

Let us introduce the following operator Ly on HM) and defined by
the rule

La(p,m) = (m, Ap). (3-4)

Note that Eq. (3.4) is well defined since we assume that the range of A is
dense on H®), L4 is a symmetric operator on H) since

((p1,m1); La(pa, m2)) = (Ad1, m2) @ + (w1, Ago)©
= (Lalp1,m1), (p2,72)). (3.5)

Let us consider the smallest closed extension of L 4, denoted by L4. We
claim that its deficiency indices n (L 4) and n_ (L 4) are identically zero and
as a consequence leading to its self-adjointness on its domain D(L4) C H M
which is explicitly given by the vectors (¢, 7) such that (Ap, ¢)(®) < oo and
me HO,

Let (41, 1) be a nonzero vector such that (¢1,71) € (Range(i + La))™,
or equivalently for any ¢o € D(A) and 7 € H():

((p1,m); (i + La)(p2,ma) M =0, (3.6)

which is the same content of the equation below:
—i(Ap1,2) ) + (m1, Apa) O +i(m1, m2) 'Y + (A1, m2) = 0, (3.7)

and due to the fact that Range(A + 1) is dense on H(®) and since A is self-
adjoint it leads to 3 = 0 and 7; = 0. In the same way one can prove that
n_— (EA) =0.

Collecting all the above exposed results, one has the following theorem:

Theorem 3.1. Let the spectral theorem be applied to the one-parameter
group U(t) = exp(itLa) acting on D(La); one has that it satisfies the
abstract wave equation (3.1) on the strong sense for dates Uy € D(A)
and vy € HO and leading to a global (time-reversing) solution on
C>®((—00,00), H).
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Proof. It is straightforward that in components the wave equation asso-
ciated with the one-parameter semigroup U(t)(po,m0) = (p(t),7(t)) is
given by

0 .
2 olt) = (1), (39)
o) = i(A6)(0) (3.9
") =1 , .
which is the same as Egs. (3.1) and (3.2) without the external term f(z,¢):
0%e(t) _
22 = —(a0)) (310)
with the initial date
(0) = Vo, 3.11
¢t(0) = vo. (3.12)

It is worth noting that one has always a weak solution of Egs. (3.1)
and (3.2) with a nonzero external term

(D@=ea( Yo [asewnma( 0 G

namely, ¢(t) € C((—oo,00); H®), wunless f(-,¢) belongs to
D(A)(f: (—00,00) — D(A)), in which case it produces a global C* time-
differentiable solution.

At this point, we make one of the most important remark that comes
from such a theorem applied to the subject of random wave propagation.?
It is important to know the correct mathematical meaning of considering
the Cauchy problem for the wave equation with both initial conditions now
being stochastic process with realizations on L?(£2) space of functions (see
Appendix B). In this case, Eq. (3.13) in its weak-integral form should be
considered the correct mathematical solution for this problem since one can
take safely the initial dates (Up,vo) both in the Hilbert space H©)| which
in the usual case of wave propagation is the L?(Q) functional Hilbert space
(H©) = L2(2)).

Let us point out an abstract version of the wave total energy conser-
vation during the time evolution.

First, we observe that for any —oo < t < co we have the identity

Im{(7(t), Ap(t))?} =0, (3.14)
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which is obtained as an immediate consequence of the unitary property
of the semigroup U(t) on the two-component Hilbert space H®) given by
Eqgs. (3.3a) and (3.3b):
(exp(itL 4) (o, m0); exp(itLa) (o, o))
= (00, m0); (10, m0)), (3.15)

and by deriving the above equation in relation to time, it yields

(iLa(p(t), (1)), (¢(t), (1))
+((p(t), 7(t)); iLa((t), m(t))) = 0, (3.16)
which is Eq. (3.14) when it is written in terms of components.
At this point one can easily see that the energy functional given by
1 1
E(t) = 5(7T(t),7r(t))(0) +5(0(1), (49)(1)) (3.17)
is such that

dE() 1, 1
T — A0 0.7(0) + (R0 AN } o
+ 5(im(0). (40)() + 5((40)0). in(0) |
=0. (3.18)

As a consequence, we have the energy abstract conservation law
1 1
E(t) = 5(007110)(0) + §(U07AU0)(0). (3.19)

Finally, we remark that by a straightforward application of the Banach
fixed-point theorem within the context of our operatorial scheme, one has
the existence and uniqueness of the nonlinear abstract wave equation initial
value problem on H®):

0*U

—— =AU+ F(U), 3.20
— +F(U) (3.20)
U(0) = Uo;  U(0) = o,

for F(z) denoting a Lipschitzian function on the real line (|F(x) — F(y)| <
Cl|z — y|). This result is the consequence of the fact that the application

T: C([0,T], HV) — C([0,T); HV)

Tmm=4deM“mF@» (3.21)
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is a contraction on HW i.e. ((Ap,0)r > Colp, 9)m):

sup (0, F(e1(s)) — F(p2(s))llmw

0<s<T
< sup {(A0, 0)® + (F(p1(s)) — Flpa(s)), F(p1(s) — Flpa(s))) @}
<C sup (p1(s) — wals),pa(s) - pa(s))®
<CCy OEIS}ET{H(%MH) — (02, m2)|| g (s)}, (3.22)

which after successive iterations produces bounds leading to the global
weak solutions of Eq. (3.20) in C((—oco0,00), HW), a nontrivial result easily
obtained in this abstract spectral framework (see Sec. 3.7 for further studies
on this problem).

3.3. The Abstract Spectral Method — The Dissipative Case

In this section we generalize the Hilbert space method of Sec. 3.2 to the
case of a wave equation in the presence of damping terms, a very important
problem on statistical continuum mechanics.*

We, thus, consider the abstract problem in the notation of Sec. 3.2:

2
%T[t] + (Baa—[tj) + (AU)(¢) = 0, (3.23)
U(0) = Uy € D(A), (3.24)
Up(0) = vg € HO, (3.25)

where A and B are essential positive self-adjoint operators such that
D(B) D D(A).

Note that we can write Eqgs. (3.23)—(3.25) in the two-component Hilbert
space H® of Sec. 3.2 as

0L e

0 —1 . o, (1)
4B } is positive on H'") as a

consequence of the operator B positive definiteness, namely,

Let us observe that the operator A = {

(A(U1,m), (U1, m)) = (B, m)® > 0. (3.27)
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Since 3A € R > 1 such that A\l + A is onto and bijective on H®)
(a topological isomorphism), one can apply, thus, the well-known Hille-
Yoshida theorem!® to the operator A in order to consider a contractive Cj
semigroup on H() in the interval [0, 00) possessing A as its generator, and
naturally producing the unique global weak solution of the abstract wave
equation with damping on C>([0,00), H) if the initial conditions are
chosen to be in HW),

(o) ooty B Q)p e

as much as in our study presented in Sec. 3.2.

For example, let us consider A as a strongly positive elliptic operator
of order 2m on a suitable domain  C RY™ and satisfying the Gérding
condition there.3

A=Y (-1)"Dg(ans(x)D, (3.29)
FiE
D(A) = H*™(Q) N H'(Q), (3.30)
Real(Af, f)r2c) = Collfllm2m (@)- (3.31)

The damping operator B is taken to be explicitly a strictly positive
function v(z) of C*(Q).

As a result of this section, we have weak global solution on
C*([0,00), H?™(Q2) N H*()) of the damped wave equation problem in 2
with f(z,t) € L°°(]0,00), L?(£2)).4

U w

p —(AU)(x,t) — v(x) o (x,t) + f(z,1) (3.32)
U(x,0) = f(x) € H*™(Q) N HP(Q) (3.33)
Us(z,0) = g(z) € L*(Q). (3.34)

Finally, let us show that the operator on D(A) ® H® = HM):

A= (2 :BI) (3.35)
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is a topological isomorphism from its (dense) domain to the complete
Hilbert space H!) as a consequence of the fact that the self-adjoint operator
A+ B on D(A) satisfies the Hille-Yoshida criterion: For any real number
A > 0, the equation (A + B + Al)y = f has a unique solution on D(A) for
each f € H®. The same Hille-Yoshida criterion applied to the full two-
component operator Eq. (3.35), shows us that for each (f!, f2) € H®), one
can straightforwardly find (U!,U?) € D(A) x D(A) with A\ = 1, namely,
Ul = (f' +Up) and (A+B+1)U? = f2— Aft € HO (Af' € H since
f' € D(A)!). The uniqueness of (U!,U?) is a direct consequence of the
strict positivity of the operator A+ B on D(A).

3.4. The Wave Equation “Path-Integral” Propagator

In this section of a more physicist-oriented nature, we consider the classical
unsolved problem of writing a rigorous Trotter like path-integral formulae
for the Cauchy problem on R? associated with the elastic vibrations of an
infinite length string with a specific mass (p(z)—po) € C°(R?) and a Young
elasticity modulus (E(z) — Eg) € C°(R3). The general wave evolution
equation governing such vibrations is given by3*

% (p(a:)%) =V(E(x)V -Ul(x,t)), (3.36)
U(z,0) = f(x) € H*(Q), (3.37)
Ui(z,0) = g(x) € L*(Q). (3.38)

Just for simplicity of our mathematical arguments, we consider the case
of a string with a constant specific mass p(x) = pp in our next discussions.
Firstly, let us show that the operator

A:%A+V(<E(I)pi_EO)V):A(O)+B (3.39)
0 0

is a self-adjoint operator on the domain H?(f2). This result is an imme-
diate consequence of the fact that the “perturbation” operator B =

Vv (M V) is A®_bounded with A®-bound less than 1. As a conse-

0
quence, one can apply straightforwardly the Kato—Rellich theorem to guar-

antee the self-adjointness of A on H?(Q). The A®-boundedness of B is a
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result of the following estimates for ¢ € H?(Q)) (where F(z) < Ey and
|VE(z)| < Ey):

[ (2220).

po L3(92)
E(x) — E E E
< sup {Mﬁ(g)v_(x)} H_OAQP . (3.40)
€9 Ey Eoy Po L2(9)

where v(2) is the universal constant on the Poincaré relation for function
p(x) on H(Q)

IVl ) < Y QIA@|lL2()- (3.41)

By the direct application of Theorem 3.1, we have the rigorous solution
for the Cauchy problem Egs. (3.36)—(3.38) if f(z) € H?(2) and g(z) €
L2(Q) for any —oo < t < +00, namely,

(%(a,f?));exp it V(év) (1) (ggg) (3.42)

pPo

At this point, we apply the Trotter—Kato theorem to rewrite Eq. (3.42)
in the short-time propagation form

Uz, t)) t 0 " f(z)
. = Strong limit exp1 (—) E(x) ( )
(aUa(t t) (H2(QBL () n—>oo{ n V( o V) 0 g(z)

(3.43)

However, for short-time propagation, we have the usual asymptotic
result

. 0 (s
Jm g exp | i Q(Emi) 0 <g> )
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with f(p) and §(p) denoting the Fourier transforms of the functions f(z)
and g(x), respectively, and E’(z)p means the scalar product VE(x)ﬁ for
short.

It is worth calling to the reader’s attention that

exp <i€ l_ (E ));) + ( £y, (1)D (géj’?;)
)] 1

—isin [a ( E(I) p? + E (I)zp) } icj(p)
. . 10/2)
B 1 EG, e [~ 222 4 E8p| T fp)

(3.45)

As a consequence of the above formulae we have our discretized path-
integral representation for the initial-value Green function of Egs. (3.36)—
(3.38), i.e. by writing the evolution operator as an integral operator-
Feynman Propagator

+oo
= / da’

we have (for A =1,2; B = 1,2) the “path-integral” product representation

1 n “+o00 +o0
Gap(z, 2’ t) = strong — nlLrgo { (%) / dpy - dpn/ dTp_1---

) (3.46)

Gaoi(x, 7', t) Goz(x, 2", t) | \g(z')

Gii(z, 2, t) G12(3?,33/7t)] (f(xl)

+o0 b t
X /700 dry 1_[1 [GAjAjH (Jij,pj;g)]
=
X exp(ipj(x; —xj—1), (3.47)

where Ga, g, (;,p;, L) is the 2 x 2 matrix on the integrand of Eq. (3.31)
for = x; and p = p;. Note that z,, = z and z¢ = 2’.
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3.5. On The Existence of Wave-Scattering Operators

In this section we give a proof for the existence of somewhat reduced wave-
scattering operators associated to the following wave dynamics pair (H, Hyp)
on the HY = H?(Q) ® L*(Q) (with Q = RV, N > 3)":

- 0 1
Hy = B A ol (3.48)
PO
- 0 1
v Em g o (3.49)
Po

We need, thus, to show the strong convergence on H® of the following
family of one-parameter evolution wave operators (s = strong) for T' arbi-
trary (but finite):

W*(H,Hy) =S — Jim, (exp(itH) exp(—itHy). (3.50)

Let us remark that the existence of the strong limit of Eq. (3.50) is
a direct consequence of the validity of the famous Cook-Kuroda—Jauch
integral criterion® applied to the pair (H,Hp) in a dense subset of the
domain of H. This integral criterion means that there exists a § > 0, such
that the following integral is finite for any (f, g) belonging to a dense set of
HW e

/: dt H(H — Hy)eiHot (ch) HHO) < 0. (3.51)

Let us denote E(z) = (E(z) — Ey) € C(RVN), the scattering wave
potential in what follows.
We can, thus, rewrite Eq. (3.51) in the following explicit form:

T
| I E@V gt gty <00 (352)

or

T
/5dt((—f—V(EN(x)V)f(;v,tL+V(E~(x)V)f(m7t)))Lz(RN)<oo, (3.53)
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where the pair of functions f(x,t) and g(x,t) satisfy the free wave equation

2f(x
(S o
fz,0) = (), (3.55
fi(z,0) = g"(x), 3.56
and
g(z,t) = %f(x,t). (3.57)

Let us choose the initial dates f"(z) and g"(z) as the Fourier trans-
forms of L?(R™) functions polynomial-exponentially bounded (¢ € Z* and
A e RT):

Pa)y= [ dVke™ fa(k); |fa(k)| < Me MM|gS, (3.58)
RN

o) = / RN g (R);  Jaa (k) < Me ML (3.59)
RN

Note that we have an explicit representation in momentum space for
the free waves f(x,t) and g(z,t), namely,

ga (k)
|K|

(k. 1) = S (k1) (3.61)

Fk,t) = Fa(IK]) cos([K|t) +

sin(|k|t), (3.60)

At this point we observe the estimates for any é > 0:

T
/ dt|(EAf +VE-Vf, EAf +VE- V)2 (t)|
§

T ~ ~ ~
</ dt{ sup |B@)2(:4F(k,£), F 0 1)) vy

zERN
+ sup (max(Vl-E(x),E(a:)))(kaif(k,t), f(k,t))Lz(RN)

zERN

+ sup max(V;E(x), V;E(x))(kik; f(k,t), f(k,t))L2(RN)}. (3.62)

zERN
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By using the explicit representations Egs. (3.60) and (3.61) and the
simple estimate below for o > 0 with ¢ € [6,7) and § > 0 (with T < 00)

I(t):/ dle| K+ cos?(|e|t)e A
0

1 > M
< o X ( /O dUU“*geATU> < e € LN(10,00),  (3.63)

one can see that by just choosing § > 0, the existence of the reduced
(T < o0) wave operators of our pair Eqs. (3.48)-(3.49) is a direct con-
sequence of the application of the Cook-Kuroda-Jauch criterion,® since
the set of functions polynomial-exponentially bounded is dense on Co(RY)
(continuous functions vanishing at the infinite), and so, dense in L?(RY).”
The complete wave operator (with 7' — +00) can be obtained by means
of Zorn theorem applied to the chain of reduced wave operators {Wy(T)}
ordered by inclusion, i.e. T3 < To = Wy (Th) C Wi (1»).

3.6. Exponential Stability in Two-Dimensional
Magneto-Elasticity: A Proof on a Dissipative
Medium

One interesting question in the magneto-elasticity property of an isotropic
(uncompressible) medium vibration interacting with an external magnetic
is whether the energy of the total system should decay with an exponential
uniform bound as time reaches infinity.®

We aim in this section to give a rigorous proof of this exponential bound
for a model of imaginary medium electric conductivity as an interesting
example of abstract techniques developed in the previous sections. (See
Appendix A for a complementary analysis on this problem.)

The governing differential equations for the electric-magnetic medium
displacement vector U = (U',U%,0) = U(x,t) depending on the time
variable ¢ € [0,00) with x € 2 and the intrinsic two-dimensional magnetic
field h(z,t) = (h', h2,0) are given by

% — Aﬁ(x,t) + ([ﬁ X fz](x,t) X J§), (3.64)
ﬁah(aai, D _ Aoty 4 (ﬁ « [88_[2{(%@ x ED . (3.65)
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Here, B = (B,0,0) is a constant vector external magnetic field, and 3
is the (constant) medium electric conductivity.
Additionally, one has the initial conditions

U(0,2) = Up(z); Up(0,2) =Uy(z); h(0,x) = holx) (3.66)
and the (physical) Dirichlet-type boundary conditions with 7i(x) being the
normal of the boundary of the medium Q°:

U@ o =0; (iix(Vxh)&t)a=0. (3.67)

Let us follow the previous studies of Sec. 3.1 to consider the contraction
semigroup defined by the following essentially self-adjoint operators in the
H-energy space:

HQ = {([j7 7?7 ﬁ) € (LQ(Q))?) | (Vﬁ7Vﬁ)L2(Q)

+ (7, T) L2(q) + (R, h)r2(q) < oo},

namely,
0 i 0
Lo=|iA 0 0 (3.68)
0 0 -A
and
0 0 0
V=10 0 [V x( )xB|. (3.69)
0 —(Vx[( )xB) 0

We, thus, have the contractive Cp-semigroup acting on Hq (see
Appendix A for technical proof details):

T (U, 7 k) = exp(t(+iLo — V))(U, 7, h)(0). (3.70)

It is worth to call the reader’s attention that we have proved the essential
self-adjointness of the operator V' by using explicitly the boundary condi-
tions on the relationships below:

()] x B)
()] x B)

X (B,B(81h2 — 82]11)), (371)
X (—Boym?, BOy72,0). (3.72)
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By standard theorems on contraction semigroup theory,® one has that
the left-hand side of Eq. (3.70) satisfies the magneto-elasticity equations in
the strong sense with 8 =i = v/—1, a pure imaginary electric conductivity
medium, physically meaning that the medium has “electromagnetic dissi-
pation” and in the context that the initial values belong to the subspace
(H2() N HY () @ (L3())* @ (LA(Q))? C Ha.

Let us note that Eq. (3.70) still produces a weak integral solution on
the full Hilbert space Ho = (H())? @ (L*(R))? @ (L*())?, the result
suitable when one has initial random conditions sampled on L?(2) by the
Minlos theorem (see Appendix B).

Thus, for any ((70, 0, ﬁo) € Hq we have the following energy estimate:

(T, 0.0, 1)z,
_ /de(|v17|2 0T + B2 (1)
< [[(exp(t(iLo — V)))(U(0), 0T (0), h(0))|l ,,

< HS — lim {[exp (;—tﬁo) exp (—%V)] ((jm (jhﬁo)}‘

< exp(—tw(V))|[To, 8,0 (0), h(0)] 7, (3.73)

Hq

where w(V) is the infimum of the spectrum of the self-adjoint operator V'
on the space H.

In order to determine the spectrum of the self-adjoint operator V', which
is a discrete set since ) is a compact region of R2, we consider the associated
V-eigenfunctions problem

[V % (hn)] X B = Anfp, (3.74)

—V x [(7n) X B] = Aphn, (3.75)

which, by its turn, leads to the usual spectral problem for the Laplacean
with the usual Dirichlet boundary conditions on €2:

2
Amy = — <%) Ty, (3.76)

75 (z)|aq = 0. (3.77)
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As a result of Egs. (3.75) and (3.76), one finally gets the exponential
bound for the total magneto-elastic energy equation (3.73):

< exp (= ty/Bo())[|(To, 8T (0), h(0)]| - (3.78)
where \o(Q) = inf{spec(—A)} em H?(Q) N H}(Q).

3.7. An Abstract Semilinear Klein Gordon Wave
Equation — Existence and Uniqueness

Let A be a positive self-adjoint operator as in Sec. 3.2 and (B, Bs) a pair of
bounded operators with domain containing D(A) (the A-operator domain).
We can, thus, associate to these operatorial objects the following semilinear
Klein—Gordon equation with initial dates (zero time field Hilbert-valued
configurations):

0?U ou

Wt:—AU—&5;+&U+FWﬁ

U(0) = Uy € D(A) (3.79)

U,(0) =V € H.

Here, F(U,t) is a Lipschitzian function on the Hilbert space H(®) with
a Lipschitz-bounded being a function L(t) on £I(R") = {set of mensurable
functions f(t) on R+ such that || f]|za = (/5 ds|f(s)|7)"/? < so and ¢ > 1},
namely,

|F (U, t) = F(Uz, )| gy < L(t)|U1 = U] g, (3.80a)
F(0,t) = 0. (3.80b)

It is an important problem in the mathematical physics associated with
Eq. (3.79) to find a functional space, where one can show the existence and
uniqueness of the Cauchy problem for the global time interval [0, 00).!!

Let us address this problem through the abstract techniques developed
in the previous section of this work and the Banach fixed-point theorem.

First, let us write Eq. (3.79) in the integral operatorial form

U t(iLa+v) (Vo /t (t—s)(iLA+V) 0
= . 1
(w)(t) e Vo + ; dse IR (3.81)
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where V is the bounded operator with operatorial norm 1 acting on the
two-component space H(!) by means of the rule:

V(U,7) = (WU, Var), (3.82)

where the (bounded) component operators are written explicitly in terms
of the “damping” operator B; and “mass” operator B, as given below:

Vi = By — Vs, (3.83)
2Vy = —By + (B? — 4B,)"/2. (3.84)

Let us introduce the following exponential weighted space of H(M-valued
continuous functions:

C([0, 00), HV) = {g: RY — HY with K > 0

k _
and [|gl[{h, = sup (e 7Hg(t)][gw) < oo} (3.85)
0<t<o0o

We are going to show next that there exists a value of the exponential
weight parameter k£ defining the above-considered space such that the appli-
cation 7" written below is a contraction between the space of Hilbert-valued
continuous functions (Eq. (3.85)), i.e.

T: Ck([0,00), HD) — Cx ([0, 00), HY)

t
_— 0
b = (¢, dse(t=9)(La+V) [ } ) 3.86
(o) = | Lh(p(s), ) 50

In order to show this result, let us point out the usual exponential
bound for the free Klein—Gordon abstract propagator (operator norm) (see
Eq. (A.23)):

llexplt(iLa + V)]llop < |lexptV[op
< exp(t]||V||op) = exp(tpu). (3.87)

As a consequence of this bound Eq. (3.87), we have the contraction
estimate for @, ®’ elements of Cj ([0, c0), HM):

t
||T<I> _T(I)/Hck([o,oo),H“)) < sup {/ d5€—k(t—s)€u(t—s)L(3)}
0

0<t<o0o

X ||(I) - (I)/||Ck([0,00),H<1))' (388)
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At this point, it is a straightforward step to obtain the general expression
for the contraction coefficient on Eq. (3.88) (where % + % =1):

t
sup {/ dse_K(t_S)e“(t_s)L(s)}
0<t<oo LJo

t 1/p
< sup {(/ dsep(k”)(ts)> } 1Ll za(r+)
0<t<oo 0

1 1/p)
- Qﬂ) ALl oy = Clk, ). (3.89)

So, T has a fixed point on Cy([0,00), HY) if one makes the choice of
the value k such that (C(k, 1)) < 1, namely,

K> (S 1Elerme +1). (3.90)

A very important result obtained as a consequence of the above “fixed-
point theorem” analysis is that the sequence of iteratives

U™ (1) = ()™ (gg) (3.91)

converges in Cy([0,00), HM) to the solution of Eq. (3.81) with the error
estimate

sup (e " U™ — Ul ga) (1))

0<t<o0
(C(k,u))"_l{ : - <U0>H }
< — su expt(iLa+V . (3.92
~ 1-C(k,p) 0§t<poo pHiLa ) Vo) lgw (3.92)
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Appendix A. Exponential Stability in Two-Dimensional
Magneto-Elastic: Another Proof

In this complementary technical appendix to Sec. 3.6 on the exponential
decay of the magneto-elastic energy associated with the (imaginary electric
medium conductivity) magneto-elastic wave

U U
| (t) = exp{it(+Lo +iV)} | 7 | (0) (A1)
h h

with the essential self-adjointness operators on the Hilbert energy space
H'(Q)

0 +i 0
Lo= |+iA 0 0 (A.2)
0o 0 A
and
0 0 0
iV =10 0 iV x()xB|, (A.3)
0 iV x[()xB] 0

we have used the fact that the operator —V + iLy is the generator of a
contraction semigroup on this energy Hilbert space H'(Q) = (H'(Q2))® &
(L2(2))® @ (L3(Q))® in order to write Eq. (A.1) in a mathematically
rigorous way.

Let us give a proof of this mathematical result by means of a direct
application of the Hille-Yoshida theorem® to the operator (—V + iLy).
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First, the domain of (—=V + iLg) is everywhere dense on H'(Q) as a
consequence of the self-adjointness of the operators V and Lo on H!(Q).
Second, the existence of a solution for the elliptic problem

(=V+ily)r=ay (A4)

for x € D(Lo) € D(V) and every y € H?(Q) with o > 0 is a standard
result even if 2 has a nontrivial topology (holes inside!), i.e. {2 is a multiple-
connected planar region.”

The unicity of the solution z is a straightforward consequence of the
fact that the spectrum {\,} of the self-adjoint operator V coincides with
the positive Laplacean wy,(—A), i.e. A2/B = w,(—A). As a consequence,
the solution of the equation

(=V +iLo)z =0 (A.5)

leads to the relation below due to the self-adjointness of the operators V
and Ly on HY(Q):

<Vx7x>H1(Q) = <Vx7x>l:11(ﬂ) = i(Loz, ) m Q) — Z'<£0x7x>1§ﬂ(§2)7 (A.6)

from which we conclude that

(Va,z) g1(q) =0, (A7)
(Lox,2) g1y =0, (A.8)

or equivalently
x € Ker{V} NKer{Ly}, (A.9)

which is zero if Q is a simply connected planar domain as supposed in
the text.
Finally, for any > 0, we have that

. _ 1
a1 = (=V +i£0)) ey < - (A.10)

since for every z € Dom(Ly) C Dom(V),

@2l g < (@l = (=V + o)l
= a2||z||§}1(9) + ||£02||§§1(Q)
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Note that we have used the fact that V is a positive operator on H'(Q).

As a consequence of the above-exposed results we have that —V + iLg
is a generator of a contractive semigroup on the space (1 — Pxer(v)nKer(2o))
H'(Q), where Pxer(v)nKer(co) 18 the orthogonal projection on the Kernel
subspaces of the self-adjoint operators V and Ly.

As a final remark to be made in this Appendix A, let us call the physicist-
oriented reader’s attention to the following (somewhat formal) abstract
Lemmas, alternatives to the Banach space methods used in Ref. 9.

Lemma A.1l. Suppose that the matriz-valued operator with self-adjoint
operators entries on suitable Hilbert spaces Hy, Ho

0
0
C

0 A
Lo=|B 0 (A.12)
0 0

Then, it will be a self-adjoint on the Hilbert space H = H, ® H, ® Hy with
an inner product given by (D is a positive self-adjoint operator on Hi)

<(U77T7 h)? (U/77T/7 hl)>]5[ = (D*DU7 UI)HI + (71—77T)H1 + (h7 h)H27 (A'13)

if we have the constraints below for the operators on the Hilbert component
spaces:

C=C* on H,
A*D*D =B on H (A.14)
Range(A) C Dom(D).

Proof. Let us consider the inner product on H

U
<L0 0 ;(U/,ﬂ'l,hl)> = (DAn, DU" )y, + (BU, 7" )z, + (Ch, W),

h i
(A.15)

and

(U7, h); Lo(U', 7', 1)) g = (DU, DA ) g, + (7, BU" ), + (h, CH') .
(A.16)
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On the basis of Egs. (A.15) and (A.16) one can see that Lg is a closed
symmetric operator. Besides, if there is a (Up, o, ho) € H such that for
every (U, m, h) we have the orthogonality relation

((Uo, mo, ho); (¢ + Lo)(U,m, h)) g =0, (A.17)
then
((Uo, mo, ho); (A, +4iU, BU +im,Ch +ih)) 5 = 0. (A.18)
As a result
(D*DUy, (Am + iU)) i, = 0 (A.19)
(mo, BU +im)pm, = (ho, Ch +1ih)p, = 0. (A.20)

We thus have by self-adjointness of the operators A, B, and C that Uy =
mo = hg = 0. As a consequence, the deficiency indices of Ly vanish what
formally concludes the self-adjointness of Ly on vectors of H; such that
(the domain of Ly since Ly is a closed symmetric operator):

(Lo(U, 7, h), (U, 7, h)) g < oo. (A.21)

Lemma A.2. Let U be the matriz-valued operator acting on H given by

0
V=10 (A.22)
0

S o o
o XN o

Then 'V is self-adjoint on H if and only if on Ha we have the constraint
relationship below between the adjoints of the closable symmetric operators
Vi and Vs

Vi = Va. (A.23)

Proof. One can use similar arguments of the proof of Lemma A.1 to arrive
at such a result.

Let us now take into account the case of the spectrum of Ly contained
on the negative real line (—oo,0] and that one associated with V' is by
its turn, contained only on the upper-bounded negative infinite interval
(=00, —c] (with ¢ > 0); then we have by a straightforward application of the
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Trotter—Kato formulae for ¢ € [0, c0) the following estimate on the norm of
semigroup evolution, operator-generated by Ly + Vy:
[ o] < Tim [|exEoen ||
n

< lim|lexV||” < ||| < et (A.24)
n

In the following magneto-elastic wave problem with real conductivity
B >0,

U 0 -1 07 /U
lm|@)=|-A 0 0 | (¢)
h 0 0 A \n
0 0 U
x |0 0 —Bx[VxO)]| [ =] @.
0 —Vx[()xB] 0 h

(A.25)

One can see that it satisfies the conditions of the above lemmas with the
operator D =V and with the Hilbert space

H = (L*(Q)° & (L*(Q)* & (L*(Q))*

and ¢ = inf spec(—A) and H2(Q) N H(Q) (see Sec. 3.5), and thus, leading
to the expected total energy exponential decay showed in Sec. 3.5. |

Appendix B. Probability Theory in Terms of Functional
Integrals and the Minlos Theorem

In this complementary appendix, we discuss briefly for the mathematics-
oriented reader the mathematical basis and concepts of functional integrals
formulation for stochastic processes and the important Minlos theorem on
Hilbert space support of probabilistic measures.

The first basic notion of Kolmogorov’s probability theory framework is
to postulate a convenient topological space (Polish spaces) €2 formed by
the phenomenal random events. The chosen topology of € should possess a
rich set of nontrivial compact subsets. After that, we consider the o-algebra
generated by all open sets of this — the so-called topological sample space,
denoted by Fgq. Thirdly, one introduces a regular measure dp on this set
algebra Fq, assigning values in [0, 1] to each member of Fg.
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The (abstract) triplet (Q, Fq,du) is thus called a probability space in
the Kolmogorov—Schwartz scheme.?

Let {X,}aca be a set of measurable real functions on €2, which may be
taken as continuous injective functions of compact support on § (without
loss of generality).

It is a standard result that one can “immerse” (represent) the
abstract space €2 on the “concrete” infinite product compact space R* =
[lac A(Ra), where R is a compact copy of the real line. In order to achieve
such a result we consider the following injection of 2 in R*® defined by the

family {Xa}aeA:
I:Q— R™®

W — {Xa(w)}a€A~ (Bl)

A new o-algebra of events on {2 can be induced on 2 and affiliated to
the family {Xa}aca.

It is the o-algebra generated by all the “finite-dimensional cylinder”
subsets, explicitly given in its generic formulas by

Chrg, = {w € Q| Agip is a finite subset of A

and [(Xa)aens, ()] C H [amba]}'

a€Asin

The measure restriction of the initial measure p on this cylinder set of
Q will be still denoted by p on what follows. Now it is a basic theorem of
Probability theory that y induces a measure v(*) on [], c A(R)a, which can
be identified with the space of all functions of the index set A to the real
compactified line R; F(A, R) with the topology of Pontual convergence.

At this point, it is straightforward to see that the average of any Borelian
(mensurable) function G(w) (a random variable) is given by the following
functional integral on the functional space F(A, R):

/ dp(w)G(w) = / W (f) - GI()). (B.2)
Q F(A,R)

It is worth to recall that the real support of the measure du(oo)(f) in
most practical cases is not the whole space F'(A, R) but only a functional
subspace of F'(A, R). For instance, in most practical cases, A is the index set

of an algebraic vectorial base of a vector space E and [[,c,(R)a (Without
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the compactification) is the space of all sequences with only a finite number
of nonzero entries as it is necessary to consider in the case of the famous
extension theorem of Kolmogorov. It turns out that one can consider the
support of the probability measure as the set of all linear functionals on
E, the so-called algebraic dual of E. This result is a direct consequence
of considering the set of random variables given by the family {e}},en.
For applications one is naturally lead to consider the probabilistic object
called characteristic functional associated with the measure dv(°)(f) when
F(A, R) is identified with the vector space of all algebraic linear functionals
E?g of a given vector space E as pointed out above, namely,

2= [ ar ) exnlif ). (5.3

where j are elements of E written as j = > .\ Ta€a With {ea}aeca
denoting a given Hammel (vectorial) basis of E.

One can show that if there is a subspace H of E with a norm || ||z
coming from an inner product (,)g such that

/ A (f) - |1 flI3 < oo (B.4)
ENH

one can show the support of the measure of exactly the Hilbert space
(H,(,)m) — the famous Minlos theorem.

Another important theorem (the famous Wienner theorem) is that when
we have the following condition for the family of random variables with the
index set A being a real interval of the form A = [a, b]:

| NN (5) = X PP < el (B.5)

for p, e, c positive constants. We have that it is possible to choose as the
support of the functional measure dv/() () the space of the real continuous
function on A the well-known famous Brownian path space

/ dp(w)G(w) = / ) ()G (f (). (B.6)
Q C([a,b],R)

For rigorous proofs and precise formulations of the above-sketched deep
mathematical results, the interested reader should consult the basic math-
ematical book by Schwartz.!°
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Let us finally give a concrete example of such results considering a gen-

erating functional Z[J(x)] of the exponential quadratic functional form on
L*(RY)

2wl =ew{-3 [ ¢ [ Pviwrenin)  ©0

associated with a Gaussian random field with two-point correlation function
given by the kernel of Eq. (B.7),

E{v(z)v(y)} = K(z,y). (B.8)

In the case of the above-written kernel being a class-trace operator on
LA(RY) ([~ dNzK (z,x) < 00), one can represent Eq. (B.7) by means of
a Gaussian measure with the support of the Hilbert space L2(R"). This
result was called to the reader’s attention for the bulk of this paper.



Chapter 4

Nonlinear Diffusion and Wave-Damped Propagation:
Weak Solutions and Statistical Turbulence Behavior*

4.1. Introduction

One of the most important problems in the mathematical physics of the
nonlinear diffusion and wave-damped propagation is to establish the exis-
tence and uniqueness of weak solutions in some convenient Banach spaces
for the associated nonlinear evolution equation (see Refs. 1, 3-5). Another
important class of initial-value problems for nonlinear diffusion-damping
came from statistical turbulence as modeled by nonlinear diffusion or
damped hyperbolic partial differential equations with random initial con-
ditions associated to the Gaussian processes sampled in certain Hilbert
spaces®® and simulating the turbulence physical phenomena.%

The purpose of this chapter is to contribute to such mathematical
physics studies by using functional spaces compacity arguments in order to
produce proofs for the existence and uniqueness of weak solutions for a class
of special nonlinear diffusion equations on a “smooth” C'°*° domain with
compact closure 2 C R? with Dirichlet boundary conditions and initial
conditions belonging to the space L?(£2). This study is presented in Sec. 4.2.

In Sec. 4.3, we present a similar analysis for the wave equation with a
nonlinear damping, analogous in its form to the nonlinear term studied in
Sec. 4.2 for the diffusion equation.

In Sec. 4.4, we present in some details the solution to the asso-
ciated problem for random initial conditions in terms of our proposed
cylindrical functional measures representations previously proposed in the
literature® and defined by a cylindrical measure on the Banach space
L*>((0,T),L*(Q)), a new result on the subject.

Finally, in Sec. 4.5, we present a complementary semigroup analysis on
the very important problem of anomalous diffusion for random conditions
in the path-integral framework.

*Author’s original results.

84
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4.2. The Theorem for Parabolic Nonlinear Diffusion

Let us consider the following nonlinear diffusion equation in some strip
Qx1[0,T] c R:

oU (z, 1)

o = (—AU)(z,t) + A(F(U(z,t))) + f(x,1) (4.1)

with the initial and Dirichlet boundary conditions

U(x,0) = g(x) € L*(Q) c L*(Q), (4.2)
U(x,t)‘aQ =0, (4.3)

where A denotes a second-order self-adjoint uniform elliptic positive dif-
ferential operator, F(z) is a real function continuously differentiable on
the extended real line (—oo, +00) with its derivative F’(x) strictly positive
on (—o00,400). The external source f(z,t) is supposed to be on the space
L°([0,T] x L*(Q)) = L>([0,T], L*(Q)).

We now state the existence and uniqueness theorem of ours.

Theorem 4.1. In the initial-value nonlinear diffusion equations (4.1)-
(4.3), for any g(z) € L*(Q), and A = —A (minus Laplacean) there exists a
unique solution U(x,t) on L>=([0,T] x L*(Q)) satisfying this problem in a
certain weak sense with a test functional space given by C$°([0,T], H*(Q)N
HY(Q)).

Proof. The existence proof will be given for a general A as stated below
Eq. (4.3). Let {p;(z)} be the spectral eigenfunctions associated with the
operator A. Note that each o;(z) € H?(Q)N Ha () and this set is complete
on L?(f2) as a result of the Gelfand generalized spectral theorem applied
for Al since H?(2) N HE(Q) is compactly immersed in L?().

Consider the following system of nonlinear ordinary differential equa-
tions associated with Egs. (4.1)—(4.3) — the well-known Galerkin system:*

oUW (x,t .
(# @j(x)) + (AU (2, 1), 0, (2)) 12 (5)
L2 (Q)

= (V- [(F' (U™ (@,0))) VU™ (,0)], ¢ () 2 (@)

+ (f0 (@, 1), 05(2)) 20 (4.4)
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subject to the initial condition

n

U™ (2,0) = (9,92 - @i(2), (4.5)

=1

where the finite-dimensional Galerkin approximants are given exactly in
terms of the spectral basis {;(x)} as

U™ (z,1) ZU (4.6)
(1) =Y (F(@,t), i(@) 2@ pi (@), (4.7)
=1

and (,)12(q) is the usual inner product on L?(€2). Note that

U™ (z,1)| Z U™ () (9i(2))| yo = 0 (4.8)
Let us introduce the short notations
U™ (z,t) = UM, (4.9)
(97%‘)1:2(9) = gE”), (4.10)
(f(@, 1), 0i(2)) 20 = £ (4.11)

By multiplying the Galerkin system equation (4.4) by U™ as usual® we
get the a priori identity

5 dt”U(n)Hm (@ + (AU UM) 2 )
+ / deF' (UMY (vU™TT™) = (7, U™) 12 q).- (4.12)
Q

By a direct application of the Gérding—Poincaré inequality with the
quadratic form associated with the operator A, one has that there is a
positive constant v(£2) such that?

(AU, U™) 2y > y( QU35 (4.13)
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This yields the following estimate for any integer positive p:

d n n n n
7T L20) + 1 QN L2y + I(F U ))AVUD L2 g

N =

1 1o
< 5 {1 @O+ 10 e |- (4.14)

At this point we observe that the square root of the function F’(z)
makes sense since it is always positive: F'(z) > 0.

By choosing Eq. (4.14) p big enough such that a, = v(2) — ﬁ >0, we
have that

1d, o . 1
57 (1022 + aplU™ |72 < P12z (1), (4.15)

2dt
or by the Gronwall lemma, that there is a uniform constant M [even for
T = +oo if f € L%([0, 00], L*(€2))] such that

sup (||U(n)(t)|\%2(9))
0<t<T

0<t<T

T
< sup {eaPT [/O ds|| fII7 2 (s)e™* + Iglliz(m] } = M.
(4.16)

Note that the Galerkin system of (nonlinear) ordinary differential equa-
tions for {Ui(n)(t)} has a unique global solution on the interval [0,7] as a
consequence of Eq. (4.16) — which means that Z?:l(Ui(") t)? < M —
and the Peano—Caratheodory theorem since f(¢,-) € L*°([0,T1).

As a consequence of the Banach—Alaoglu theorem applied to the
bounded set {U(™} on L>([0,T], L?(f2)), there is a subsequence weak-star
convergent to an element (function) U(t,z) € L>([0,T], L3()), and this
subsequence will still be denoted by {U(")(z,)} in the analysis that follows.

An important remark is at this point. Since F(z) is a Lipschitzian
function on the closed interval where it is defined we have that the set of
functions { F(U(™)} is a bounded set on L>([0, T], L*(£2)) if the set {U(™}
has this property.

As a consequence of this remark and of a priori inequalities given in
detail in Appendix A, we can apply the famous Aubin-Lion theorem! to
insure the strong convergence of the sequence {U( (x,t)} to the function

U(z,t). As a straightforward consequence, our special nonlinearity on
Eq. (4.1), namely F'(z) is a Lipschitzian function; we obtain, thus, the
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strong convergence of the sequence {F (U™ (x,t)} to the L?(Q)-function
F(U(x,t)).

As a consequence of the above-made comments and by noting that
L?(9) is continuously immersed in H~2(£2) and the weak-star convergence
definition, we have the weak equation below in the test space function of

(@, t) € C5°([0,T], H2(Q) N HE(Q):

T
lim dt
n—oo O

T dt

dv
(—UW —) AU, 0~ (PO, B
L2(9

T
= lim dt(f™,0) 2 (q), (4.17)

n—oo 0

or by passing the weak-star limit

- T
—(F(U(xj)),Av(x,t))Lz(Q)} :/0 dt(f(z,t),v(x,t))2(0). (4.18)

This concludes the existence proof of Theorem 4.1, since v(0,z) =
(T, z) = 0. O

Let us apply this to a concrete problem of random exponential nonlinear
diffusion on a cube [0, L]®> C R3, mainly for the explanation of the above-
written abstract results:

aUéf’t) =V { (2—0 + e_U(I’t)) VU(a:,t)} + %AU(m,t) (4.19)

with
U(z,0) = g(x) € L*(Q), (4.20)
U(x7t)|re[0,L]3 =0, (4.21)

where g(x) are the samples of a stochastic Gaussian process on {2 with
correlation function defining an operator of Trace class on L?(f2), namely,

E{g(@)g(v)} = K(z.y) € 74 (12(Q) (4.22)

1

or in terms of the spectral set associated with the Laplacian, i.e.

g(x) = lim > g"i(x) (4.23)
=0
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with

Elgige} = K = / dadyK @ e@ps). @20

As a consequence of Theorem 4.1, an explicit solution of Eq. (4.19) must
be taken in L*([0,00), L*()) in the weak sense of Eq. (4.18) and given
thus by the Trigonometrical series sequence of functions:

Ulz,t,[g])
K" im Jm km
— 1. dl7k’J t 2 o L3 Jo . s
Z;%ng ij;l ( ,[gg])SIIl(L[E) bln(Ly> sm(Lz) ,
nz— o0 W

(4.25)

where the set of absolutely continuous function {d“7"*(t,[go])} on [0, T sat-
isfies the Galerkin set of ordinary differential equations with “random”
Gaussian initial conditions

4 (0, [ge]) = (g(a:),sin <%x> sin (%ﬁ,) sin (’%))LQ(Q) .

(4.26)
Let us now comment on the uniqueness of solution problem for the
nonlinear initial-value diffusion equations (4.1)—(4.3).
In the case under study, the uniqueness comes from the following tech-
nical lemma.

Lemma 4.1. If Uyyy and Uy in L>([0,T] x L*(Q)) are two functions
satisfying the weak relationship, for any v € C§°([0,T], H2(2) N HL(Q))

T
_ _ ov _ _
/ dt{ (U(l) — U(g), _E) + (U(l) - U(2)7 Av)Lz(Q)
0 L2(Q)
— (F(U(l)) — F(U(g)); AU)L2(Q)} = O, (4.27&)

then Uqy = Uay a.e. in L>=([0,T] x L*(2)).?

Let us notice that Eq. (4.27a) is a weak statement on the assumption
of vanishing initial values and it is a consequence of

lim supp ess {/ *z|Uqy(z,t) — U (x,t)|2} =0. (4.27b)
Q

t—0t



90 Lecture Notes in Applied Differential Equations of Mathematical Physics

The proof of Eq. (4.27) is a direct consequence of the fact that F(z) is
a Lipschitz function satisfying an inequality of the form

|F(Uy) = F(Ug)|(z,t) < ( sup F/(ﬂf)> Uny — U l(,t) (4.27¢)
(for a technical proof see Ref. 5). However in the case of A = —A (minus
Laplacian), as stated in our theorem, the identity Eq. (4.27a) means that for
the functions of the form v(z,t) = e Muvy(z) € C§°([0,T], H2(2) N H())
with Avy(x) = —Awy(z), the following identity must hold true:

T
/ dt(F(U(l)) — F(U(g)),’l})\)L2(Q) =0, (4.28)
0

which means that F(U(l)) = F(U(Q)) a.e., and thus, U(l) = U(Q) a.e., since
F(z) satisfies the lower-bound estimate

P - £l = (_nt P ) o=l
—oco<x <00
This result produces a rigorous uniqueness result for A = —A.

Another important example of nonlinear diffusion equation somewhat
related to Eq. (4.1) is the density equation for a gas in a porous medium
with physical saturation. In this case, the law of conservation of mass

- ap
V-(pV)+ = =0, 4.29
(o7 + - (4.29)
where V is the velocity of gas, p is the density of the gas, and P is the
pressure, together with Darcy’s law and the isothermic equation of state,
namely,

P=cp (4.30)
V =—kVP

leads to the following nonlinear diffusion equation:

8p(81; t) = —yckV(p"Vp)(z,t) (4.31)

ple,0) = f(x) € LA(Q).

Since it is showed that for finite volume open, convex with C'*°-boundary
domain ) as in our study, the function p(x,t) which satisfies Eq. (4.31)
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should be a bounded function for any ¢ > to > 0 (with ¢, fixed), it is clear
that one can replace the above-written mathematical gas porous medium
equation, by a more physical equation of the form, taking into account the
physical phenomena of saturation,

WD) — 69 (Fy () V) .1

p(x,0) = f(z) € L*(Q)

(4.32)

with Fo)(z) denoting a differentiable regularizing function of the function
27 on the interval [0, M], where M is the global upper-bound of the function
p(z,1).

One can thus apply our Theorem 4.1 to obtain an explicit set of functions
{pE:)) (7,t)} converging in the weak-star topology of L>([tg,00), L?(R)) to
the solution p(.)(z,t) of the problem equation (4.32). It is a reasonable
conjecture that in the nonsaturation case, one should take the ¢ — 0 limit
on Eq. (4.32), namely, p(z,t) = ;% pee)(z, 1), since F¢)(z) converge to a7
in the C*-topology of C([0, M]). As a consequence, it is expected that a
solution for the physical equation (4.31) should be produced. A full technical
description of this limiting process will appear in an extended mathematics-
oriented paper.

4.3. The Hyperbolic Nonlinear Damping

We aim in this third section state a theorem analogous to Theorem 4.1
of Sec. 4.2 on diffusion, but now for the important case of existence of
nonlinear damping on the hyperbolic initial-value problem on Q x [0,T]
with imposed Dirichlet boundary conditions, including the new global case
of T'= +00 (see Sec. 4.2) and a damping positive constant v,

% + (AU)(z,t) = —V% +A (F <%—[i(w7t)>> + f(z,1).
(4.33)
The L?(Q)-initial conditions are given by
U(z,0) = g(x) € L*(Q), (4.34a)
Us(z,0) = h(zx) € L*(Q), (4.34Db)

U(z,t)|oq =0, (4.34c)



92 Lecture Notes in Applied Differential Equations of Mathematical Physics

and now the nonhomogenous term f(x,t) is considered to be a function
belonging to the functional space

L3([0,T] x Q) N L>([0, T, L*(2)). (4.35)
We thus have the following theorem of existence (without uniqueness).

Theorem 4.2. There exists a solution U(x,t) on L>=([0,T] x L?)Q)) for
Egs. (4.33)-(4.35) in the weak sense with a test functional space as given
by C3°([0, T, H*(Q) N H;(92)).

In order to arrive at such a theorem, let us consider the analogous of
the estimated Eq. (4.12) for Eq. (4.33) with U™ = %(U(”) (x,t)), namely,

||U(n)||L2 @ T vl|U™ )HL2(Q

2 dt
+ (AU, UM L2 ) + [|(F/ (O ) V2DVT ™ |72
= (£,U™) 20, (4.36)
or equivalently
1d
32 LT + (AU, U 2 }

+ v {Il0age) + (AU, U)12(0) }

+[(F W) DTTO2,0) < v(AT™,U™)

1 1o
+ 5 (I + 310y ) (4.37)

If one chooses here the integer p such that ﬁ = v, we have the simple
bound

1d N
5 2 WO ey + (AU, U)oy} < Tl flFay  (438)

As a consequence of Eq. (4.38), there is a constant M such that the
uniform bounds hold true (even if for the case T = 4oo for the case of
f e L?([0,00), L*(Q))):

sup eSSOStSTHU(")H%z(Q) < M, (4.39)
sup eSSOStSTHU(n)Hiz(Q) < M. (4.40)

As a consequence of the bounds Egs. (4.39) and (4.40), there are two
functions U(z,t) and P(x,t) such that we have the weak-star convergence
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on L*([0,T] x L*(Q2)):

weak-star  lim (U™ (x,t)) = U(x, 1), (4.41)
T :
weak-star  lim &U (x,t) ) = P(x,t). (4.42)

We thus have that the relationship below hold true for any test function
v(z,t) € C([0,T] x H?(2) N HL(Q)) obviously satisfying the relations
v(z,0) =v(z,T) = Av(z,0) = Av(z,T) = v(2,0) = ve(z, T) = vt (2,0) =
v (z, T) = 0 as a consequence of applying the Aubin-Lion theorem in a
similar way as it was used on Eq. (4.17):

T _ d?v _
/0 dt l: (U, ﬁ) L2(Q) + (U, AU)LQ(Q)

_ dv _
+V<U,—$> —(F(P)7AU)L2(Q)
L2()

- /0 " 0) 100, (4.43)
with the initial conditions
U(z,0) = g(z) € L*(Q), (4.44)
P(x,0) = h(z) € L*(Q). (4.45)
Let us now show that
O(a, 1) = /O dsPr.s). (4.46)

First, let us remark that integrating on the interval 0 < ¢ < T, in the
relationship Eq. (4.36), one obtains the following estimate:

1, . .
LT O30y~ 10(0) o)
t . 1
# (v [ @0 (6)) + 5 AT 0.0 )

1 n n ! T(n T(n
FATCO.UO0) + [ as) @) DTT

p/ t ) 1 /t . )
< = d + — U, ds. 4.4
= 2/0 SHfHLz(Q) 2% J, [Un(s)"ds (4.47)
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Since the operator A satisfies the Girding—Poincaré inequality on L?(£2),
(AU, TM) 20 (1) = A ( Q)T ™[7 20 (D), (4.48)

one can see straightforwardly from Eq. (4.47) by choosing 2p’ > % and the
previous bounds Eq. (4.39) that there is a positive constant B such that

/dsHU( $)|72q) < B =MT, (4.49)

which by its turn yields that M

L2([0,T), LA(Q)).

As a consequence of general theorems of function convergence on the
space of integrable functions (Aubin-Lion theorem® again), one has that
P(x,t) is the time-derivative of the function U(x, t) almost everywhere on 2,
since it is expected that U™ (z,t) should be a strongly convergent sequence
to U(z,t) on the separable and reflexive Banach space L> ([0, T] x L%(Q2)).!
(See Appendix B for mathematical details.)

is weakly convergent on P(x,t) in

4.4. A Path-Integral Solution for the Parabolic Nonlinear
Diffusion

Let us start the physicist-oriented section of our note by writing the abstract
scalar parabolic equations (4.1)—(4.3) in the integral (weak) form

U(t) = e~ U(0) + /t ds e IAAFR(U(s)), (4.50)
0

where F'(z) is a general nonlinear scalar functional such that F: L?(Q) —
H2%(Q).

Let us suppose that the initial conditions for Eq. (4.1) are samples of
Gaussian stochastic processes belonging to the L?(§) space. For instance,
this mathematical fact is always true when the processes correlation
function defines an integral operator of the trace class on L?(Q),

E{U(0,2)U(0,y)} = K(z,y), (4.51)

where

/ deK (z,x) < oo. (4.52)
Q



Nonlinear Diffusion and Wave-Damped Propagation 95

At a formal path-integral method, one aims to compute the initial con-
dition average of arbitrary product of the function U(x,t) = U,(t) for arbi-
trary space—time points. This task is achieved by considering the associated
characteristic functional for Eq. (4.51), namely,

T
20i(0) = 55 {exp ( | i, U<t>>Lz<m> } . @)

In order to write a path-integral representation for Eq. (4.53), we follow
our previous studies on the subject® by realizing the random initial condi-
tions U(0) = Uy average as a Gaussian functional integral on L?(Q2), namely,

21500 = 5 / oy ] / vomey | L vy

z€Q,te[0,T)

« () [U@) - <e—AtU0 + / s a“*”AF(U@)))}

0

p( / dt<j<t>7U<t>>Lz<Q>) | (454)
0
where formally

dulUo] = (H(dUg(@)) X exp{—%/ﬂdxdyUo(x)K1(x,y)U0(y)}.

e
(4.55)

By using the well-known Fourier functional integral representation for
the delta-functional inside the identity equation (4.54)% (see this old idea
in A. S. Monin and A. M. Yaglom, Statistical Fluid Mechanics, Vol. 2 (MIT
Press, Cambridge, 1971),5 one can rewrite Eq. (4.54) in the following form:

T O @
Z[j(t)] = 700) {/LOO([O,T],L2(Q)) [T@U (=, 1) x /M[O,T]’LQ(Q)) dA(t)

X exp {,/Ot <)\(t)7U(t) + /Ot ds e<ts>AAF(U)(S)>L2(Q)}

xexp{—% /0 ds <)\(s)((e_ASK_le+AS)/\)(5)>L2(Q)}. (4.56)
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After evaluating the Gaussian cylindrical measure associated with the
Lagrange multiplier fields A(x,t), one obtains our formal path-integral rep-

resentation, however, with a weight well-defined mathematically as showed
in Sec. 4.2, as the main conclusion of Secs. 4.2-4.4

()] = —— z)
201 = 70 {/Lm((OT L2(Q))HdU t)

1 [T T
X exp ——/ ds/ ds’
2 Jo 0

(@
< (G +av- AF<U)>( >>L2<Q>}

X exp ( / dS >L2(Q)> (457)

It is worth rewriting the result equation (4.57) in the usual physicist
notation of Feynman path-integrals®

L FlU(a, 5
21 = 55 { / oy, PO

xexp{——/ ds/ ds/dx(——!—AU AF(U )) (z,$)

X (88—U+AU AF(U )) (x,s')}

T
X exp{i/o ds/ﬂdxj(s,x)U(s,a:)}. (4.58)

4.5. Random Anomalous Diffusion, A Semigroup Approach

Recently, it has been an important issue on mathematical physics of dif-
fusion on random porous medium, the study of the anomalous diffusion
equation on the full space R” but under the presence of a positive random



Nonlinear Diffusion and Wave-Damped Propagation 97

potential as modeled by the parabolic quasilinear equation (0 < ¢t < 00) as
written below”:

% = —Do(—A)*U(x,t) + V(2)U(x,t) + F(U(x,t)), (4.59%)
Ule,0) = /(). (4.59b)

where U (z,t) is the diffusion field, Dy is the medium diffusibility constant,
V(x) denotes the stochastic samples (positive functions) associated with
a general random field process with realizations on the space of square-
integrable functions (by the Minlo’s theorem — see Appendix D), F(x)
denotes the problem’s nonlinearity represented by a Lipschitzian function
as in the previous sections and, finally, (—A)® represents the effect of the
anomalous diffusion of the field U(z,t) on the ambient R” where the dif-
fusion takes place and it is represented here by a fractional power of the
Laplacean operator. The constant « here is called the anomalous diffusion
exponent.

In order to give a precise mathematical meaning we will present a dif-
ferent mathematical scheme for the previous sections for Eq. (4.59). Let us,
thus, proceed for a moment by rewriting it formally in the weak-integral
form for those initial-values f(z) € L*(RP) as in Eq. (4.54), namely,

U(t, [V]) = exp[=t(Do(=A)" + V)] f

+ g/0 ds{exp[—(t — s)(Do(—A)* + V)|}F(U(s)), (4.60)

where we have used a notation emphasizing the stochastic variable nature of
the diffusion field U(x,t,[V]) as a functional of the samples V (z) € L?(RP)
associated with our random diffusion potential.

Physical quantities are functionals of the diffusion field U(t, [V]), and
after its determination one should average over these random potential
samples. The whole averaging information is contained in the space—time
characteristic functional as pointed out in Sec. 4.4:

Zlj(a,t)] = /L2(RD) duV] x expi {/RD do /OOO dt j(x,t) - Ula, t, [V])} .
(4.61)

Here, dp[V] means the random potential cylindrical measure associated
with the V(z)-characteristic functional

Zlh(@)] = /L s V1D 20 (4.62)
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Note that we do not suppose the Gaussianity of the field statistics in
Eq. (4.62).

In order to write a functional integral representation for the character-
istic functional equation (4.61) as much as similar representation obtained
in Sec. 4.4, let us rewrite Eq. (4.61) into the weak-integral form as done in
Eq. (4.56):

o i .
Zlj(a. )] / oy 1V / oy DY / oy 20

x expi{(\, U + I(F(U)) + e " f) 12(rp) } (4.63)

where I(F(U)) and e~*4 denote the objects on the right-hand side of
Eq. (4.60) and the (formal at this point of our study) contractive generator
semigroup below:

A= Do(-A)* + V. (4.64)

At this point one could proceed in a physicist way by rewriting Eq. (4.63)
as a path-integral associated with the dynamics of three fields (the well-
known Martin-Siggin—Rose component path-integral — Ref. 6):

Zlj(z,1)]

- / dp[V] / DFI DFIU]

_ 0 % (% _ DO(—A)O‘) \
xexpi [[A, U], %<_% —Do(—A)O‘) 0 [U} o
x expig(A, F'(U))2(rp)
com(pan 2 YR, aao

It is worth remarking that in the usual case of the cylindrical mea-
sures du[V] is a purely Gaussian measure, formally written in the physicist
notation as

du[V] = D¥[V]exp {—%/Lz(RD) dz /Lz(RD) dyV(x)K‘l(ar,y)V(y)}

(4.66)
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with K (x,y) defining an integral operator of the trace class on L?(RP), one
can easily make a further simplification by integrating out exactly the V' (z)-
Gaussian functional integral and producing the effective quartic interaction
term as written below:

A Gl a1

1 oo o0
:exp{— 5/ dac/ dt/ dy/ ds
RD 0 RD 0

X (A, U (2, 1)) K (2, ) (Ay, s)U (y, ) } (4.67)

Let us call the reader’s attention that at this point one can straightfor-
wardly implement the usual Feynman—Wild-Martin—Siggia—Rosen diagra-
matics with the free propagator given explicitly in the momentum space
by®

1

Oy — Do(—A)°] o —MM ———.
O A D)

(4.68)

It is important to remark that all the above analyses are still somewhat
formal at this point of our study since it is based strongly on the hypothesis
that the operator A as given by Eq. (4.64) is a Cy-generator of a contractive
semigroup on L?(RP), which straightforwardly leads to the existence and
uniqueness of global solution for Eq. (4.59). Let us give a rigorous proof of
ours of such a self-adjointness result, which by its turn will provide a strong
connection between the parameter « of the Laplacean power, related to the
anomalous diffusion coefficient, and the underline dimension D of the space
where the anomalous diffusion is taking place.

Let us first recall the famous Kato—Rellich theorem on self-adjointness
perturbative of self-adjoint operators.

Theorem of Kato—Rellich. Suppose that A is a self-adjoint operator on
L?(RP), B is a symmetric operator with Dom(B) D Dom(A), such that
(0<a<1),

| Bollr2(rry < allAp|lL2(rpy + bll@ll L2(rP), (4.69)

then, A + B is self-adjoint on Dom(A) and essentially self-adjoint on any
core of A.
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In order to apply this powerful theorem to our general case under study,
let us recall that the fractional power of the Laplacean operator, (—A)%,
has as an operator domain the (Sobolev) space of all square-integrable
functions ¢(x) such that its Fourier transform @(k) satisfies the condition
|k|*3(k) € L?(RP) and as a core domain the Schwartz space S(RP).®8

As a consequence, we have the straightforward estimate for ¢ € S(RP)

as
el < || gz | 16+ Dpliacen)
R (o)
< C(a, DY(IK**@ll 2 (ro) + 19l L2 (rr))s (4.70)
where the finite constant
C(a,D) = /RD % < 00, (4.71)

if > %, a condition relating the “anomalous” diffusion coefficient o and

the intrinsic space-time dimensionality D as said before in the introduction.

Note that for the physical case of D = 3, we have that o = %4—5 with € > 0.
Let us rescale the function @¢(k) (r > 0) (for 8 > 0 arbitrary)

@r(k) = rPp(rk). (4.72)

We thus have

1351121 o) = / dkr® 3(rk)
RD

=" P&l L1 (rp) (4.73)
and
18/l L2 (rpy = 70 PV2| B L2(rmy (4.74)
together with
IK>*Grl|p2(rpy = r®P P40 K2 G|| p2 gy, (4.75)

Let us substitute Eqs. (4.73)—(4.75) into Eq. (4.70). We arrive at the
estimate

@l Li(rey < Cla, D) [F0=P=4)/2|| K200 12 o)
+r@O=DY2) )| 12 o)) (4.76)
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or equivalently
18l (rpy < Cla, D) (r 82| K@ gy
+ %13l Laan) ). (4.77)
Let us now estimate the function V¢ on the space L%(RP):

IVellzzrry < IV IlL2reyllell L rp)
< |IVIlIzzroy @l L1 (rP)Y
D_gq o~
< (IVlp2(reyCla, D) - 72 2*) | K**@| 12 (r)

D\~
+ (IVIlr2(ro)Cla, D) - 72)[[l| 2 D). (4.78)

Now one can just choose r such that
[Vz2(rpy x Cla, D) x rP=4e)/2 < 1, (4.79)

in order to obtain the validity of the bound a < 1 on Eq. (4.69) and, thus,
concluding that (—A)* 4V is an essentially self-adjoint operator on S(RP).
So, its closure on L?(RP”) produces the operator used in the above-exposed
semigroup Cy-construction for V(x) being a positive function almost every-
where. This result of ours is a substantial generalization of Theorem X.15
presented in Ref. 8. Note that the V(x) sample positivity is always the
physical case of random porosity in a Porous medium. In such a case, the
random potential is of the exponential form V(x) = Vy(exp{ga(z)}), where
g is a positive small parameter and Vj is a background porosity term. The
effective cylindrical measure on the random porosity parameters is written
as (see Eq. (4.66))

1
du[V] = D¥[a(z)) exp{——/ dac/ dyega(””)Kl(Ly)eg“(y)}.
gkl 2 RD RD

(4.80)

The above-exposed Cjy-semigroup study complements the study on
purely nonlinear diffusion made in the previous sections purely by com-
pacity arguments.

Finally, let us briefly sketch on the important case of wave propagation
U(x,t) in a random medium described by a small stochastic damping pos-

2
itive L2(RP) function v(x), such that = f) is a Gaussian process sampled in

the L2(RP) space. The hyperbolic linear equation governing such physical
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wave propagation is given by (see Sec. 4.3)
0%(U(x,t)) OU (z,t)

52 V(x)T = —(—A)*U(x,t), (4.81)
Ul(z,0) = f(z) € L*(RP), (4.82)
Ui(x,0) = g(x) € L*(RP), 4.83

where

V2 X V2
E( i ) iy)> ~ K(n,y) € ?{(LQ(RD)), (4.84)

One can see that after the variable change
Ule,t, 7)) = - d(at, 1)), (4.85)

the damped-stochastic wave equation takes the suitable form of a wave in
the presence of a random potential

% = —(=A)*®(z,t) + (@) D(z,t),
®(z,0) = f(z), (4.86)

v(z _
@u(2.0) = "D 1) 1 g(a) = ().
Equation (4.86) has an operatorial scalar weak-integral solution for ¢ > 0
of the following form:
sin(tv/A) _

®(t) = cos(tVA) f + —vi 7 (4.87)

where the nonpositive self-adjoint operator A is given explicitly by

A= (—A)* - @. (4.88)

As a conclusion, one can see that anomalous diffusion can be handled
mathematically in the framework of our previous technique of path-integrals
with constraints.
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Appendix A

In this mathematical appendix, we intend to give a rigorous mathematical
proof of the result used on Sec. 4.2 about parabolic nonlinear diffusion
in relation to the weak continuity of the nonlinearity AF(U) used in the
passage of Eq. (4.17) for Eq. (4.18).

First, we consider the physical hypothesis on the nonlinearity of the
parabolic equation (4.1) that the Laplacean operator has a cutoff in its
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spectral range, namely,
AF(U(z,1)) — AN F(U(x,1), (A1)

where the regularized Laplacean A®) means the bounded operator of norm
A, i.e. in terms of the spectral theorem of the Laplacean

+oo
A :/ AdEs(N), (A.2)
it is given by
AW = / AE(N). (A.3)
A <A

Let us impose either the well-known path-integral Sturm—Liouville time-
boundary conditions imposed on the elements of the path-integral domain
(Eq. (4.58)), when one is defining the path-integral by means of fluctuations
around classical configurations

Uz, T) =U(x,0) =0. (A4)

It is straightforward to see the validity of the following chain of inequal-
ities with a > 1:

T
/ o H AU, (¢)
0 dt

2

< Real((AUy (1), Un(t)) — (AUL(0), Un(0)))
£2(0)

au,

T
+/ dtHA(A)F(Un(t)) -

L2(Q)

T
<0+0+a (/ IAFUn ()70 dt)
0

T 2
+1 /dtHdﬂ . (A5)
a \Jo dt £2(Q)

T 2
DIV
a 0 dt £2(Q)

T
< caA2-/O ||Un(t)|‘%2(9)

In other words,

< CaN*TM, (A.6)
where ¢ = sup, <, <, |[F' ()], and M is the bound given by Eq. (4.16).
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Now, by a direct application of the well-known Aubin-Lion theorem,®

one has that the sequence {U,} is a compact set on L?(f2). So, it con-
verges strongly to U on L?(2) as a consequence of the Lipschitzian property
of F(x).

We have either the strong convergence of F'(U,,) on F(U), since for each
t we have that the inequality below holds true:

/Q 42l F(Uy) — F(O) 220 (1)

< (_miggm(F’(a:)))Q ([ ol = OBy 0. ()

It is, thus, an immediate result of the validity of the weak convergence
on L?() used on Eq. (4.18):

lim dt( (Un), Av)r2(q) = / dt(F(U), Av)r2(q (A.8)

n—oo 0

Appendix B

In this appendix, we show that the function U(z,t) € L*([0,T], L?(Q)),
the weak solution of Eq. (4.1) in the test space D((0,T),L?*(Q)) (the
Schwart space of L%(Q)-valued test functions), satisfies the initial condition
(Eq. (4.2)). In order to show such a result, let us consider a test function
possessing the following form for each € > 0: v(s)( t) = wi(@) (xp,g(t)/2),
where ;(x) is a member of the spectral set associated with the self-adjoint
operator A: H*(2) N Hy(Q) — L*(Q). The notation X[, 4(t) denotes the
characteristic function of the interval [a, b].

Since U, (z,t) converges to U(x,t) in the weak-star topology of
L*((0,T),L*(Q)) and D((0,T),L*(Q)) C L'((0,T), L*(Q)), we have the
relation below for each v;*’(z,t) that holds true

/dt o (2, 6)) 12 Q)e/ (U (2, 1), 0 (2, 8)) g2y, (B.1)

or equivalently

g 1 154
1/0 dt(Unm (2, 1), 0i(2)) L2() — g/0 dt(U(z,t), pi(x))2()-  (B.2)

3
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By means of the mean-value theorem applied to both sides of Eq. (A.2),
and taking the limit € — 0, we have for each ¢ € Z that

(Um(@,0), ¢i(2)) L20) = (U(,0),0i(2)) L2(0) (B.3)

as a direct consequence of our choice of the Galerkin elements Eqs. (4.6)
whose functional form does not change on the function of the order m € Z.
As a consequence of Egs. (4.5) and (4.6), it yields the result

(9(x), pi)L2() = (U(2,0), 0i(2)) L2(0), (B.4)
or by means of Parserval-Fourier theorem,
lim [|U (2, ) — g(2)]| 20y = 0 (B.5)

result, which by its turn, means that the function U (z, t) obtained by means
of our compacity technique satisfies the initial-condition Eq. (4.2) in the
L?(Q)-mean sense.

Appendix C

Let us show that the functions U(z,t) € L°([0,T],L*(Q)) given by
Eq. (4.41) and P(z,t) € L>=([0,T], L?(Q)) — Eq. (4.42) are coincident as
elements of the above-written functional space of L?(Q2) — valued essential
bounded functions on (0,T).

To verify such a result, let us call the reader’s attention that since
Up(z,t) is weakly convergent to U (z,t) in L°°([0, T], L*(Q2)), we have that
the set {Up,(z,t)} is convergent to the function U(z,t) as a Schwartz dis-
tribution on L?(Q2) since D([0,T], L*(Q)) C L([0,T], L3(£2)).

This means that

Un(z,t) — U(z,t) in D'([0,T], L*(Q)). (C.1)
Analogous result holds true for the time-derivative of the above-written

equation as a result of U(z,t) being a function

0

aUm(a:,ze) — ﬁU(x,t) in D'([0, T, L*(2)). (C.2)

ot
On the other side, the set {6[}%@} converges weakly in L*([0, T,
L?3(Q)) to P(z,t) € L>=([0,T], L3()), which, by its turn, means that

aUmT(f’t) — P(x,t) in D'([0,T], L*()). (C.3)
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By the uniqueness of the limit on the distributional space
D'([0,T], L*(9)), we have the coincidence of % and P(z,t) as ele-
ments of D'([0,T], L3(9)). However, P(x,t) is a function; so by general
theorems on Schwartz distribution theory {%f’t)} must be a function

either since L?(Q) is a separable Hilbert space. As a consequence we have
that %f’t) = P(x,t) as elements of L>([0,T], L?(f2)), which is the result
searched:

% = P(x,t) a.e. in ([0,T] x Q. (C.4)

Appendix D. Probability Theory in Terms of Functional
Integrals and the Minlos Theorem — An Overview

In this complementary appendix, we discuss briefly for the mathematics
oriented reader the mathematical basis and concepts of functional integrals
formulation for stochastic process and the important Minlos theorem on
Hilbert space support of probabilistic measures.

The first basic notion of Kolmogorov’s probability theory framework is
to postulate a convenient topological space (Polish spaces) 2 formed by
the phenomena random events. The chosen topology of €2 should possess a
rich set of nontrivial compact subsets. After that, we consider the o-algebra
generated by all open sets of this — the so-called topological sample space,
denoted by Fgq. Thirdly, one introduces a regular measure du on this set
algebra Fq, assigning values in [0, 1] to each member of Fgq.

The (abstract) triplet (Q, Fq,du) is thus called a probability space in
the Kolmogorov—Schwartz scheme.!?

Let {X,}aca be a set of measurable real functions on €2, which may be
taken as continuous injective functions of compact support on 2 (without
loss of generality).

It is a standard result that one can “immerse” (represent) the
abstract space ) on the “concrete” infinite product compact space R =
HQGA(RQ), where R is a compactified copy of the real line. In order to
achieve such result we consider the following injection of Q in R>® defined
by the family { X, }aca:

I:Q— R*®
w = {Xa(w>}a€A~
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A new o-algebra of events on {2 can be induced on 2 and affiliated to
the family {Xa}aca.

It is the o-algebra generated by all the “finite-dimensional cylinders”
subsets, which are explicitly given in its generic formulas by

Ch,, = {w € Q| Agn is a finite subset of A

o [(C0)ocne, (@€ T faa bl

a€Asin

The measure restriction of the initial measure p on this cylinder sets of
Q will be still denoted by p on what follows. Now it is a basic theorem of
Probability theory that p induces a measure v(*) on [], c A(R)a, which can
be identified with the space of all functions of the index set A to the real
compactified line R; F(A, R) with the topology of pontual convergence.

At this point, it is straightforward to see that the average of any Borelian
(mensurable) function G(w) (a random variable) is given by the following
functional integral on the functional space F(A, R):

/ dp(w)G(w) = / W (f) - GI()). (D.2)
Q F(A,R)

It is worth recalling that the real support of the measure du(oo)( f) in
most practical cases is not the whole space F'(A, R) but only a functional
subspace of F'(A, R). For instance, in the most practical cases A is the
index set of an algebraic vectorial base of a vector space £, and [], . (R)a
(without the compactification) is the space of all sequences with only a finite
number of nonzero entries as it is necessary to consider in the case of the
famous extension theorem of Kolmogorov. It turns out that one can consider
the support of the probability measure as the set of all linear functionals
on F, the so-called algebraic dual of E. This result is a direct consequence
of considering the set of random variables given by the family {e* },ca. For
applications, one is naturally lead to consider the probabilistic object called
characteristic functional associated to the measure dv(*) (f) when F(A, R)
is identified with the vector space of all algebraic linear functionals E®'& of
a given vector space E as pointed out above, namely,

Zll = | | @D ep(f(), (D.3)

where j are elements of E written as j = ZaeAﬁn ZToeo With {eq}aca
denoting a given Hammel (vectorial) basis of E.
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One can show that if there is a subspace H of E with a norm || ||g
coming from an inner product (,)g such that

/ > (f) I3 < oo (D.4)
ENH

one can show that the support of the measure of exactly the Hilbert space
(H, (,)m) is the famous Minlos theorem.

Another important theorem (the famous Wiener theorem) is when we
have the following condition for the family of random variables with the
index set A being a real interval of the form A = [a, b]

/E W () Xpan(f) = Xo(F)P < |l (D.5)

for p, e, ¢ positive constants. We have that it is possible to choose as the
support of the functional measure dv(°)(-) the space of the real continuous
function on A the well-known famous Brownian path space

[ncw = [ @S gacce). o)
Q C([ab],R)

For rigorous proofs and precise formulations of the above-sketched deep
mathematical results, the interested reader should consult the basic math-
ematical book on Random Measures on Arbitrary Topological Spaces and
Cylindrical Measures by L. Schwartz (Tata Institute, Oxford University
Press, 1973).10

Let us now finally give a concrete example of such results considering a

generating functional Z[J(x)] of the exponential quadratic functional form
on L2(R™N):

2wl =ew{-3 [ 0 [ dyoreniw) o

and associate to a Gaussian random field with two-point correlation
function given by the kernel of Eq. (D.7):

E{v(z)v(y)} = K(z,y). (D-8)

In the case of the above-written kernel being a class-trace operator on
L2(RN) ([pv d¥zK (2, x) < 00), one can represent Eq. (B.7) by means of
a Gaussian measure with the support of the Hilbert space L?(R”). This
result was called on for the reader’s attention for the bulk of this paper.



Chapter 5

Domains of Bosonic Functional Integrals and Some
Applications to the Mathematical Physics of
Path-Integrals and String Theory*

5.1. Introduction

Since the result of R. P. Feynman on representing the initial value
solution of Schrodinger equation by means of an analytically time con-
tinued integration on an infinite-dimensional space of functions, the subject
of Euclidean functional integrals representations for quantum systems has
become the mathematical-operational framework to analyze quantum phe-
nomena and stochastic systems as shown in the previous decades of research
on theoretical physics.! 3

One of the most important open problem in the mathematical theory
of Euclidean functional integrals is related to the implementation of sound
mathematical approximations to these infinite-dimensional integrals by
means of finite-dimensional approximations outside of the always used [com-
puter oriented] space-time lattice approximations (see Refs. 2 and 3 —
Chap. 9). As a first step to tackle the above-cited problem, there is a need to
mathematically characterize the functional domain where these functional
integrals are defined.

The purpose of this chapter is to present, in Sec. 5.2, the formulation of
Euclidean quantum field theories as functional Fourier transforms by means
of the Bochner—Martin—-Kolmogorov theorem for topological vector spaces
(Refs. 4 and 5 — Theorem 4.35) and suitable to define and analyze rigor-
ously the functional integrals by means of the well-known Minlos theorem
(Ref. 5, Theorem 4.31 and Ref. 6, Part 2) and presented in full details in
Sec. 5.3.

In Sec. 5.4, we present new results on the difficult problem of defining
rigorously infinite-dimensional quantum field path-integrals in general space
times @ C RY(v = 2,4,...) by means of the analytical regularization
scheme.

*Author’s original results.
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5.2. The Euclidean Schwinger Generating Functional as
a Functional Fourier Transform

The basic object in a scalar Euclidean quantum field theory in RP is the
Schwinger generating functional (see Refs. 1 and 3).

Z[j(z)] = <QVAC

exp (i/dDa:j(a?,it)qS(m)(a?,it))‘QVAC>, (5.1)

where ¢(™) (&, it) is the supposed self-adjoint Minkowski quantum field ana-
lytically continued to imaginary time and j(z) = j(&,it) is a set of func-
tions belonging to a given topological vector space of functions denoted
by F which topology is not specified yet and will be called the Schwinger
classical field source space. It is important to remark that {¢™(Z,it)} is a
commuting algebra of self-adjoints operators as Symanzik has pointed out.”

In order to write Eq. (5.1) as an integral over the space E*® of all linear
functionals on the Schwinger source space E (the so-called algebraic dual
of F), we take the following procedure, different from the usual abstract
approach (as given — for instance — in the proof of IV-11-2), by making
the hypothesis that the restriction of the Schwinger generating functional
equation (5.1) to any finite-dimensional RY of E is the Fourier transform
of a positive continuous function, namely

N N
Z (Z Caja(x)> = /RN exp (z > capa> G(Pyi,...,Py)dPy,... dPy.
a=1 a=1

(5.2)

Here, {fa(x)}azl,m,]\; is a fixed vectorial basis of the given finite-
dimensional subspace (isomorphic to RY) of E.

As a consequence of the above-made hypothesis (based physically
on the renormalizability and unitary of the associated quantum field
theory), one can apply the Bochner—-Martin—-Kolmogorov theorem (Ref. 5,
Theorem 4.35) to write Eq. (5.1) as a functional Fourier transform on the
space E%& (see Appendix A)

Zlj(@)] = /E exp(ih(j(x))dp(h), (5:3)

where dyu(h) is the Kolmogorov cylindrical measure on E#8 = Iyc4(RY)
with A denoting the index set of the fixed Hamel vectorial basis used in
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Eq. (5.2) and h(j(z)) is the action of the given linear (algebric) functional
(belonging to E#8) on the element j(z) € E.

At this point, we relate the mathematically non-rigorous physicist point
of view to the Kolmogorov measure du(h) (Eq. (5.3)) over the algebraic
linear functions on the Schwinger source space. It is formally given by the
famous Feynman formulae when one identifies the action of h on E by
means of an “integral” average

h) = [ i) (5.4)

Formally, we have the equation

dp(h) = < II dh($)) exp{—5(h(z))}, (5:5)

rERD

where S is the classical action of the classical field theory under quanti-
zation, but with the necessary coupling constant renormalizations needed
to make the associated quantum field theory well-defined.

Let us outline these proposed steps on a A¢*-field theory on R*.

At first we will introduce the massive free field theory generating func-
tional directly into the infinite volume space R*.

21j@)] = e { = [ B j) (20" m?) i)} 50)

where the free field propagator is given by

eik(r—r')
e (5.7)

(=AY +m*)H(z,2)) = /d4k
with a a regularizing parameter with o > 1.

As the source space, we will consider the vector space of all real
sequences on H)\E(_OQOO)(R)’\, but with only a finite number of non-zero
components. Let us define the following family of finite-dimensional pos-
itive linear functionals {Lx, } on the functional space C(I] ¢ (- oo 00) R R)
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LAf (g(P)\317 7P)\bN))_/ 0 e g(P)\317 7P)‘3N)
A€Af
X expQ —= Z (A2 4 m?)(Py)?
AEAf

< | [ dPsv/a(32+m?)) | . (5.8)

AEAf

Here, Ay = {),,..., A5y } is an ordered sequence of real number of the real
line which is the index set of the Hamel basis of the algebraic dual of the
proposed source space.

Note that we have the generalized eigenproblem expansion

(=A)* +m?)e® = (N2> 4 m?)etre. (5.9)

By the Stone—Weierstrass theorem or the Kolmogoroff theorem applied
to the family of finite-dimensional measure in Eq. (5.8), there is a unique
extension measure du({Px}re(—oo,00)) tO the space HAG(_OO,OO)RA = Fele
and representing the infinite-volume generating functional on our chosen
source space (the usual Riesz—Markov theorem applied to the linear func-
tional L = limg ) sup La, on C(H)\E(_OQOO)R)‘, R) leads to this extension
measure).°

Z[j(x)] = Z[{jr}rea,)

:/< )du(O).(a)({PA}Ae(—oom))eXp ¢ Z Py
R)\

AE(0m,00) AE(—00,00)

1 (Jx)?
=exp{ —= —_— ,. 5.10
2 rd AZa 4+ m? (5.10)
At this point it is very important to remark that the generating func-
tional equation (5.10) has continuous natural extension to any test space
(S(RN), D(R™N), etc.) which contains the continuous functions of compact

support as a dense subspace.

At this point we consider the following quantum field interaction func-
tional which is a measurable functional in relation to the above-constructed

Kolmogoroff measure du(o)'(a)({PA}Ae(_mm)) for o non-integer in the
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original field variable ¢(x)
V() = Apg + %(fo)(m M) = 1)$((—A)) — %[(m%f)(xmm) -1
— (6m*) D AR)]P* — (25 AR, m) (BN Ap.m)et. (5.11)

Here, the renormalization constants are given in the usual analytical finite-
part regularization form for a A¢*-field theory. It is still an open problem
in the mathematical-physics of quantum fields to prove the integrability
in some distributional space of the cut-off removing @ — 1 limit of the
interaction lagrangean exp(—V(®)(¢)) (see Sec. 5.4 for the analysis of this
cut-off removing on space functions).

5.3. The Support of Functional Measures — The
Minlos Theorem

Let us now analyze the measure support of quantum field theories gener-
ating functional equation (5.3).

For higher dimensional space-time, the only available result in this
direction is the case that we have a Hilbert structure on E.4#~6

At this point, we introduce some definitions. Let ¢ : ZT — R be an
increasing fixed function (including the case ¢(c0) = 00). Let E be denoted
by H and HZ be the subspace of H?& = (Mxea=[0,1] R*) (with A being the
index set of a Hamel basis of H), formed by all sequences {x}xca € H?
with coordinates different from zero at most a countable number

H? = {(xx)xeajay # 0 for A€ {A\,}uez}- (5.12)

Consider the following weighted subset of H?®:

H) = {{za}rea € H?}

and

N
i { iy o <

for any 0 : N — N, a permutation of the natural numbers.
We now state our generalization of the Minlos theorem.



Domains of Bosonic Functional Integrals 115

Theorem 5.1. Let T be an operator with domain D(T) C H, and
T;D(T) — H such that for any finite-dimensional space H™ C H, the sum
is bounded by the function o(N)

N
D (Tei, Te;) @ | < o(N). (5.13)
(i) =1

Here (,)(©) is the inner product of H and {e,}1<p<n is a vectorial basis of
the subspace HYN with dimension N.

Suppose that Z[j(x)] is a continuous function on D(T) = (D(T), (,)MV),
where (,YY) is a new inner product defined by the operator T((j,7)(V) =
(T§,T5)®). We have, thus, that the support of the cylindrical measure
equation (5.3) is the measurable set HZ.

Proof. Following closely Refs. 1, Theorems 2.2 and 4, let us consider the
following representation for the characteristic function of the measurable
set HZ C H¥®

Xuz({za}rea)
la N
. . 2 .

:i%]&gnmexp{—Qw(N);xh}:l if ngnoo(p Za:)\l<oo

0 otherwise
(5.14)

Now, its measure satisfies the following inequality:
[ du) = () = 1 > u(m?), (5.15)
Halg

But

Z _ a
w(H?) = lim lim du(h) exp {24,0(]\7

a—0 N—oo Halg
lim i { ! }/ dj d
= 111m 11m Tora \N/o )1y -y QN

a—0 N—oo (AP(N))N/2 RN

X exp Z]e (1. s N, (5.16)
(4(0) 54) 7
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where

N
Z(j1,- -y iN) = /R w({zr})exp <22$A2j2>
2 =1

€A

:/HMg exp< Zmn]e) (5'17)

Now due to the continuity and positivity of Z[j] in D(T'); we have that
for any € > 0 — 36 such that the inequality below is true since we have
that: Z(j17 s a]N) > 1—e— 5%(]7.])(1)

X exp (—% (¢(iv ) iv: ?) Jmn (€m, €n)! )}

=1

l—e— 532 { (ﬁ) §N: Sran(Tem, Tem)©)
(

(m,n)=1

(07

>1 -5 W)@(N)zl—a—%a. (5.18)

By substituting Eq. (5.18) into Eq. (5.15), we get the result

12u(HeZ)21—a—532(iiE%a):1—a. (5.19)
Since € was arbitrary we have the validity of our theorem.

As a consequence of this theorem in the case of ¢(N) being bounded
(so TT* is an operator of Trace Class), we have that HZ = H which is the
usual topological dual of H.

At this point, a simple proof may be given to the usual Minlos theorem

on Schwartz spaces.®6
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Let us consider S(RP) represented as the countable normed spaces of

sequencess

S(RP)= () ¢, (5.20)
m=0
where

Ei,b — {(xn)n€Z7xn €R

N
D (wn)’n™ < oo} (5.21)

n=0
The topological dual is given by the nuclear structure sum®
s'®P) =], = U@y (5.22)
n=0 n=0

We, thus, consider E = S(RP) in Eq. (9.3) and Z[j(z)] = Z[{jn}nez] is
continuous on (" £,,. Since Z[{jn}nez] € C(Nnry (2, R) we have that for
any fixed integer p, Z[{jn }nez| is continuous on the Hilbert space Z?) which,
by its turn, may be considered as the domain of the following operator:

Tp : fﬁcﬁo — f()

{in} — (0?24}, (5.23)
It is straightforward to have the estimate

N
D (Them, Tpen) | < N (5.24)

(m,n)=1

for some positive integer B and {e;} being the canonical orthonormal basis
of [2. By an application of our theorem for each fixed p; we get that the
support of measure is given by the union of weighted spaces

suppdu(h) = U () = U >, = S'(RP). (5.25)
p=0 p=0

O

At this point we can suggest, without a proof of straightforward (non-
topological) generalization of the Minlos theorem.
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Theorem 5.2. Let {T3}pcc be a family of operators satisfying the hypothe-
sis of Theorem 5.3. Let us consider the Locally Convez space |Jze o Dom (1)
(supposed non-empty) with the family of norms || ¥ || g = (T, Taep)/2.

If the Functional Fourier transform is continuous on this locally convex
space, the support of the Kolmogoroff measure equation (5.3) is given by the

following subset of (e Dom(T)|™8, namely

supp du(h) = U Hf,ﬁ, (5.26)
peC

where g are the functions given by Theorem 5.1. This general theorem will
not be applied in what follows.

Let us now proceed to apply the above displayed results by consid-
ering the Schwinger generating functionals for two-dimensional Euclidean
quantum eletrodynamics in Bosonized parametrization’

9 -1
Z[j(a)) = exp {—% [ [ i (a2 + S-a) (x,ymy)} 7
(5.27)

where in Eq. (5.27), the electromagnetic field has the decomposition in
Landau Gauge

Apu(x) = (€0,0)(x) (5.28)

and j(x) is, thus, the Schwinger source for the ¢(x) field taken as a basic
dynamical variable.”

Since Eq. (5.27) is continuous in L?(R?) with the inner product defined
by the trace class operator ((—A)? + é(—A))_l7 we conclude on the basis
of Theorem 5.1 that the associated Kolmogoroff measure in Eq. (5.3) has
its support in L?(R?) with the usual inner product. As a consequence,
the quantum observable algebra will be given by the functional space
LY(L?(R?),du(h)) and usual orthonormal finite-dimensional approxima-
tions in Hilbert spaces may be used safely, i.e. if one considers the basis
expansion h(z) = Y°7, hne,(z) with e, (x) denoting the eigenfunctions of

the operator in Eq. (10.27) we get the result

[j LYRY du(hy, ..., hy)) = L*(L*(R?), du(h)). (5.29)
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It is worth mentioning that if one uses the Gauge vectorial field
parametrization for the (Q.E.D)s — Schwinger functional

Z[j1(x), j2(z)

=exp{ /R (P [ i) (—A+§)l<x7y>6ml<x>} (5.30)

the associated measure support will now be the Schwartz space S’(R?)
since the operator (—A + eﬂ—z)’l is an application of S(R?) to S’(R?). As a
consequence, it will be very cumbersome to use Hilbert finite-dimensional
approximations® as in Eq. (5.29).

An alternative to approximate tempered distributions is the use of its
Hermite expansion in S’(R) distributional space associated with the eigen-
functions of the Harmonic-oscillator V (x) € L>(R)|J L*(R) potential per-
tubation (see Ref. 3 for details with V' (x) = 0).

(- + 2+ V(@) Hue) = M), (531)

Another important class of Bosonic functionals integrals are those asso-
ciated with an Elliptic positive self-adjoint operator A=! on L?(2) with

suitable boundary conditions. Here €} denotes a D-dimensional compact
manifold of RP with volume element dv(x).

zijt@)] = e {5 [ o) [ wi@AT @i} 632

If A is an operator of trace class on (L?(Q2),dv) we have, thus, the validity
of the usual eigenvalue functional representation

Z[{in}uezl
/ (H d(cen/Me) ) exp (-- ZMQ) Xe2({en}tnez) exp ( Zcm>

with the spectral set

Ailag = Aoy, (5 33)
Je = (j,o0) '
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and the characteristic function set

1 if 2 < oo,
Xe({entnez) = ,;) (5.34)

0 otherwise.

It is instructive to point out the usual Hermite functional basis (see 5.4,
Ref. 5) as a complete set in L2(E*#, du(h)), only if the Gaussian Kol-
mogoroff measure du(h) is of the class above studied.

A criticism to the usual framework to construct Euclidean field theories
is that it is very cumbersome to analyze the infinite volume limit from the
Schwinger generating functional defined originally on compact space times.
In two dimensions the use of the result that the massive scalar field theory
generating functional

eo{-3 [ @[ PiwEarm wanin) 65

with j(z) € S(R?) is given by the limit of finite volume Dirichlet field
theories

1 L T L
lim exp ——/ da:O/ da:1/ dy°
e L2 T

T
></ dylj(w07x1)(—AD+m2)1(w17y17x0,y0)j(y0,y1)}
-T

(5.36)
may be considered, in our opinion, as the similar claim made that is possible
from a mathematical point of view to deduce the Fourier transforms from
Fourier series, a very, difficult mathematical task (see Appendix B).

Let us comment on the functional integral associated with Feynman

propagation of fields configurations used in geometrodynamical theories in
the scalar case

G[B™ (x); 57" (), T](4)

1 T +oo » 42
:/¢(w,o)—ﬁ‘“(w)) exp{—i/o dt[m d’x (¢ (‘ﬁ*’fl) QS) (x,t)}

d(a,T)=p""(z

T “+o0
X exp (2/0 dt/, d”xj(x)t)¢(x,t)> . (5.37)
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If we define the formal functional integral by means of the eigenfunctions
of the self-adjoint Elliptic operator A, namely:

dla,t) = or(t)vu(z), (5.38)
{k}
where
Ay () = (M) *vr(2) (5.39)

it is straightforward to see that Eq. (5.36) is formally exactly evaluated in
terms of an infinite product of usual Feynman Wiener path measures

G[B™ (x); 8™ (), T](7)

— F
=11 /ck<o>:¢k<o> D fex(t)]
(k) ex(T)=gu (1)

X exp {—% /OT (Ck (—j—; + /\Z) Ck) (t)dt exp (Z /OT dtjk(t)ck(t)> }
- { +sin()\fkkT) exp{—m[(ﬁ(ﬂ

+ ¢7(0) cos(\T) — 2¢%(0) ¢k (T)}}

T T
_ 200(T) / dtjk(t)sm(Akt)—%(O) / dtju(t) sin(A(T — 1))

k 0 k 0

2 Tt .
X {_W/o dt/o dsjk(t)jr(s) sin(Ag (T —t)) sm()\ks)]}.

(5.40)

Unfortunately, our theorems do not apply in a straightforward way to
infinite (continuum) measure product of Wiener measures in Eq. (5.40) to
produce a sensible measure theory on the functional space of the infinite
product of Wiener trajectories {cx(t)} (note that for each fixed z, a sample
field configuration ¢(¢,0) in Eq. (5.36) is a Holder continuous function,
result opposite to the usual functional integral representation for the
Schwinger generating functional equations (5.1)-(5.5)), where it does not
make mathematical sense to consider a fixed point distribution ¢(t,0) —
see Sec. 5.4, Eq. (5.74).
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Let us call to attention that there is still a formal definition of the above
Feynman path propagator for fields equation (5.37) which at large time
T — 400 gives formally the quantum field functional integral equation
(5.5) associated with the Schwinger generating functional.

We thus consider the functional domain for Eq. (5.37) as composed of
field configurations which has a classical piece added with another fluctu-
ating component to be functionally integrated out, namely

o(x,t) = ocn (@, ) + oq(z,t). (5.41)

Here, the classical field configuration problem (added with all zero modes
of the free theory) defined by the kinetic term £

<—% + £) Lz, t) = j(x, 1), (5.42)
with
oYz, —T) = Bi(z); o°(x,T) = Ba(x), (5.43)
namely,

2 -
ocL(z,t) = ( pTe] + £> j(z,t) + (all projection on zero modes of £).

(5.44)

As a consequence of the decomposition equation (5.43), the formal geomet-
rical propagator with an external source is given by

Glor(a). o) ) = [ Dlotant)

o(z,+7T)=p2(z)

X exp (—% /TT dtd"xo(z,t) (—j—; + £) a(x,t)>
X exp (z /_ i dt / d”xj(x,t)a(x,t)) (5.45)

may be defined by the following mathematically well-defined Gaussian func-
tional measure

exp{ / dt/d”x] z,t)o (x,t)} /Uq(w,fT):O dog(z,t)
=0

oq(x,+T)

com{ ) [ fsaonn (< £) i} G0



Domains of Bosonic Functional Integrals 123

The above claim is a consequence of the result below

[w— o DIl t)}exp{ / dt/d 20, (2.t) <_5?+£) Uq(x,t)}

oq(x,T)=0

1

= detp? + £] (5.47)

-
where the subscript Dirichlet on the functional determinant means that one
must impose formally the Dirichlet condition on the domain of the operator
(—%4—,6’) on D'(RP x [T, T)) (or L3(RP x [T, T] if £~ belongs to trace
class). Note that the operator £ in Eq. (5.46) does not have zero modes by
the construction of Eq. (5.41).

At this point, we remark that at the limit 7 — 400, Eq. (5.45) is
exactly the quantum field functional equation (5.5) if one takes (1 (z) =
B2(x) = 0 (note that the classical vacuum limit ' — oo of Wiener measures
is mathematically ill-defined (see Theorem 5.1 of Ref. 1).

It is an important point to remark that ocp(z,t) is a regular
C>([-T,T] x Q) solution of the Elliptic problem equation (5.42) and
the fluctuating component oy(x,t) is a Schwartz distribution in view of
the Minlos-Dao Xing Theorem 1, since the elliptic operator —% + £ in
Eq. (5.47) acts now on D'([-T,T] x Q) with the range D([-T,T] x Q),
which by its turn shows the difference between this framework and the pre-
vious one related to the infinite product of Wiener measures since these
objects are functional measures in different functional spaces.

Finally, we comment that functional Schrodinger equation, may be
mathematically defined for the above displayed field propagators equation
(5.37) only in the situation of Eq. (5.40). For instance, with £ = —A (the
Laplacean), we have the validity of the Euclidean field wave equation for
the geometrodynamical path-integral equation (5.37)

0 G (), B2 (), T, [5]]

:iédw{+5%§5~ﬂv&ﬁm2+ﬂ%T)GWA@J%@%ﬂUH
(5.48)

with the functional initial condition

Tim Gl (2), Ao ), T] = 87 (31 (@) = fa()). (5.49)
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5.4. Some Rigorous Quantum Field Path-Integral
in the Analytical Regularization Scheme

In this core section, we address the important problem of producing
concrete non-trivial examples of mathematically well-defined (in the
ultra-violet region!) path-integrals in the context of the exposed theorems
in the previous sections of this paper, especially Sec. 5.2, Eq. (5.11).

Let us thus start our analysis by considering the Gaussian measure
associated with the (infrared regularized) a-power (a > 1) of the Laplacean
acting on L?(R?) as an operational quadratic form (the Stone spectral
theorem)

(_A)g:/ _ B (5.500)

. 1. o
28l = exp { =5 U () D |

/ 49l exp(ils, o) 2 (rmy)- (5.500)

Here, e;g > 0 denotes the infrared cut-off.

It is worth to call the readers’ attention that due to the infrared regu-
larization introduced in Eq. (5.50a), the domain of the Gaussian measure
is given by the space of square integrable functions on R? by the Minlos
theorem of Sec. 3, since for a > 1, the operator (—A)Z% defines a class
trace operator on L?(R?), namely

1

Trfl((_A)EIR) = /d2 M < Q. (550C)

This is the only point of our analysis where it is needed to consider the
infrared cut-off considered on the spectral resolution equation (5.50a). As
a consequence of the above remarks, one can analyze the ultraviolet renor-
malization program in the following interacting model proposed by us and
defined by an interaction gpareV (¢(x)) with V(z) denoting a function on
R such that it posseses an essentially bounded Fourier transform and gpare
denoting the positive bare coupling constant.

Let us show that by defining a renormalized coupling constant as (with
Gren < 1)

gren

Gbare = (1 — O[)l/2 (551)
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one can show that the interaction function
exp {—gbare(a) / dsz(gp(x))} (5.52)

is an integrable function on L'(L?(R?), dgoamu[cp]) and leads to a well-
defined ultraviolet path-integral in the limit of o — 1.

The proof is based on the following estimates:

Since almost everywhere we have the pointwise limit

exp { ~ge(@) [ 2V (ol0) ]

N n n
% lim {Z(_l) Dol & [yl V() ()
R

N n!
—ee n=0

></ dxl...dxneikw(m)...eiknsa(a:n)} (5.53)
R2

we have that the upper-bound estimate below holds true

Z gbare )) dk; dknf/(k-l)f/(kn)

| EIR gbare

X / dxy - "dxn/dgto,)smﬂ[@](ei Sy kw(u)) )
R? '

(5.54a)

with
28, guusd) = [ 2,1l exp{—gbarem) / d%vw(x))} (5.54D)

we have, thus, the more suitable form after realizing d?k; and dg e i[]
integrals, respectively

« > (gbare(a))n ~ n
|Z€IR:0[gbare]| < Z T (||V||LOO(R))
n=0 :

X /dxl .. -dxndet_%[GgN)(xi,xj)]lgigN .
1<j<N

(5.55)
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Here, [G&N) (xi,xj)]1<i<n denotes the N x N symmetric matrix with (g, 7)
155N
entry given by the Green-function of the a-Laplacean (without the infrared

cut-off here! and the needed normalization factors!).

—o Tl —a)
Ga(wi, 7)) = |o; — 4L"j|2(1 )W.

(5.56)
At this point, we call the readers’ attention that we have the formulae on
the asymptotic behavior for @ — 1.

{lim deté[G(N)(arl,a:J)]} ~(1—a)V/?x ('H#D_

oa—

a>1

(5.57)

After substituting Eq. (5.57) into Eq. (5.55) and taking into account the
hypothesis of the compact support of the nonlinear V(x) (for instance:
supp V(z) C [0,1]), one obtains the finite bound for any value grem > 0,
and producing a proof for the convergence of the perturbative expansion in
terms of the renormalized coupling constant.

||V||L°° Jren " (1n) n
hm |ZE, . —olgbare(@)]] < Z - a)% 7 (1—-a) /2

S egrenHVv”L"o(R) < 0. (558)

Another important rigorously defined functional integral is to consider the
following a-power Klein Gordon operator on Euclidean space time

L= (-A)*+m? (5.59)

with m? a positive “mass” parameters.
Let us note that £7! is an operator of class trace on L?(R") if and only
if the result below holds true

— v 1 0 o T vr
TrLz(Ru)(ﬁ 1) _ /d kk%‘ o — C(y)m(a 2) {%cosec%} < 00,
(5.60)
namely if

a> g (5.61)
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In this case, let us consider the double functional integral with functional
domain L?(RY)

205K = [ 4 pv(o) / A0 e mrtile]
xexp{ /d” 2) + k(@)o(z ))}, (5.62)

where the Gaussian functional integral on the fields V' (x) has a Gaussian
generating functional defined by a fl—integral operator with a positive
defined kernel g(|z — y|), namely

2Ok = / 4 Blo(x)] exp {z / d”xk:(a:)v(a:)}
—ew {3 [ @ [¢u@ale-sren | 6o

By a simple direct application of the Fubbini-Tonelli theorem on the
exchange of the integration order in Eq. (5.62), lead us to the effective \p*-
like well-defined functional integral representation

<exp{ =5 [ ew)Pole i)}
X exp {i/d”xj(x)ap(x)} . (5.64)

Note that if one introduces from the begining a bare mass parameters mg2, .
depending on the parameters «, but such that it always satisfies Eq. (5.60)
one should obtain again Eq. (5.64) as a well-defined measure on L*(R").
Of course, that the usual pure Laplacean limit of « — 1 in Eq. (5.59), will
need a renormalization of this mass parameters (lim,—1 m2,  (a) = 400!)
as much as its done in the previous example.

Let us continue our examples by showing again the usefulness of
the precise determination of the functional-distributional structure of the
domain of the functional integrals in order to construct rigorously these
path-integrals without complicated limit procedures.
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Let us consider a general R¥ Gaussian measure defined by the generating
functional on S(RY) defined by the a-power of the Laplacean operator —A
acting on S(RY) with a of small infrared regularization mass parameter ;2

Zioli] = exp {5 G (80" + 1)) sy |

- / 49 ulg) explico())- (5.65)
Bols (S ()

An explicit expression in momentum space for the Green function of the
a-power of (—A)® + p2 is given by

d’k 1
—A)te g — :/— he—y) (— ), 5.66
(ay + ) @ =v) = | Gowe [ (5.66)
Here, C(v) is a v-dependent (finite for v-values!) normalization factor.
Let us suppose that there is a range of a-power values that can be
chosen in such a way that one satisfies the constraint below

S S ) < o0 (5.67)

with j = 1,2,..., N and for a given fixed integer N, the highest power
of our polynomial field interaction. Or equivalently, after realizing the ¢-
Gaussian functional integration, with a space-time cut-off volume 2 on the
interaction to be analyzed in Eq. (5.70)

[ al=80 o) = vor@) ([ %)

= C, (o) &2 (%cosec%) < oo. (5.68)

For o > ”T’l, one can see by the Minlos theorem that the measure support
of the Gaussian measure equation (5.65) will be given by the intersection
Banach space of measurable Lebesgue functions on R” instead of the pre-
vious one E*&(S(R"))

Lon(RY) = [ Y(L¥(RY)). (5.69)

-

1

J

In this case, one obtains that the finite-volume p(y)s interactions

N
exp —;)\gj/ﬂ(gpax))jdx <1 (5.70)
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is mathematically well-defined as the usual pointwise product of measurable
functions and for positive coupling constant values Aa; > 0. As a conse-
quence, we have a measurable functional on L'(Lan(RY); d¥ ule]) (since
it is bounded by the function 1). So, it would make sense to consider math-
ematically the well-defined path-integral on the full space R¥ with those

values of the power « satisfying the contraint equation (5.67).

N
2= [ auldew - [ ey
Lan (RY) =1 @

X exp (i/uj(x)cp(a:)> . (5.71)

Finally, let us consider an interacting field theory in a compact space-time
Q0 C RY defined by an integer even power 2n of the Laplacean operator with
Dirichlet boundary conditions as the free Gaussian kinetic action, namely

. 1, on .
ZO[j] = exp {—507 (—A)~2 J>L2(Q)}
— [ el explili )rece). (5.72)
w3 ()

Here, ¢ € W3 () is the Sobolev space of order n which is the functional
domain of the cylindrical Fourier transform measure of the generating func-
tional Z(©)[j], a continuous bilinear positive form on W, ™(Q) (the topo-
logical dual of W3(Q)).

By a straightforward application of the well-known Sobolev immersion
theorem, we have that for the case of

n—k> g (5.73)

including k a real number of the functional Sobolev space W(Q) is con-
tained in the continuously fractional differentiable space of functions C*(€2).
As a consequence, the domain of the Bosonic functional integral can be
further reduced to C*(€) in the situation of Eq. (5.73)

294 = [ d) ulel explili 9)ree). (5.74)
Ck(Q)

That is our new result generalizing the Wiener theorem on Brownian paths
in the case of n =1, k = %,anduzl.
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Since the Bosonic functional domain in Eq. (5.74) is formed by real
functions and not by distributions, we can see straightforwardly that any
interaction of the form

exp {—g/ F(cp(x))d”x} (5.75)

Q
with the non-linearity F'(z) denoting a lower bounded real function (v > 0)
Fx) 2 =y (5.76)

is well-defined and is an integrable function on the functional space
(Ck(Q), dggzl) 1[¢]) by the direct application of the Lebesque theorem

exp {—g / F(w(x))d”x} ' < exp{+g7}- (5.77)

At this point we make a subtle mathematical remark that the infinite
volume limit of Eqgs. (5.74) and (5.75) is very difficult, since one loses the
Garding—Poincaré inequality at this limit for those elliptic operators and,
thus, the very important Sobolev theorem. The probable correct procedure
to consider the thermodynamic limit in our Bosonic path-integrals is to
consider solely a volume cut-off on the interaction term Gaussian action as
in Eq. (5.71) and there search for vol(2) — oo.

As alast remark related to Eq. (5.73) one can see that a kind of “fishnet”
exponential generating functional

7(0) [j] = exp {—% {, exp{—ozA}j}Lg(Q)} (5.78)

has a Fourier transformed functional integral representation defined on
the space of the infinitely differentiable functions C°°(2), which physically
means that all field configurations making the domain of such path-integral
has a strong behavior-like purely nice smooth classical field configurations.

As a general conclusion, we can see that the technical knowledge of
the support of measures on infinite-dimensional spaces — specially the
powerful Minlos theorem of Sec. 3 is very important for a deep mathe-
matical physical understanding into one of the most important problem
is quantum field theory and turbulence which is the problem related to
the appearance of ultraviolet (short-distance) divergences on perturbative
path-integral calculations.
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5.5. Remarks on the Theory of Integration of Functionals
on Distributional Spaces and Hilbert—Banach spaces

Let us first consider a given vector space E with a Hilbertian structure (, ),
namely H = (E,{ )), where ( ) means a inner product and H a complete
topological space with the metrical structure induced by the given (,). We
have, thus, the famous Minlos theorem on the support of the cylindrical
measure associated with a given quadratic form defined by a positive def-
inite class trace operator A € ¢, (H,H) (see Appendix for a discussion on
Fourier transforms in vector spaces of infinite-dimension)

exp{—§<b, Ab>} — exp {—§<|A|%b, |A|%b>} — [ dante) - explife.t)
(5.79)

since any given class trace operator can always be considered as the
composition of two Hilbert—Schmidt, each one defined by a function on
L?>(M x M,dv ® dv).

Here, the cylindrical measure dap(v), defined already on the vector
space of the linear forms of E, with the topology of pontual convergence —
the so-called algebraic dual of £ — has its support concentrated on the
Hilbert spaces H, through the isomorphism of H and its dual H’ by means
of the Riesz theorem.

This result can be understood more easily, if one represents the given
Hilbert space H as a square-integrable space of measurable functions on a
complete measure space (M, dv)L?(M,dv). In this case, the class trace pos-
itive definite operator is represented by an integral operator with a positive-
definite Kenel K (z,y). Note that it is worth to re-write Eq. (5.79) in the
Feynman path-integral notation as

exp {5 [ a6 |

55 fo, (T2

xeM

X exp {—% /MXM du(x)du(y)m[{l(x,y)@(y)}

X exp { y dy(x)f(a:)go—x)} . (5.80)
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Here, the “inverse Kenel” of the operator A is given by the relation
/ dv(y)K (z,y)K '(y,2’) = identity operator (5.81)
M

and the path-integral normalization factor is given by the functional deter-
minant Z(0) = det_%(K) = det%(K’l).

A more invariant and rigorous representation for the Gaussian
path-integral equations (5.79) and (5.80) can be exposed through an
eigenfunction—eigenvalue harmonic expansion associated with our given
class trace operator A, namely

v = Z Unﬂn§ Y = Z (pnﬁru (583)
n=0 n=0

1 o0
exp {—5 Z /\n|vn|2}
n=0

N

g exp< Z felen) ) (H . >lexp< Zmn>

(5.84)

The above cited theorem for the support characterization of Gaussian
path-integrals can be generalized to the highly non-trivial case of a non-
linear functional Z(v) on E, satisfying the following conditions:

(a) Z(0)=1,

= limsup { /RN d(plp1) - - d(plepn)

ZZ — )22 > 0, forany {z}1<i<n: z; €N

and {vi}lgiSN v €R. (585)

(¢)  thereis an H-subspace of E with an inner product {, ), such that Z(v)
is continuous in relation to a given inner product (,), coming from
a quadratic form defined by a positive definite class trace operator A

on H. In others words, we have the sequential continuity criterium
(if H is separable):
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lim Z(v,) =0, (5.86)

if

lim (v, Avy) = 0 (A e j{ (H)) (5.87)

n—oo

We have, thus, the following path-integral representation:

Z(v) = /H dyu(p) exp(ito, o)), (5.88)
where

/ du(p) = 1. (5.89)
H

Another less mathematically rigorous result is that the one related to an
inversible self-adjoint positive-definite operator A in a given Hilbert space
(H, (,)) — not necessarily a bounded operator in the class trace operator as
considered previously. In order to write (more or less) formal path-integrals
representations for the Gaussian functional

Z(j) = exp {—%0} A1j>} (5.90)

with f € Dom(A~!) C H, we start by considering the usual spectral
expression for the following quadratic form:

(o, Ag) = / RCTEOE (5.91)

with o(A) denoting the spectrum of A (a subset of R*!) and dE()\) are the
spectral projections associated with the spectral representation of A.
In this case one has the result for the path-integral weight as

exp {—% L, M%dE()\)@} — e {50040

= lim sup H exp (—%(g@,/\dE()\)go}) . (5.92)

)\EUFin(A)

Here opin(A) denotes all subsets with a finite number of elements of o(A).
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As a consequence, one should define formally the generating
functional as

. 1, 1.
2() =exp {300,473
o0 Y
= lim sup H / dzy - em 7M@) ”*“\/2 (5.93)
T

>\€0'Fm (A)

associated with the self-adjoint operator A acting on a Hilbert space H

2(j) = /H dap(p)e ). (5.94)

Otherwise, one should introduce formal redefinitions of parameters entering
in the definition of our action operator A, in such a way to render finite the
functional determinant in Eq. (5.80). Let us exemplify such calculational
point with the operator (—A +m?), acting an L?(R") (with domain being
given precisely by the Sobolev space H2(RY)). We note that

TrLz(RN)(exp(—t(—A+m2)))
2 00
= <\/%) |:/—:o dnkethGtm2:|

N —2)!1
Wﬁ if N —1 is even,
t) =2

if N —1is odd.

(5.95)

with C'(IN) denoting an N-dependent constant.

It is worth to note that one must introduce in the path-integral equation
(5.93), some formal definition for the functional determinant of the self-
adjoint operator A, which by its term leads to the formal process of the
“infinite renormalization” in quantum field path-integrals

. dab\ _1 5N 2
d = | (zx)
/'H AM(QO) (R—valggi net) e H /

AEorin(A)

—timsup [ ] {\%} — det ;7 [A]

>\€0'Fin (A)
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lim exp
dim ]

+1/1/€ ﬂe_t)\‘|
2 ). ¢
)\GUFin(A)

= lim {ex +1/1/6 & (et (5.96)
R p 2 /. 7 r(e . .

In the case of the finitude of the right-hand side of Eq. (5.94) (which
—t4 is a class trace operator and the finitude up the proper-
time parameter t), one can proceed as in the appendix to define mathemat-
ically the Gaussian path-integral.

Let us now consider the proper-time (Cauchy principal value sense)
integration process as indicated by Eq. (5.95), for the case of N an even
space-time dimensionality

1/e dt e—tm2 1/e e—tm2

The whole idea of the renormalization/regularization program means a

means that e

(non-unique) choice of the mass parameter as a function of the proper-time
cut-off ¢ in such a way that the infinite limit of ¢ — 0T turns out to be
finite, namely

lim I(m?(e),e) < oo. (5.98)
e—0*t
A slight generalization of the above exposed Minlos—Bochner theorem in
Hilbert spaces is the following theorem:

Theorem 5.3. Let (H,(,),) be a separable Hilbert space with the inner
product (,),. Let (Ho,(,),) be a subspace of H, so there is a trace class
operator T : H — H, such that the inner product (,), is given explicitly
by (g,h), = (9,Th), = (TY2g, TY/2h),. Let us, thus, consider a positive

definite functional Z(j) € C((H,(,);), R) [if jn LN J, then Z(jn) — Z(j)

on RT|. We obtain that the Bochner path-integral representation of Z(j)
is given by a measure supported at these linear functionals, such that their
restrictions in the subspace Hy are continuous by the norm induced by the
“trace-class” inner product (,),.

With this result in our hands, it became more or less straight-
forward to analyze the cylindrical measure supports in distributional spaces.
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For instance, the basic Euclidean quantum field distributional spaces of
tempered distributions in RY : §'(RY), can always be seen as the strong
topological dual of the inductive limit of Hilbert spaces below considered

lim nPz,
n—oo

sp = {(xn) eC

=0, with the inner product ((zn), (yn)),, = Z n2pxnyn}. (5.99)

We note now that

SRN) = s (5.100)

and

S'(RN) = s (5.101)

An important property is that s, D sp4+1 and they satisfy the hypothesis
of Theorem 5.3, since

Zn2p|x | = Zn(2p+2) z2| (5.102)
and
1
— = 1
g p>: (5.103)

As a consequence

2
T
1@alls, < 5 l@n)lls, (5.104)

If one has an arbitrary continuous positive-definite functional in S(RY),
necessarily its measure support will always be on the topological dual of
Sp+1, for each p. As a consequence, its support will be on the union set
U;il 5_p (since s_, C s_(p41)) and thus it will be the whole distribution
space S'(RN).

Similar results hold true in other distributional spaces.

The application of the above-mentioned result in Gaussian path-
integrals is always made with the use of the famous result of the kernel
theorem of Schwartz—Gelfand.
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Theorem 5.4 (Gelfand). Any continuous bilinear form B(j,j) defined in
the test space of the tempered distribution S’(RN) has the following explicit
representation:

B(j.j) = / AN wd () (DT D) (1) (1) (5.105)

with j € S(RN), F(x,y) is a continuous function of polynomial growth and
Dy*, Dy are the distributional derivatives of order m and n, respectively.

In all cases of application of this result to our study presented in the
previous chapters were made in the context that (D' Dy F)(z,y) is a fun-
damental solution of a given differential operator representing the kinetic
term of a given quantum field Lagrangean.

As a consequence, we have the basic result in the Gaussian path-integral
in Euclidean quantum field theory

e3P0 — / du(T) exp{i(T(§))}, (5.106)
TeS'(RN)

where T'(j) denotes the action of the distribution 7" on the test function
j € S(RN).

At this point of our exposition let us show how to produce a fundamental
solution for a given differential operator P(D) with constant coefficients,
namely

P(D)= Y a,D". (5.107)

[p|<m

A fundamental solution for Eq. (5.107) is given by a (numeric) distribution
E € S'(R") such that for any ¢ € S(RY), we have:

(P(D)E)(¢) = d(¢) = ¢(0) (5.108)
or equivalently
E(*P(D)g) = (), (5.109)

where !P(D) is the transpose operator through the duality of S(RY) and
S'(RN).
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By means of the use of a harmonic-Hermite expansion for the searched
fundamental solution

p S EY

NE

(E,H,)H, =Y E,H, (5.110)
p=1

=
Il
-

with H, denoting the appropriate Hermite polynomials in RY, together
with the test function harmonic expansion

Y = Z(%HP)HP = Z opHp (5.111)
p=1

S
—_

and the use of the relationship between Hermite polynomials
'"P(D)H, = Y MyH, (5.112)
lal<£(p)
with ¢(p) depending on the order of H, and the order of the differential
operator ' P(D). (For instance in S(R): (d/dx)H,(z) = 2nH, _1(z);
d2
2z

one obtains the recurrence equations for the searched coefficients E, in
Eq. (5.110)

Ho(z) = 2n%Hn_1(a:) — dn(n — 1)H,_s(z), etc.,

Doen| Y MagEy| = @uHa(0) (5.113)

lg|<£(n)

for any (¢,) € £? or equivalently

> MuE, = H,(0) (5.114)
lg|<£(n)

the solution of the above written infinite-dimensional system produces a set
of coefficients {E,}p=1,....cc satisfying a condition that it belongs to some
space s_,, where r is the order of the fundamental solution being searched
(the rigorous proof of the above assertions is left as an exercise to our
mathematically oriented reader!).

Finally, let us sketch the connection between path-integrals and the
operator framework in FEuclidean quantum field theory, both still mathe-
matically non-rigorous from a strict mathematical point of view. In other
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former approach, one has a self-adjoint operator H(j) indexed by a set
of functions (the field classical sources of the quantum field theory under
analysis) belonging to the distributional space S(RY). This self-adjoint
operator is formally given by the space-time integrated Lagrangean field
theory and the basic object is the generating functional as defined by the
vacuum—vacuum transition amplitude

Z(j) = ("9 Qyac, Qvac) (5.115)

with Qvac denoting the theory vacuum state. It is assumed that Z(j) is
a continuous positive definite functional on S(RY). As a consequence of
the above exposed theorems of Minlos and Bochner, there is a cylindrical
measure du(T) on S'(RY) such that the generating functional Z(j) is repre-
sented by the quantum field path-integral defined by the above-mentioned
measure:

2(j) = / dp(T) expli(T(j)} (5.116)
S/(RN)

in which the Feynman symbolic notation express itself in the following
symbolic-operational Feynman notation:

2001 = 57 f, e, PG00

x 67% Jiz d"‘lwdtL(T,atT,azT)eifj;f dn_lIdtj(I7t)T(w,t)7 (5.117)
with £(T, 8T, 0, T) means generically the Lagrangean density of our field
theory under quantization.

Let us exemplify the Feynman symbolic Euclidean path-integral as given

by Eq. (5.117) in the Gaussian case (free Euclidean field massless theory in
RN N >2)

o= [0 [ ") (gt ypes) 10}

_ /S . DF[T ()]
con{ 1 [ ;“’ e [ :" PYTE(-2)0 @ - 1T )|

“+oo

X det+%((—A)x5(N) (x —y)) exp {z/

— 00

dej(x)T(x)} .
(5.118)
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Or for the heat differential operator in S’(RY x RT)

exp{—%/_—(:ode/Ooodt/_;mdNy/ooodt'
. (Wexp (—%)) ot - t')j(m’)}
_ /S/(RNXRﬂDF[T(x,t)]
X exp{—%/:)o de/OOO ditT (z,t) {(Aw - %) T(xi)}}

“+oo [e'e)
x det!/? {Aw - %} X exp {2/ de/ dtJ(xj)T(xJ)} .
0

(5.119a)

It is worth to point out that the fourth-order path-integral in S’(R*):

e {-3 [ e [t @i (G- vt ) i)}

_ / DF[p(x)]e” # /2 d*ale@(aNe(@)
S'(RY)

_ / dpnpi(ip)eieD) ¢t 112 d'ai(@)e (@) (5.119h)
R'(R%)

holds mathematically true since the locally integrable function g-|z|*(n|z|
is a fundamental solution of the differential operator A2 : §'(R*) — S(R*)
when acting on distributional spaces.

As a last important point of this section, we present an important result
on the geometrical characterization of massive free field on a Euclidean
space-time.

Firstly, we announce a slightly improved version of the usual Minlos
theorem.

Theorem 5.5. Let E be a nuclear space of test functions and du a given
o-measure on its topologic dual with the strong topology. Let (,), be an inner
product in E, inducing a Hilbertian structure on Ho = (E,(,),), after its
topological completation.
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We assume the following:

(a) There is a continuous positive definite functional in Hy, Z(j), with an
associated cylindrical measure du.

(b) There is a Hilbert—Schmidt operator T' : Hy — Ho; invertible, such
that E C Range (T), T~1(FE) is dense in Hog and T~ : Ho — Hp is
continuous.

We have, thus, that the support of the measure satisfies the relationship
supp du C (T™H*(Ho) C E*. (5.120)

At this point we give a non-trivial application of Theorem 5.5.

Let us consider a differential inversible operator £ : S'(RY) — S(R),
together with a positive inversible self-adjoint elliptic operator P : D(P) C
L*(RN) — L*(R"). Let H, be the following Hilbert space:

H, = {S(RN)7 (Pp, PY@) 12(pnvy = (,),, for a areal number} .

(5.121)
We can see that for o > 0, the operators below
P~ L*(RY) = Hia
(R®7) = o (5.122)
p— (P™%)
P*: My — L*(RY
- (B (5.123)

@ — (PY9)
are isometries among the following subspaces
D(P=%),(,)p2) and Hiq
since

<P_a<p,P_a‘P>H+a = <PaP_a(p,PaP_a<,0>L2(RN) = <(P,<,0>L2(RN)
(5.124)

and

<P°‘f,P°‘f>L2(RN):<f,f>H+a, (5.125)
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If one considers T a given Hilbert—Schmidt operator on H,, the com-
posite operator Ty = P*TP~“ is an operator with domain being D(P~%)
and its image being the Range(P%). Tp is clearly an invertible operator
and S(RY) c Range(T) means that the equation (TP~%)(¢) = f
has always a non-zero solution in D(P~%) for any given f € S(RY).
Note that the condition T71(f) be a dense subset on Range(P~%) which
means that

<T71f7P7aSD>L2(RN) =0 (5.126)

has a unique solution of the trivial solution f = 0.
Let us suppose that T-1 : S(RY) — H, be a continuous application

and the bilinear term (£7!(5))(j) be a continuous application in the Hilbert

2 2
spaces Hy, O S(RYN), namely: if j, EaN j, then £71 : P~%j, L,

L71P=2j, for {jn}nez and j, € S(RV).
By a direct application of Theorem 5.5, we have the result

. 1.1, . g
2) = e {31 OGI} = [ aumeniT). 612
Here, the topological space support is given by
(T Ha = (P ToP*) ™" ((P2(S(RY))))
= [(P)(T5 )" (P™*)"]P*(S(RY))
= P*Ty Y (L*(RY)). (5.128)

In the important case of L = (—A + m?) : S(RY) — S(RN)

and ToTg = (A + m?)™% € §(L*(RY)) since Tr(ToIj) =
m(#)%%@o for 3)& with the choice P = (—A +m?), we

can see that the support of the measure in the path-integral representation
of the Euclidean measure field in RY may be taken as the measurable subset
below

supp {d-(—A +m?)u(p)} = (A +m?)~* - (A +m?) TP (L*(RY))
(5.129)
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since L71P~% = (—=A +m?)717% is always a bounded operator in L?(RY)
for a > —1.

As a consequence each field configuration can be considered as a kind
of “fractional distributional” derivative of a square integrable function
written as

o(@) = [(~a+m?) ¥r1y) (@) (5.130)

with a function f(z) € L?(RY) and any given ¢ > 0, even if originally
all fields configurations entering into the path-integral were elements of
the Schwartz tempered distribution spaces S’(R™) certainly very “rough”
mathematical objects to characterize from a rigorous geometrical point of
view.

We have, thus, made a further reduction of the functional domain of the
free massive Euclidean scalar field of S’(RY) to the measurable subset as
given in Eq. (5.130) denoted by W (RY)

1 o
exp{ =5 l=8 + ) 1510 }
= / d(_AerzW(gp)eiw(j)
S/(RN)

. N, _
- / di— a1l f)e AT T D2y (5.131)
W (RN)CS'(RN)
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Appendix A

In this appendix, we have given new functional analytical proofs of the
Bochner—-Martin—Kolmogorov theorem of Sec. 5.2.

Bochner—Martin—-Kolmogorov Theorem (Version I). Let f: E — R
be a given real function with domain being a vector space E and satisfying
the following properties:

(1) f(0)=1.
(2) The restriction of f to any finite-dimensional vector subspace of E is
the Fourier Transform of a real continuous function of compact support.

Then there is a measure du(h) on o-algebra containing the Borelians if
the space of linear functionals of E with the topology of pontual convergence
denoted by E*#& such that for any y € F

flo) = [ explin(a)dn(h. (A1)
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Proof. Let {éxca} be a Hamel (vectorial) basis of E, and E(N) a given
subspace of F of finite-dimensional. By the hypothesis of the theorem, we
have that the restriction of the functions to F(V) (generated by the elements

of the Hamel basis {éy,,...,éxy} = {€r}rear) is given by the Fourier
transform
N
f (Zm@&) = / (dPy, - dPyy)
=1 HAeAF R
N
X exp [Z aMPM Q(P)\17~'-»P)\N)7 (AQ)
=1
with §(Py,, ..., Pay) € Ce(Ilhen, BY). O

As a consequence of the above result, we consider the following well-
defined family of linear positive functionals on the space of continuous
function on the product space of the Alexandrov compactifications of R
denoted by R™:

Dual

Ly, € s (A3)

C( 11 (RW;R)

AeAR

with
Lpn[9(Payy- .oy Pry)l :/ /g(PAl,...,PAN)(dPAl <o~ dPyy)-
HAeAF(Rw)A
(A.4)

Here, (P, ,. .., Pry) still denotes the unique extension of Eq. (A.2) to the
Alexandrov compactification R™.

Now, we remark that the above family of linear continuous functionals
have the following properties:

(1) The norm of Ly, is always the unity since

[| LAl :/ G(Pryy.-oy Pry)dPy, - -dPyy = 1. (A.5)
reap (BN

(2) If the index set Ap, contains Ap the restriction of the associated linear
functional Ap, to the space C(]],¢x, (R¥)*, R) coincides with Ly,
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Now, a simple application of the Stone—Weierstrass theorem shows us
that the topological closure of the union of the subspace of functions of
finite variable is the space C(I] ¢4 (R")*, R), namely

U c( 11 (Rw)A,R) =C (H(R%&R) , (A.6)

ArCA AEAF AEA

where the union is taken over all family of subsets of finite elements of the
index set A.

As a consequence of the Remark 2 and Eq. (A.6) there is a unique
extension of the family of linear functionals {LA,} to the whole space
C([Tyea(R*)*, R) and denoted by Lo. The Riesz Markov theorem gives
us a unique measure dfi(h) on [],.,(R")" representing the action of this
functional on C(I],c4(R")*, R).

We have, thus, the following functional integral representation for the
function f(g):

flg) = / exp(ih(g))dp(). (A7)
(HAeA(Rw)/\)

Or equivalently (since h(g) = Zf\il pia; for some {p;}ien < 00), we have
the result

o= [, (e ndn) (A3)

which is the proposed theorem with h € ([]\cy, R) being the element
which has the image of & on the Alexandrov compactification [,y (R*)*.

The practical use of the Bochner-Martin-Kolmogorov theorem is dif-
ficult by the present day’ non-existence of an algoritm generating explicitly
a Hamel (vectorial) basis on function of spaces. However, if one is able to
apply the theorems of Sec. 5.3, one can construct explicitly the functional
measure by only considering the topological basis as in the Gaussian func-
tional integral equation (5.32).

Bochner—Martin—Kolmogorov Theorem (Version IT). We now have
the same hypothesis and results of Theorem Version 1 but with the more
general condition.

(3) The restriction of f to any finite-dimensional vector subspace of E is the
Fourier Transform of a real continuous function vanishing at “infinite.”
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For the proof of the theorem under this more general mathematical
condition, we will need two lemmas and some definitions.

Definition A.1. Let X be a normal space, locally compact and satisfying
the following o-compacity condition:

X = J Ky, (A.9)
n=0
with
K, C int(Kn+1) C Kn+1. (AIO)

We define the following space of continuous function “vanishing” at
infinite:

Co(X,R) = {f(x) € C(X,R)

lim sup |f(x)|:0} (A.11)

N=0 ge(Kp)e
We have, thus, the following lemma.

Lemma A.1. The topological closure of the functions of compact support
contains Co(X, R) in the topology of uniform convergence.

Proof. Let f(z) € Co(X,R) and g, € C(X,R), the (Uryhson) functions
associated with the closed disjoints sets K, and (K¢, ). Now it is straight-
forward to see that (f - g,)(z) € C;(X, R) and converges uniformly to f(x)
by definition (A.11).

At this point, we consider a linear positive continuous functional
L on Cy(X,R). Since the restriction of L to each subspace C(K,,R)
satisfy the conditions of the Riesz—Markov theorem, there is a unique
measure u(™ on K, containing the Borelians on K, and representing
this linear functional restriction. We now use the hypothesis equation
(A.10) to have a well-defined measure on a o-algebra containing the
Borelians of X

i(A) = limsup p™ (A ﬂ Kn> . (A.12)

for A in this o-algebra and representing the functional L on Cj (X,R)

L) = [ re)iit) (A.13)

Note that the normal of the topological space X is a fundamental
hypothesis used in this proof by means of the Uryhson lemma.
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Unfortunately, the non-countable product space []yc4 R* is not a
normal topological space (the famous Stone counter example) and we
cannot, thus, apply the above lemma to our vectorial case equation (A.8).
However, we can overcome the use of the Stone-Weierstrass theorem in the
proof of the Bochner-Martin—-Kolmogorov theorem by considering directly
a certain functional space instead of that given by Eq. (A.6).

Thus, we define the following space of infinite-dimensional functions
vanishing at finite

Co(R™,R) = Cy (H R*,R) | G ( 11 R/\,R>7 (A.14)

A€EA ArCA AEAF

where the closure is taken in the topology of uniform convergence.

If we consider a given continuous linear functional L on Co([],c 4 R, R)
there is a unique measure > on the union of the Borelians [[,c,,. R*
representing the action of L on Cy(R>, R).

Conversely, given a family of consistent measures {up,} on
the finite-dimensional spaces (], Ar R*) satisfying the property of
pnr (Ixen, R*) = 1, there is a unique measure on the cylinders [Lca R*
associated with the functional L on Co([],c4 R*, R).

By collecting the results of the above written lemmas we will get the
proof of Eq. (A.8) in this more general case. O

Appendix B. On the Support Evaluations of Gaussian Measures

Let us show explicitly by one example of ours of the quite complex behavior
of cylindrical measures on infinite-dimensional spaces R>.

Firstly, we consider the family of Gaussian measures on R>™ =
{(xn)lgngomxn S R} with o, € 2.

N
A p({z,}) = lim sup {}:[1 (dxn\/%) e_ﬁ} : (B.1)

Let us introduce the measurable sets on R

B, = {(xn) € R>; ||x|\%rn) = Zaixi < oo} and Zaiai < 0.
n=1 =1
(B.2)

Here, {a,} is a given sequence suppose to belonging to 2 either.
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¢

Now, it is straightforward to evaluate the “mass” of the infinite-

dimensional set F(, ), namely

. — oo OL2 IZ
) (B ) = d“vw{xn}>[1nle “( n=171n@
R> e—0t
= lim <lim su 142 o202 -3 B.3
e—0*t { nggn |j_111( ) ( )

Note that

[N

- 1
14+2ea20?)” <————— B.4
<H<+e%%>>_1+zﬁﬂ%g (B.4)

(=1

As a consequence, one can exchange the order of the limits in Eq. (B.3)
and arriving at the result

(OO)M(E(%)) =lim sup { lim lH(l +2¢ a2o?)” 1 }
=1

|-

0<e<n | e—0F
=lim sup {1} =1 (B.5)
0<t<n

So we can conclude, on the basis of Eq. (B.5) that the support of the
measure equation (B.1) is the set of E(,, for any possible sequence
{oan} € (% Let us show that (E,,))° N Eg,) # {¢}, so that these sets
are not coincident.

Let the sequences be

on=n"7,
an =n’" (B.6)
Bn = nd_)\a

with v > 1 and o > 0.
We have that

ZaQJQ—Zi—ﬁ (B.7)
n-’n n2 - 67 .
Z ZU?I:Zn*Q’\<oo. (B.8)

So Eyq,) and Egg, 3y are non-empty sets on R>.
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Let us consider the point {Z,} € R* and defined by the relation
72 =np20e-b—¢ (B.9)

We have that

Z(jfn)QOé% = Zn—Q(a‘—l)—s .nnz(a'—l) _ Zn_e

and

Z(in)Qﬂi _ Zn—Z(U—l)—s p2(e=N) ZnQ_s_QA

If we choose ¢ = 1; v > 1 (y = 2!), we obtain that the point {Z,}
belongs to the set Eyg,y (since Y n? = %2), however it does not belongs
to B,y (since Y07 jn~! = 400), although the support of the measure
equation (B.1) is any set of the form Ey., ; with {y,} € (2.

Appendix C. Some Calculations of the Q.C.D. Fermion
Functional Determinant in Two-Dimensions
and (Q.E.D.), Solubility

Let us first define the functional determinant of a self-adjoint, positive def-
inite operator A (without zero modes) by the proper-time method

logdetr(A) = — lim {/Oo %Trf(e“‘)}, (C.1)

B—0+

where the subscript f reminds us the functional nature of the objects under
study and so its trace.

It is thus expected that the definition equation (C.1) has divergents
counter terms as ¢ — 07T, since exp(—tA) is a class trace operator only
for t > . Asymptotic expressions at the short-time limit ¢ — 0" are well-
known in mathematical literature. However, this information is not useful in
the first sight of Eq. (C.1) since one should know Trz(e~*4) for all t-values
in [e, 00).

A useful remark on the exact evaluation is in the case where the operator
A is of the form A = B +m?1 and one is mainly interested in the effective
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asymptotic limit of large mass m? — oo. In this particular case, one can

use a saddle-point analysis of the expression in Eq. (C.1)

lim [logdetr(B +m?1)] = — lim { / %e—mzt[ lim TI"F(e_tB)} }

m2—o0 e—0 te0t
(C.2)
Another very important case is covered by the (formal) Schwarz—Romanov
theorem announced below.

Theorem C.1. Let A(c) be a one-parameter family of positive-definite self-
adjoints operators and satisfying the parameter derivative condition (0 <
o<1)

L Al0) = FA(0) + Al0)g, (C.3a)

where f and A are o-independent objects (may be operators).
Then we have an explicit result

detp(AL)\ [ [, . (A2
10g<7detF(A(O)))_{/o daalir&TrF[fe (A )]

1
+ do lim Trp[ge_E(A<U))2]}. (C.3b)

0 e—0+

The proof of Egs. (C.3a) and (C.3b) is based on the validity of the
differential equation in relation to the o-parameter

L llog detr(A(0))?] = lim 2 {Tep (e~ 4)*) 4 T, (ge (1))}

o e—0+

(C.4)
which can be seen from the obvious calculations written down in the above
equation

[log det g (A(a))2]

= — lim {/:O dt Trp [(fA(U) + A(o)g)A(o) + A(o)(fA(0)

e—0t

+ A~ (Al0) ) el -t(A0)))| |
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Let us apply the above formulae in order to evaluate the functional
determinant of the “Chrially transformed” self-adjoint Dirac operator in a
two-dimensional space-time

D(0) = exp(07¢® () Xa) |0l (exp(077¢" () Aa)- (C.6)

Here, the Chiral Phase W[y] in Eq. (C.6) takes value in SU(N) for instance.
One can see that

(D(0))* = —(0u +iGu(o ))zl—i[’m,%] v (=G (o)) (C.7a)

with the Gauge field
.Gy = v (W9, W). (C.7b)

Hence, the asymptotics of the operator (C.7a) are easily evaluated (see
Chap. 1, Appendix E)

lim Trp (exp(—e(D(0))?))

e—0t

= lim Tr {% {1 + MFW(—ZGM(U))}} . (C8a)

e—0t e

where we have used the Seeley expansions below for the square of the Dirac
operator in the presence of a non-Abelian connection

A C°(R?) — C°(R?), (C.8b)
Ap=(“A) ~ Vi(1. &) i (al,@)T—vo((a,@), (C.8¢)

hm {Tl"coo(Rz)( tA)}

t—0t

1 1 /0 ) J |
—m+{(‘s—w<a—a”+a—@%>)‘m—w<ﬂ*V”‘EVO}

x (€1,62) +O(1), (C.84)
(P —iglin)? = (—0%)¢ + (219G u0mu)e
+ [ig(aqu + %FMV(G) + gZ‘Gi} : (C.8e)
3
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which leads to the following exact integral (non-local) representation for
the non-Abelian Dirac determinant

det#(D(1))
k’g{ 3etr @) }

= i / d*z Trsp {%(xw [ /O 1 daEWFW(—z'GN(U))} }
(C.9)
A more invariant expression for Eq. (C.9) can be seen by considering the
decomposition of the “SU(N) gauge field” G, (o) in terms of its vectorial
and axial components:
(WH0)0, W (0)) = V(o) +7° Au(o) (C.10)
or equivalently (v,vs = it€, Yy, Vs = 10Y1, [Yus Vo] = —28€075):
Gu(o) =Vyu(o) +i€u AL (o). (C.11)
At this point we point out the formula

Fu(=iGu(0)) = {(iDg(0) Aa(0)) €M — [Au(0), Ay (0)] + Flu (Viu(0))}-
(C.12)

Here
DY Ag = 0o Ap + [Va, Ag). (C.13)

Note that A,(c) and V(o) are not independent fields since the chiral
phase W (o) satisfies the integrability condition

Fo,(Wo,W)=0 (C.14)

or equivalently
Fou(Va(0)) = ~[A,(0), Ay ()], (C.15)
DL/A,,(U) =D} A,(0). (C.16)
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After substituting Egs. (C.12)-(C.16) in Eq. (C.9), one can obtain the

results
' 1
= % {/ deTI"SU(N) ()\agzﬁa(oz)/o do(2iD,(0)A,(0)
—[Au(0), A (o)]
——N—
+Euw( Fluw(Valo)) ) — [Au(a),A,,(a)]) (C.17)

- % d*z Trsu (v

-4/

o {%(;))} x (wa(x) /0 1d0<2iDu(")A“(””>}
i {/d% Trsu(ny

(Wn / (a0, o)) )

=1i(¢) + I2(¢) (C.18)

Let us now show that the term I;(¢) is a mass term for the physical gauge
field A, (0 =1) = A,.
First, we observe the result

Lu (U)
——f
Trpirae © Trsu ) {75Au<a> (W9, W) () }

= Trpirac ® Trsu () {17¢a (@)X (77 (0 Au(0) = [V Ap(0), Lu(0)])(x)}
= 2Trsu(n){2ad” (2)(0uAu(o) + [Vi(o), Au(a)l(z))}
= 2Trgyny{Aata(2)Dy(0)Au(0)} = Ii(). (C.19)

By the other side
Trpirac ® TTSU(N) {7514#(0)11#(0)}

d d
= Trpirac ® Trsy () {7514;»(0) (%VM(U) + WSEAN(UO }

= TrSU(N) (%(Au(J)A#(O'))) . (020)
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At this point it is worth to see the appearance of a dynamical Higgs mech-
anism for Q.C.D. in two-dimensions.
Let us now analyze the second term Iz(¢) in Eq. (C.18)

exp {— % / 2 Trsu o) ( /O 08, (200 ()N [A(0), Ay ()] (x))) }

1

. 1
1 A~ = a
= exp {—% /d2$ Trpiracosu(n) (/ do (V575 EpvPal(x)A
0

X [’}/5W_1(0')(9#W(O') - 75VH(U),75W_1(0)81,W(0) — ’)/5VV(O')]> } )

(C.21)

Since we have the identity as a consequence of the fact that [oy5d, ()
1506(2)X’] = o (Pa(@)dp(2)[A*, A = 0;

W71(0)£W(a) = Y504 (T)A?, (C.22)

)

we can see the appearance of a term of the form of a Wess—Zumino—Novikov
topological functional for the Chiral group SU (), namely

' 0
12(¢) = exp{ - i /d2x TrColor@Dirac <5MV'YSW1(U)8—W(U)

< [WSW_l(U)auW(U)aWSW_l(U)auW(U)D}
+ terms (¢, V), (C.23)

which after the one-point compactification of the space-time to S and
considering only smooth phases (¢(x) € C°°(S®)) one can see that the
Wess—Zumino—Novikov functional is a homotopical class invariant. For the
closed ball S? x [0,1] = ({z = (2!, 22,0)})

[ s, {ws(vvlaawxx))m(vvlauvv)(x)
S3x[0,1]
X (75W_18VW))(:U)} = amn (C.24)

with o an over all factor and n € Z+.
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Finally, let us call our readers attention that the Dirac operator in the
presence of a non-Abelian SU(N) gauge field A, () = Afj(x)\a, can always
be re-written in the “chiral phase” in the so-called Roskies gauge fixing

i (0 — gG) = €729 @) (in#9, )¢+ (@) = W) (in" 0, )W[¢]. (C.25)
Here
W[p] = ei7+9"(® = Py {P sunye ™ I dweuucv)(z)} . (C.26)
Since
(G ) (@) = +7u (W), (W)~ (). (C.27)

It is worth now to use the formalism of invariant functional inte-
gration — Appendix in Chap. 1 — to change the quantization variables of
the gauge field A, () to the SU(N)-axial phases W((b) This task is easily
accomplished through the use of Riemannian functional metric on the man-
ifold of the gauge connections

ds? = /dQQf TI‘SU(N)((SG;L(SG#)(J:)

1
— 1 [ 5 su050iel (0456, 66) )

= detp[D D" |aag X { / d2x TrSU(N)Axial[(JWW‘l)(6WW‘1)]},

(C.28)
since
W(G) = {Ou (W)W 4 9, W (~ W (W)W )}
= 7 — [Gu, DEWW )
and

[ SWW 1] = GW {7, W} + {7, SWIW ' = 0 (C.29)
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and leading to new parametrization for the gauge field measure
DF[Gy(2)] = [detpaa;(DP")] * DI [T ()], (C.30)

Here, detp,agqj (gbq&*)% is the functional Dirac operator in the presence of the
gauge field and in the adjoint SU (IV)-representation. Its explicit evaluations
are left to our readers.

The full gauge-invariant expression for the Fermion determinant is con-
jectured to be given on explicit integration of the gauge parameters con-
sidered now as dynamical variables in the gauge-fixed result. For instance,
in the Abelian case and in the gauge fixed Roskies gauge equation (C.6)
result, we have the Schwinger result

detp[iv* (0, — ieA,)]

1 [ orw exp{__/cﬂ (4, -, )?}
= / DF W exp{ ;27 / d2x[Ai+(8uW)2+2Au3uW]}
exp {_% [alan (5 -2 a) @) ca

Note that the Haar measure on the Abelian Group U(1) is

552, = / z[5(e™ 9,e™)5(e™ e ™) (2)
_ / P (5W (—02)5W) (). (C.32)

Let us solve exactly the two-dimensional quantum electrodynamics.
Firstly, Eq. (C.10) takes the simple form in term of the chiral phase in
the Roskies gauge

Gu(r) = (40, 0)(2). (C.33)

Now, the somewhat cumbersome non-Abelian equations (C.3a) and (C.3b)
has a straightforward form in the Abelian case

D¥[G,] = detr(—A)DF[¢] (C.34)
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and thus, we have the exactly soluble expression for the (Q.E.D.)o-
generating functional (a non-gauge invariant object!)

20l = 3{ [ PP D" (1)
« exp{ -2 / P M— o + §32)¢ + Suv(avju)¢] (x)}
ey 90))
ceo{ - [eaen| 70 0] ()}

For instance, correlations functions are exactly solved and possessing a
“coherent state” factor given by the ¢-average below (after “normal orde-
nation” at the coincident points) and explicitly given a proof of the con-
finement of the fermionic fields since one cannot assign LSZ-scattering fields
configuration for them by the Coleman theorem since then grown as the
factor |z — y|ﬁ at large separation distance

<e—i(wam@)e—i(vs)m(y)>
@

= (cos(p(x)) cos(p(y))g1e ® 1z + 75 @ L(sin(p(x)) cos(e(y)))
+ 75 ®@ 1{cos(p(x)) sin(p(y))) 5 — Vs ® 75 (sin(p(z)) sin(p(s)))

_ o[ E) o e

_ (L (L L ygle—
—exp{ 4 55 (R Lelo ol ) + 5otale — ol {10 1,). (€39

The two-point function for the two-dimensional-electromgnetic field shows
clearly the presence of a massive excitation (Fotons have acquired a mass
term by dynamical means)

leik(r—s)

k2 (k2 + <)

(Cu@)Go(0)), = [ s Epau) )

SHY

1 —— §oB2ctklz—y|
3 [ s

k2(k2+ <)

(C.36)
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As an important point of this supplementary appendix, we wish to point
out that the chirally transformed Dirac operator equation (C.6) in four-
dimensions, still have formally an exactly integrability as expressed by the
integral representation equation (C.3) (see the asymptotic expansion equa-
tions (4.38) in Chap. 4). It reads as follows

e o)? i
1og [M] = _ﬁ/d4xTr5U(N) {Qﬁa(ay))\a

det(9)?

X { /0 1 daFaCﬂ(—iGﬂ(a))Fﬁ;(—iGH(J))eo‘ﬁ“”Ac/\cl }

(C.37)
where
—i7uGu(0) = exp (07°¢" (2)Aa) (i0) exp (07° ¢ (2) o) (C.38)
and we have the formulae!?
—i3Gu() = V(o) + 7P Aul0), (C.392)
40(0) = ATy ASA(A one) 0 056" A),, (C.39D)

Viu(0) = A7 yax, {1 = cos h(As,g0r,)) 0 Ou(156"Xa)}  (C.39c)

with the matrix operation
Ax oY =[X,Y] (C.39d)

and Ag?) denoting its n-power.
For a complete quantum field theoretic analysis of the above formulae in
an Abelian (theoretical) axial model we refer our work to L. C. L. Botelho.?°
Finally and just for completeness and pedagogical purposes, let us
deduce the formal short-time expansion associated with the second-order
positive differential elliptic operator in R” used in the previous cited
reference

L=—(0") + au(x)(0)a + V(). (C.40)

Its evolution kernel k(x,y,t) = (x| — exp(~'L) |y) satisfies the heat-kernel
equation

gt (z,y,t) = Lo K(z,y,1), (C.41)



160 Lecture Notes in Applied Differential Equations of Mathematical Physics

K(z,y,0) = 6 (z —y). (C.42)

After substituting the asymptotic expansion below into Eq. (C.41) [with
Ko(z,y,t) denoting the free kernel (a, =0 and V = 0)]

K(zy,t) 2 Koz, y,t th H,(x y] (C.43)

and by taking into account the obvious relationship for ¢ > 0
(8MK0 ({E, Y, t))|w:y =0. (C44)
We obtain the following recurrence relation for the coefficients H, (z, x):

(n+1)Hpqa(z,2) = — {(— (z,2) + ap(x) - OpHp(z,2) + V(x)} .
(C.45)

For the axial Abelian case in R?, we have the result:
. 1 S v
(e97:9(i0)e97°?)? = (—0%)14xa + ((597 (7", y ]) %b(w)) 0,
+ [~97:0°0 + (9)*(0,9)%]- (C.46)
Note that in R*
Ho(z,r) = 14x4,

Hi(z,z) = =V(x),

Hy(z,z) = %[—82V +a,0,V + V(). (C.47)

Appendix D. Functional Determinants Evaluations
on the Seeley Approach

In this technical appendix, we intend to highlight the mathematical eval-
uation of the functional determinants involved in the theory of random
surface path-integral.'®

Let us start by considering a differential elliptic self-adjoint operator
of second-order acting on the space of infinitely differentiable functions of
compact support in R%,C°(R?,C?) with values in C?

A=>" an(x)Dg (D.1)

jal<2
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with @ = (a1, a2) multi-indexes and

o (L 0N (1 0\

and A, (z) € C°(R?,C9).

By introducing the usual square-integrable inner product in C2°(R2, C9)
and making the hypothesis that A is a positive definite operator, one may
consider the (contractive) semi-group generated by A and defined by the
spectral calculus

A 1 e—t)\
T o {/cd)\ P A>} (D:3)

with C being an (arbitrary) path containing the positive semi-weis A > 0
(the spectrum of the operator A) with a counter-clockwise orientation.

According to Seeley, one must consider the symbol associated with the
resolvent pseudo-differential operator (Alyx, — A)~! and defined by the
relation below

2

g(A= A1) =™ (A= A1)e™ = > Aj(x,,N). (D.4)
151=0
with
Aj(x,§,N) = d o a@)EmEst) | 0<i<2, (D.5)
|lal=a1+az=j
Az (6, A) = =Algxq + > ai@)EmEs) | =2 (D)

la|=a1+az=j

This is basic for symbols calculations, the important scaling properties as
written below

Aj(x,c€,AN) = ()T Aj(, €, N). (D.7)

It too is a fundamental result of the Seeley’s theory of pseudo-differential
operators that the resolvent operator (A — A1)~! (the associated Green
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functions of the operator A) has an expansion of the form in a suitable
functional space

a((A=A)"H) =) Coaj(x,6 ) (D-8)
j=0

and satisfies the relations below

c(A—=A1)-o((A—-X1)"Y) =1, (D.9)

4 S S (A AN DO EN)] p =1, (D.10)

la|<2 5=0

Recurrence relationships for the explicitly determination of the Seeley
coefficients of the resolvent operator equation (D.8) can be obtained
through the use of the scaling properties

E=p¢s AT =p\)E, (D.11)

Coj(z,p€', (p(N)3)?) = p~ CTDC_y_j(z, & N). (D.12)

After using Eq. (D.11) in Eq. (D.10) and for each integer j, comparing the
resultant power series in the variable 1/p(1 =1+ O(%) +oo O(}%)” +--0),
one can get the result as

C_z(,8) = (A2(2,€)7") (D.13)

0=a@&Coas@+ 8~ 3 DEan(w€) ((DIC-a-i(r.6 )
’ <j
k—|a|—2—t=—j

(D.14)

For the explicit operator in C°(R?, R?) is given below
82 @2
A=- (9118—x% +g228_x§) 1gxq

0 0
- (Al)"xqa—a:l - (AQ)"X"a—a:Q — (A0)gxq (D.15)
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with all the coefficients in C2°(R?, RY), one obtains the following results
after calculations:

Az (@,6,0) = (911 (2)€7 + 92265 — N Lgxq,
AQ(.’,C7£,)\) = —iAl(x)§1 - Z'Ag(x)f% (DlG)
AO(x7£7)‘) = _AO(x)a

and

2(2,8) = (911(2)&F + g22(2)&3 — N7,

C_s(x
Ca(,€) = i(A1 ()61 + Ar(2)E)(Calr,6))?
i@ |(om ) @2 + (5 (@] (€0

g6 | (5o ) €+ (i) (@] (a0

(D.17)

By keeping in view evaluations of the heat kernel of our given differential
operator, let us write its expansion in terms of the Seeley coefficients of
(D.8):

oo

(et =Y (%) { /R 2 d2m<e—“‘><x,§>}

J=0

-3 () ()

J
/700 d(—is)e®! (/ d?zd*¢€C_o_j(z,¢, —is))}
+00 R2x R2

d

00 +o0 —1
Z {1— f d2$ |:/ eiSC—Q—j(x7§7 ﬁ)ds] }
= t R2 —o0 t
> (1 a2 2., isp (2L

— Z [ f d“xet 2 C 2— j(x t2€7 _ZS)
J=0 t( K
0o (i too

:Z{t 2 27'(' d2f d2 c- 2— j(x 57_ )}
J=0 R2 e

(D.18)
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By applying Eq. (D.17) to the differential operator as given in Eq. (D.15),
we obtain the short-time Seeley expansion as an asymptotic expansion in
the variable ¢

1
Tr(e_tA) ~ ﬁ (/ de,/g11g22> + % (/ d2x1/911922 <_6R>>
(—$diveov A)

/d2 _5\/911922 Tr (%( Y glngQAl) + (5%2( v glngQAQ))

+/d2x (—iTr [ﬂ L A + Ao D 0(t). (D.19)

g11 922
By applying the above formula for the Polyakov’s covariant path-integrals,

let us first introduce the R? complex structure

z=x1+To, Z=2x1— i3, (D.20)

0 0 0 0 0 0
- _— i = = g D.21
0z O Zaxg’ 0z Or +28x2 ( )

For each integer j, let us define two Hilbert spaces H; and H ; as follows:

(a) Hj is defined as the vector space of all complex functions f(z,z) =
fi(z,y) + ife(x,y) with the following tensorial behavior under the
action of a conformal tranformation

z = z(w), (D.22)
f(z,7) = (%‘Z)_ F(w, ). (D.23)

Let us introduce into Hj the following inner product

@D = [ dssloe g s A). D20

with p(Z) is a positive continuous real-valued function of compact
support in R? and associated with a conformal metric.

ds* = p(z,2) dz A dz.
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(b) Hj is defined same as above exposed with the following tensor
(BT
rea=((5)) Fowo (D.25)
z
At this point, we can verify that the above written inner products are

conformal invariant
2 Jj+1
ﬁ(ww))

0.0, = [ awao (52 (52) (aa_w
: l(aﬁw) ; f<w,w>] [(ZI) ; @(w,w))]

= /.. dwd i (p(w, @)y fw, @) (§(w, ©)). (D.26)

Let us now introduce the following weighted Cauchy—Riemann operators
with a U(1)-real valued connection A = (4., A;) in R? = C.
(a) Lj=H;j— H_(j41)
f—=(p(2,2)Y(0: + A2)f,
(b) Lj=Hj — Hj
f—=(p(2,2))(0: + Ao) f

(D.27)

together with the adjoint operators (L, 'f)H—(j+1) = (¢, L;*-f)Hj, namely:

L; = —.E_(j+1) N H_(j+1) — H] (and I/; = —L_(j+1))

. (D.28)
f— —(p(z, Z))_(J—H)(az +A))f.
For simplicity, we consider the case of A, = A, = 0.
The second-order positive definite operators are given by
E,j - %%j,: _E_(jH)L,j | H,j — i i} (D.29)
L£=(L;) Ly : =L-4nLj : H-gy1) = Ho(jr)-
Possesses the explicitly expressions (for p(z, z) = e?(*?)
Lj=—e Ute(z2)g civ(=2g, (D.30)

L= —e~UtDe(2:2) g _giv(2:2) g
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They have the following Seeley expansion:

. ey _ 2,z 143
tk%ﬁ Troe(r2)(e i) = /dzdz (p(Qﬂ't) ( jQﬂ_J)Afgp(z z))
(D.31)
p(z,2) (2+3])
tlilél Tres(r2)(e /dzd ( oy o Algp(z, z))
(D.32)

The above expressions are from the Seeley asymptotic expansion

hm TI'Coo (RQ)( tA)

e { (_ 1 m) (%) - (ﬁ@@ Te(1)srcs

. ?@Bo} Lo). (D.33)

where A is the elliptic second-order self-adjoint differential operator in the
presence of a Riemann metric ds? = guvdztdz” (in a tensorial notation in
the space L*(R?, \/gdaz"dx?):

A= (—%(Bulgxg + Bu)v/99"" (0u12x2 + B,,)) — (By) (D.34)

with B, (z") denoting C2°(R?, R?) functions.
After all these preliminaries discussions, we pass to the problem of eval-
uating functional determinant (without zero modes)

lgdet £L; = lim — {/ @TrCoo(R2)( tﬁf)}. (D.35)
e—0*+ c t
It is straightforward to verify that the following chain of equations related
to the functional variations of the conformal structure hold true [Herewith
Tr = Trcgo(Rz)]

5L,
0o ~
0lgdet L; = lirgl+ / dt Tr (%6 gpe_w])
E— 5

= lim {/ dtTr[(—(j + 1)0pL; _jL(j_H)(;SDLj)etﬁj]}

e—0t

= lim {/ dt Tr [—(j + 1)dpL e —|—j6<p£(j+1)e_t’c<j+1)]},

e—0t

(D.36)
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where we have used the functional identity
Tr(—jL_(j11)0pLje™"5)
= T [~ L (i) (B 1) BRI L Ly e 500
—Tr [—j : 15<p(—£,(j+1))e—f57<1+1>} (D.37)
since
et = (L)) eI L1 (D.38)
is a consequence of the operatorial relationship
L_(41) = (Lo+1) " L L) (D.39)
As a consequence, we obtain, the following results:

d(Lgdet L;)

= —(j+1) lim Tr(6pe =%7) + 4 lim Tr(&pe_EE*(Hl)) (D.40)

e—0*t e—0t

=—(+1) [/R dPado(z) {%e“"(gﬁ) — %Aw(x)}]

e

+3 UR d?xdp(x) {Lem) + %Am)“

2me

e—0+

(D.41)

e—0+t

Combining together, we obtain our final “basic-brick” formulae of the
quantum geometric path-integrals for random surfaces:

5lgdet £; = lim (—i) [ d2x5<p(x)e‘p(r)}
R2

e—0+ 2me

(1+6j(G+1)

19 { . d2a:6<p(x)A<p(x)} (D.42)

which produces the “brick” result (Polyakov)

1
lgdet L; = [lim (——) d“‘xew(f)}
R2

e—0t 2me

y [—W / an:{%(aaga)Q(a:)H (D.43)
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The result in the presence of gauge fields can be obtained through
Bosonization techniques and only will lead to the additional term to be
added to Eq. (D.43) in its right-hand side

exp [—% d*ze?™ { Ay () A (z) + AQ(x)AQ(x)}}
R2

— oxp {—% / (d2 A dZ)(A. - AZ)} . (D.44)



Chapter 6

Basic Integral Representations in Mathematical Analysis
of Euclidean Functional Integrals*

In this complementary chapter to Chap. 5, we expose additional rigorous
mathematical concepts and theorems behind Euclidean functional integrals
as proposed in Chap. 5 and used thoroughly in other chapters.

In Sec. 6.1, we present a pure topological proof of the basic measure
theory (Riesz—Markov theorem), mathematical concept basic to construct
rigorously functional integrals. In Sec. 6.2, we present analogous results on
the mathematical structure of the L. Schwartz distributions.

In Sec. 6.3, we present the important Kakutani theorem on the equiv-
alence of Gaussian measures in Hilbert spaces, the mathematical basis for
the rigorous framework for Jacobian transformations in Euclidean path-
integrals.

6.1. On the Riesz-Markov Theorem

The words set and function are not as simple as they may seem.
They are potent words. They are like seeds, which are prim-
itive in appearance but have the capacity for vast and intricate
developments — G.F. Simmons.

The Riesz representation theorem

Theorem 6.1. Let X be a topological compact Hausdorff space. Let L be a
positive linear functional on C(X). There exists a unique positive measure
dpp and an associated o-algebra on X which represents L in the sense that

L(f) = /X F(@)dpu(z). (6.1)

Let us begin our proof by introducing the smallest ring containing the
compact subsets of X.

*Author’s original results.

169
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Another mathematical structure we need is the following Banach space.
Let ,C(X) be the vector space formed by all linear combinations of the
elements of Cy(X) and the characteristic functions of the compact sets of X.
We introduce the sup norm on this vector space and take its completion
still denoted by ,C(X) (which is a Banach space). It is a straightforward
consequence of the Hahn—Banach theorem that the given positive linear
functional L has a unique extension to ,C(X) still denoted by L in what
follows.

We define now an equivalence relation on the algebra of sets introduced
above through the relationship

VB,a € A and a~ <% L(xgzp) =0, (6.2)

here aAB3 denotes the topological closure of the difference set aAB3 = (a —
BU(B—a) = (anF)U(BNa’). On this coset algebra of sets A/~, denoted
by Egaire(X), we introduce a metrical structure by means of the metric set
function

dr(A, B) = L((xaa5))- (6.3)

By considering the topological completion of the metric space
(EBaire(X),dr), we obtain our proposed o-algebra on X and a measure
defined by the simple metrical relation

wr(a) =di(a, ¢). (6.4)

At this point, it is evident that the extension theorem of Caratheodory
is a simple rephrasing of Eq. (6.4), since for a given p-measurable set
Q € (EBaire(X),ur) and ¢ > 0, there exists a finite family of disjoint
compact sets on X: {K.}.—1, . n() such that

geeay

N(e) N(e)
dlQ K |<ee [ D mE)| -«
=1 =1
N(e)
<pur(Q) <e+ [ Y pr(Ke) (6.5)
=1

Let us introduce a large Banach space Chounded (EBaire(X), R) with
the usual sup norm. It is straightforward to see that the given functional
L € (,C(X))* has a unique extension L to this new space of continuous
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function on Egaire(X) (which is straightforwardly identified with the mea-
surable functions on (Egaire(X ), ur)!). Since the characteristic functions of
compact sets are elements of Chounded(EBaire(X), R) any f € C(z) is the
limit on the topology of C(Egair(X), R) of the simple functions (monotone
nondecreasing) sequence

n2" .
£ = tm 33T @) e, ) =l Su(). (66)
j=1

Here, the (compact!) sets E,, ; and F,, in X are defined by

Enj=f" ([j;nl, 2J_"D (6.7a)
Fy= 7 ([ fllew)]) - (6.7b)

Now the assertive expressed by Eq. (6.1) is a simple result of the defi-
nition of integration

L) = L(f) = L Jim Su()) = lim L(Su(f)

n—oo n—oo

n2™ .

-1
= lim Z]2n pwr(En;) +npn(Fy)

ZJLH;O(/ fo(@)dpp( )‘“/f dpu( (6.8)

which proves the Riesz—Markov theorem.
As a last point of this section let us give a criterion for the existence of
invariant sets in relation to a given (measurable) transformation

T: (EBaire(X), dL) - (EBaire(X)7 dL) (69)

If the measurable transformation is a contraction (or some of its power!)
between the above complete metric spaces, namely, if ¢ < 1 and an integer
p € Z* such that

dr(T?A, T’B) /dL,U X(Te AAT# B) (2)

<e </ drp(z)x(anp)(® )) ; (6.10)
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then there exists a point-fixed set A, such that
T(A) = A, (6.11)
in the sense that
AT(A).A) = [ @) Xaiaan () =0 (6.12)
We now show a concrete version of the Riesz representation theorem.

Theorem 6.2. Let L be a continuous linear functional on C(S2), the space
of the continuous function defined in a compact set Q C R* and satisfying
the following property

L (¢ m)yg () = falprs- - pa) = folp) € LNRY)  (6.13)

Then, there exists a (unique) function ¢r(z) € C(Q) representing the
action of the functional Eq. (6.13) on C(Q) by the integral representation

L(g(x)) = /Q Ny, (2)g(2). (6.14)

Proof. Let us firstly consider the Fourier transform of the function fq(p).
Namely

1 \" )
z)=|— dVp . et . 6.15
oo = (=) [ A% halo) (6.15)
Obviously ¢r(z) € Co(RY).
Due to supposed continuity of the functional L, one can show
that fo(p) € C®(RY), and we have the differentiability relation (M =
(l1,...,¢n)) (exercise)

I o) = £ i) oo [expi [ 3 e
T (fq — D (i, e ,
(9p§1 ~~~(9ple pt W]

(6.16)
which means that the inversion Fourier transform theorem holds true
N
1 .
L((z)5 -+ (z)% :<—> / dNxe PP () (2,) ) Hp=
(@) )) = (=) [ (@) (@) 61 (@)} oo

- <\/L2_7T>N {/RN dN z(zq)" ---(:cn)%L(x)}. (6.17)
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By the Weierstrass theorem, we have, finally, our envisaged result on

L(g(x)) = . dNafg(af)m(af)XQ(x)=/0de9(33)%($)- (6-18D)

6.2. The L. Schwartz Representation Theorem on C*°(2)
(Distribution Theory)

The Quantum and Random World is an application of Cantor
Set Theory in its developments — Luiz Botelho.

After having exposed the fundamental abstract result of Riesz—Markov on
the structure of the elements of the dual space of continuous linear func-
tionals in C'(X), with X denoting a general compact topological space, we
pass on to the problem of describing continuous functionals on the vector
space C°°(€2), with © denoting a open set of RY.

Let us, thus, start by considering a sequence of compact sets K, with
the interior property (K,+1) D K, and such that Q = |J,~, K,,, together
with the complete metric space C*(K,,), defined by the vector space of
infinitely differentiable functions in 2, with support in K,, with the Frechet
metric

o0

27"|f = gllm
d(f,g) = E —=— > where m: sup sup |DPf(x)|.
SR L+(If = gllm Il weg |p|§1:7)n| f)l

m=0

The basic contribution of L. Schwartz is to consider the topology of

the inductive limit on C*°(Q2) as writing formally as topological spaces

> (Q) = U,—, C=(K,) rigorously means that the topology in C*°(9) is
the weakest topology which makes all the canonical injections

Dy: C*(K,) — C™(Q), (6.19)

continuous applications.

A topological basis for the origin of C'*°(€2) is formed by all those convex
and barreleds sets U C C*°(Q2) such that U N C*(K,,) is always a neigh-
borhood of the origin in C*°(K,). The main result and reason for intro-
ducing such inductive topology in C*°(€) is that it leads to the fundamental
result that C2,(§2) is a sequentially complete topological vector space.

At this point, it is worth to call to the readers’ attention that the usual
nondistributional topological definition of C*°(Q) as |J;._, C™(2) (always
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used in others approach of generalized functions) is stronger than the L.
Schwartz inductive topology introduced above.

We always rewrite C22(2) in the well-known L. Schwartz notation as
D(Q), the Schwartz test function space. The description of the notion of
convergence in D((Q) is straightforward, since we have the sequential com-
pleteness topological property. Namely, a sequence ¢, (z) € D(£2) converges
in D(Q) if there exists a set K, such that ¢, — ¢ in C*°(K,).

Another basic result as a consequence of the introduction of inductive
limit topology in C*°(Q) is the straightforward description of the dual space
of D(Q), denoted by D’(£2) and named as the L. Schwartz distribution space
in

D'(Q) = (U C°°(Kn)> = Jc=(xn))*. (6.20)

Note that the structural description of (C*°(K,,))* is expected to be

closely related to that of C(K,)* (the Riesz—Markov theorems). In fact, we

have L. Schwartz generalization of the functional integral representation of
Riesz—Markov theorem.

Theorem 6.3 (Laurent Schwartz). Any given continuous linear func-
tional L € D'(Q2) may be represented by a sequence of complex Borel mea-
sures dpu(x) in K,, a sequence of multi-indeves {P,} = {p},...,PN}
through the integral representation

oo

Lig) = Z( i dum)(D%)(x)) , (6.21)

n=0
where

§(Pat-+PyY)
Oz ™ - 0xy
Proof. Let L € D’(Q), but with compact support K C 2. By the inductive
limit topology (exercise 1), there exists a constant ¢s; > 0, and an integer
ms > 0, such that for any ¢ € D(£2), we have the estimate

IL(p)] < cs sup ( sup IDpw($)|> : (6.23)

€K \ |p|<ms

Note that the triple (C, K5, m) is not unique. We now consider the

following elliptic operator £ = (%pl) e (a%)l’n (p=p1+---+pn). Since
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L, is an injective application of C*°(Q2) into C°°(2), and this T restricts the
dense subspace £,[D(Q)] (range of £? in D(f2)) which satisfies the obvious
estimate for any

feC(Ks): LIL ) < e sup |f()] (6.24)
re K

we can apply the Riesz—Markov Theorem 6.1 to the composed functional
LoL,"in C(Ky,)

LE, ) = [ danta) o) (6.25)
K

or equivalently (exercise) for any ¢ € D(§2), we have the functional integral
representation

Lw=AJMMWWM) (6.26)
s O

In general, we just consider a unity partition subordinate to a given
open cover of Q (1 =73%"_ hy,(x), K, C supphy, C K, 1, K, compact set of
Qand UK, = Q and h,(z) =1, for x € K,,):

L= i h(2)L = i Ln. (6.27)

At this point, we introduce the weak-* topology in D’(2) through a
sequential criterion. A sequence of distributions L, € D’(Q) converges
weak-star if the sequence of measures in Eq. (6.25) converges in the weak-
star topology of C(Kj)*.

After the proof of L. Schwartz representation theorem, let us introduce
the operation of derivation in the distributional sense. First, let us recall
some definitions in the functional analysis of vector topological spaces. Let
FE and F' be two vector spaces with topologies compatible with its vectorial
structure and U: E — F a linear continuous application between them.
For any y’' € F* (dual of F'), we can associate the element z’ of E’ through
the definition (*U: F’ — E’):

(¢') = 2/(z) =/ (U(x)) = (‘U (y))- (6.28)

It can be showed that if U is continuous, the *U remains continuous if E
and F are Frechet spaces like C*°(Kjy).
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As a consequence of the above remarks, the usual derivative operator is
a linear continuous application between D(f2). Namely

D: D(Q) — D(%).

By the duality equation (6.26) mentioned above, one has a natural deri-
vative application in D’(2)

def

(-DL) E ('D)(L)(f) E L(DF), (6.29)

D'(Q
besides being always a continuous operation in D'(Q) if L, —(>)(:>

ipL, @ pr.

At this point, we call our reader to show that the sequence of functions
fn(z) = Lsin(nz) seen as kernels of distributions in D’(R) obviously con-
verges to the zero distribution in D’(R):

1
lim [ dx (— Sinmc) o(z) =0. (6.30)
n— oo R n

As a consequence of the above remark, we have the validity of the result
called the Riemann—Lebesgue lemma

lim [ dxcos(nx)e(x) =0. (6.31)
n—oo R
Namely
d (sinnx) D(R) D'(R)
—_— = . 2
T ( - ) cos(nx) — 0. (6.32)

A further finer structural analysis can be implemented to Eq. (6.21)
by means of an application of the Radon—Nikodym theorem to the pair of
complex Borel measures (dus(z),d™ x) on the Borelians of Q.

hs(z)

- d
Lo =Y | [oroe | G | e

s=0

+ Z ( / (DPs )dyfgi“g(x)), (6.33)
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where h,(z) € LY(Q,dV ), and dV"8(z) is a singular measure (in relation
to the Lebesgue measure d¥z in Q) with support at points (Dirac delta
functions) and on sets of Lebesgue zero measure

Vsmg Z ar, 0 LC — 1y s) + dV(contlnuous smgular)( ) (634)
=0

Another important distributional space is the (topological) dual space
of test functions with polynomial decreasing S(R™), a very basic object in
wave fields quantum path-integral (see Chap. 19)

S(RY) = {uecw<RN>|||so||m— sup "D <>|<<oo>}. (6.35)

We have the following structural theorem, analogous to Theorem 6.1 of
L. Schwartz.

Theorem 6.4. Given a functional L in (S(R™)), we can always rep-
resent L by a Borel compler measure du(z) in RN by means of (xP =

P1
it a2l ete.)

L(g) = /R () (@ D) ). (6.36)

The proof of the above integral representation for distributions in
S9(RN) is based on the fact that for a given L € S9(RY), these are multi-
indexes (p, q), such that is a positive constant ¢ with

IL(p)] < cllllp.q- (6.37)

Note that the elliptic operator £, = zPD? = zl* ~-~xﬁ"(%)ql
(3Z-)7 is a subjective application of S(RN) into S(RY), and L,(S(RN))
is dense in Cp(RY) (continuous functions vanishing at oo), the great use-
fulness of S*(RY) in quantum field theoretic path-integrals is related by the
fact that the usual Fourier transform is a vectorial/topological isomorphism
in S(RY). By duality, one straightforwardly define the Fourier transforms
in S1(RY) which remains as a topological isomorphism in the distributional
space S(RN)

F: S(RY) — S(RN), (6.38)
tF: SYRN) — SYRN), (6.39)
"F(L)(p) = L(F (). (6.40)
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The above equations are important results in the applications of distri-
bution theory of L. Schwartz given by the following result. Let A be a
continuous linear application between a locally convex topological vector
space E with value in the topological dual of another locally convex topo-
logical vector space F’. Then, the bilinear form in F x F defined by the
relation B(f,g) = (Af)(g) is continuous in E X F’, when one introduces
the weak topology on F’. As a consequence, every continuous bilinear form
on S(RY) is of linear superposition of forms written below for a pair of
multi-indexes (m, n)

Bfo)= [ Fayp)O"f@)D @)y, (41
RN xRN
Here, F(z,y) is a continuous function of polynomial grow in R

(ap e 2| i F(y)(el? + ) F = 0).

ly|—oo

6.3. Equivalence of Gaussian Measures in Hilbert Spaces
and Functional Jacobians

In this section, we present the mathematical analysis of the Jacobian change
of variable in Gaussian functional integrals in Hilbert spaces through the
formalism of the Kakutani theorem.
Let A~! and B~! be positive definite trace class operators in a given
Hilbert space (H, (,)) and operators inverse of the operators A and B.
The spectral representations for theses operators

Bo,, = anoy,, (6.42b)

define Gaussian measures d4-1u(¢) and dg-1u(p) in the Borelian algebra
of the cylindrical sets in H and are defined by

N
da-1p(¢) —hmsup{H (@, on) exp{ AQ <907§0n>2}< ;—;)}

(6.43a)

. al On On
dp-1v(p) = limsup {}:{1 d{p,on) exp {—7@0, On) } ( %) } .

N
(6.43D)
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We have, thus, the Kakutani theorem and the equivalence of the above
measures.

Theorem 6.5 (Kakutani). The two measures Egs. (6.43a) and (6.43b)
are mutually equivalent or singular. In the first case, we have the criterion
that

2 2
3 (AKTO‘") < 0, (6.44)

n

and the Radon—Nykodin derivative of the above measures is given by

da—rp(p) _ o - An 1
T

n

(6.45)
Note that in the case of the Radon—Nykodim derivative
da-1p(%) -1 1
—_— = AB —— A-B . 4
TS = det(AB ™ exp 5l (4~ B)g) (6.46)

On the basis of Egs. (6.45) and (6.46), one can show the Wienner result
about translation invariant of Gaussian measures. Let Tj,: H — H be the
translation operator in H. Let us consider the translated Gauss measure

da-1p(Thep) = da-1p(p + h) (H d(plpn)e PAnlleen)tthom)]? }
(6.47)

By the Kakutani theorem, the translated measure d -1 u(Thp) is equiv-
alent to the measure d -1 u(p) if and only if

3 M = (Ah, h) < oo, (6.48)
a5

or equivalently, the translational-invariance of the measure is insured if h
belongs to the domain of the operator A.

At this point, we remark that Dom(A) is a set of zero measure for
(H,dg-1u(p). (Finite action configurations smooth field configurations,
makes a set of zero functional measure.) Let us give a simple proof of such
important result in practical calculations with path-integrals.
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First, let us rewrite the finite action set of path integrated configurations
(= Dom(A)) in the following form (for & > 0):

XDom(4)(¢) = lim  lim exp{—a(pny, APny)}

a—0+t N—oo

{17 if {p, Ap) < o0, (6.49)

0, otherwise,

where the orthogonal projections P, — 1 in the strong sense.
Let as evaluate formally in the “physical way” its functional measure
content

M 41 (XDom(a)(¥)) lin% {A}im {/ dA—lM(W)eMPN%APN@)} }
a— —00 H

. . N
X alirng (A}gnoo exp (—?ég(l + a)))

= lim lim (e 2%) = ® =0. (6.50)
a—0 N—oo
At this point, one can see that the usual Schwinger procedure to deduce
functional equations for the quantum field generating functional does not
make sense in the Euclidean framework of path-integrals since the measure
is not translational invariant. Namely, in the usual Feynmann notation

4] 1
F —5{(p,Ap) =V ()
/HD [#] 5o {e e } # 0. (6.51)

As one can see from the above exposed result that the Minlos theorem is
a powerth “tool” in the functional integration theory in infinite dimension.
In this context, we have the converse of the Minlos theorem in Hilbert
spaces, the so called Sazonov theorem. Let us give a simple proof of this
result.

Theorem 6.6 (Sazonov). Given a Gaussian measure du(p) in a sepa-
rable Hilbert space H such that

/ dyu() |l < . (6.52)
H

Then, the functional Fourier transforms

2(f) = /H dyu() exp(ilf, ) ), (6.53)
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is a continuous functional in relation to the Sazonov Hilbert—Schmidt inner
product

@ %)s. = /H du() 0, B) (0, D). (6.54)

Proof. First, let us remark that the above-defined Sazonov norm is of
Hilbert—Schmidt class by construction, since for any orthonormal basis (e,)
in (H,{,)), we have the relationship

N N

n:1(en,en)sz = ; {/H d“(W)<<Pa€n><ga7en)}
< /Hdu(eO)llsalF < o0. (6.55)

It is obvious to see that if one has a sequence o, € H and o, M 0,

then we have that
(0ns )5, = /H dyu() (. 0m))* — 0. (6.56)

Consequently by the Lebesgue theorem (p, 0,,) — 0 almost everywhere
in (H,du(p)). Obviously (1 —expi({p,0,))) — 0 almost everywhere. As an
easy estimate, we have

2(00) - 20) = | [ auto)a -7 0. (657)

Result showing the (sequential) continuity of the functional Z(j) in
the new separable Hilbert space (H, (,)s.). Another important comment
related to the Radom—Nykodin derivative Eq. (6.45) is the case one has the
B-operator as a “formal” perturbation of the operator A. Namely

A=B+gC and [B,C]=0. (6.58)

In this situation, we have the relationship

1
B8 Jdpv(p) = det[1 + gCB ™' exp {—5@7 Cw)} : (6.59)
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By using the proper time definition for evaluating the functional deter-
minant in Eq. (6.59)

det[l + gOB™'] = exp Tr £g[1 + gCB™ "]

—exp[/ dATH(CB (1 + A\CB™ )™

L expTr [ / R(A d)\] (6.60)

where the resolvent operator R(A) satisfies the operatorial equation, and
we suppose that CB~! € § (H) due to the obvious estimate

elZrti n(4an)] < 0020 An = TH(CBT)

|-

R(\) =CB™' —X\CB Y)R(\). (6.61)

Sometimes perturbative evaluations can be implemented for Eq. (6.61).
Let us exemplify in this “toy model”

1 d?
(x| Alz") = —5%5(32 — %) + gV (z,2') = B+ ¢C. (6.62)

‘We can see that

[B,C]=0 & V(@.2). (6.63)

d2a’

So the resolvent R(\) = R(x, ', A) satisfies the integral equation below

R w ) (2L 5w a)
z,W, 5 4 w—x
“+o0

As a geometrical comment, in this chapter, from a set of informal lecture
notes for graduate students’ seminars, we have a geometric stochastic cri-
terion for differentiability of the samples (class of functions) in the space
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C?(L*(Q),ds-1pu(p)). Let us start by considering the estimate of the
Newton differential quotient

/ da-1p(p)
L2(Q)

1/2
/ by (i) 2@ E RO 1)+ $(@)(x) — 20(x + h)d)(x)])

L2(Q) h?

pla+h) — o)

lim
h—0

AN
2N

< Z[AN e+ hyx+h) + AN (@, 2) — (A(z + hyx) + Az, @ + h))]V2,

(6.65)

| =

which insures the differentiability in the average of the path-integral
samples if we have the differentiability property for the correlation
function

A" (2, y)
0xdy

r=y

6.4. On the Weak Poisson Problem in Infinite Dimension

In this section, we intend to present a weak solution to the Poisson problem
in infinite dimensions (see Chap. 1) by means of the simple basic Hilbert
space techniques.

Let us start our analysis by considering a given separable Hilbert space
H and an associated Gaussian cylindrical measure dgu(x) on the Borel
cylinder of H, with @ denoting a class trace positive-definite operator (Q €
f;’(H ,H)). We intend now to show the existence of a real-valued weak
solution to the following (functional) Hilbert space-valued Poisson problem
in the Hilbert space L?(H,dgu)

~Tra[QD?U ()] + (z, DU)n = f()(XBa(0) (@) (6.66)

Here, xpg(0)(z) is the characteristic function of the ball of radius R in
H (Br(0) = {x € H | (z,2) < R), u(z,t) € C*(H,R) N L*(H,dqu)
and D? the second-order (operator) Frechet derivative in H (for instance
Tr [QD(e"P)] = —((p, Qp)m)e’ o)),
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By using the following formula of integration by parts in infinite dimen-

sions (QBk = A\xfk)
/ dou(z)(Dp, D) (z) = —/ (Tr[D*(x)], o(x))dqpu(x)
H H

+ / (. QDY) (@) np(@)dou(z),  (6.67)
H

one can rewrite Eq. (6.66) into a functional integral form where it is possible
now to consider a rigorous mathematical meaning for weak solutions in
L2(H. dop)

/ dap(z)(BDu, BDg) = / dap()(f(@)xpn(@)g(@),  (6.68)
H H

where B ¢ f;(H), and BB* = ( is the usual decomposition of a trace
class (positive-definite) operator in terms of Hilbert—Schmidt root square
operator B.

Since @ is positive-definite, there exists a positive constant ¢ such that
for any = € H, we have the lower bound

(Qx,x)g > clz, ). (6.69)

Let us now introduce the following Hilbert—Sobolev space associated to
the cylindrical measure dgu(x)

HY(L*(H,dop)) = {f € C'(H,R) N L*(H,dop)

'<f, Plin = [ dou(o)(BDSBD)n < ). (6.70)

We now show that the real linear function associated to our class of cut-
off datum f(x)xp,(x) as expressed by the right-hand side of Eq. (6.132) is
continuous in the topology associated to Eq. (6.70). Since the above space is
separable, one can verify the continuity through a sequential argument. Let
us thus consider a sequence of elements {g,, } in H'(L?(H,dgu)) converging
to a given g € HY(L?(H, Dgpu)).

We have the estimate below

\ [ don@) @i~ o))

1/2
e ([ oo = o Popma@)) - (71
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At this point, we observe the validity of the estimate:

([ dontoree, @)

= <;[—(§—%> (/H dQu($)<Dg,Dg>(a:)>. (6.72)

So, if one chooses R in a such way that Try(Q) < RTz and observing
that (see Eq. (6.69))

| dauta) D9, D)) < L{ [ dauto)BDg. BDG@ . 073
H

one can see naturally that the functional linear below

L(g) = /H dou(x)(f(2)xBx (€))g(x), (6.74)

belongs to dual space of our Sobolev space (Eq. (6.70)).

We now apply the Riesz theorem used in Sec. 6.4 to find an element in
H'(L?(H,dgu)) being the weak solution of the functional equation (6.68).
Namely

L4(9) = | doula)(BDg. BDu)a), (6.75)

One explicit construction of this weak-solution U(s) is given by the
series in HY(L?(H,dap))

U= ZLf (en)en Z(/ dopuly ()m>-en(x), (6.76)

where e, is any given orthonormal basis in H'(L?(H,dgu)) (not in
L?(H,dgp)!). Such basis are easily constructed by a simple application of
the Grham—Schmidt orthogonalization process to any set of linearly inde-
pendent elements {F,(z)} in C*(H, R) N L?*(dgpu) like the Hermite func-
tionals. Namely

_ _BEi=)
) = B
() = Eol@) = Ty (B e - en(@) (6.77)

1 .
|| Ern — ZZ:1 (Enser)m - exllm
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The reader is invited to apply such procedure to the following Poisson
problem in loop space theory for quantum fields as follows:

H = L*([0,27])
o ~1
Q(o,0') = (—% + mz) (0,0"), (6.78a)

Functional Laplacean equation

[ oo [ sz fae g ]

= Fr[f(@)IX)i111,5y <r(f(0))- (6.78D)

The functional data Fr(f(c)] can be expressed as a functional (Minlos)
Fourier transform of any analytical function H(p) in H

Falf] = /H dou(p) - H(p) expli(p, )1)- (6.78¢)

6.5. The Path-Integral Triviality Argument

We start our analysis by considering the chiral non-abelian SU(N,) thirring
model Lagrangean on the Euclidean space-time of finite volume Q C R*.

L0,5) = S0 3u0°) + (5°70,)0°)
+ (GO ) (6.79)

Here, (1)%,1)*) are the euclidean four-dimensional chiral fermion fields
belonging to a fermionic fundamental representation of the SU(N,.)
nonabelian group with Dirichlet boundary condition imposed at the finite-
volume region €. In the framework of path-integrals, the generating func-
tional of the Green’s functions of the quantum field theory associated with
the Lagrangean equation (6.79) is given by (4 = iy,0,)

Z[naaﬁa] = ﬁ/ al:_[l D[wa]D[’J)a]

on{ g frvia g 3] ()
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y exp{_gg [ st 3o |

<exp{ =i [ dta(un + o))} (6.80)

In order to proceed with a bosonization analysis of the fermion field
theory described by the above path-integral, it appears to be convenient
to write the interaction Lagrangian in a form closely parallel to the usual
fermion—vector coupling in gauge theories by making use of an auxiliary
nonabelian vector field AZ(x), but with a purely imaginary coupling with
the axial vectorial fermion current (at the Euclidean world).

Z[naa ﬁa]

N2-N N?2-N 3

=Z(é,0/ﬂ Dl Dl [ T] T] Plze

a=1 p=0

)
x exp{—%/ﬂd“x(wa,wa) {(ﬁng% A &+i0975 A] (ZZ) (x)}
{

_% /Q d%(AZAZ)(a:)}eXp{—i /Q d4x(wana+nawa)(x)}-
(6.81)

At this point, we present our idea to bosonize (solve) exactly the above
fermion path-integral. The main point is to use the long-time ago suggestion
that at the strong coupling gpae — 07 and at a large number of colors
(the t'Hooft limit?), one should expect a great reduction of the (continuum)
vector dynamical degrees of freedom to a manifold of constant gauge fields
living on the infinite-dimensional Lie algebra of SU(co). In this approximate
leading t’ Hooft limit of large number of colors, we can evaluate exactly the
fermion path-integral by noting the Dirac kinetic operator in the presence
of constant SU(NN) gauge fields written in the following suitable form

o5 a0 [y g ) () @)
(6.82)

where the chiral phase-factor given by

V(p) = exp[—g75(Aj}, - 2,)Aal, (6.83)
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with the chiral SU(N) valued phase defined by the constant gauge field
configuration

(') = "X = (A, - Tu) Ao (6.84)

Note that due to the attractive coupling on the axial current-axial
current interaction of our thirring model (Eq. (6.80)), the axial vector cou-
pling is made through an imaginary-complex coupling constant g.

Now we can follow exactly as in the well-known chiral path-integral
bosonization scheme® to solve exactly the quark field path-integral
(Eq. (6.82)) by means of the chiral change of variables

5)

Y(z) = exp{—gysp(z) }x (), (6.8
86)

P(z) = X(x) exp{—gys(z)}. (

After implementing the variable change equations (6.7) and (6.8), the
fermion sector of the generating functional takes to a form where the
independent Fuclidean fermion fields are decoupled from the interacting—
intermediating non-Abelian constant vector field, Af,, namely

6.
6.

1 N?—-N
Zhand = 75757 T Phateiplvate)

+oo N2—N
x I 4l45] x exp {—%(vol(Q))(AZ)Q}
a=1

— 0o

x deth [(@ +igys A) (P +igys A)*]

X exp{—%/{zd‘lx(xm)(a) [g* ?] (ij) (x)}
X exp {—z/ d4x()2ae_975“0(z)77a + T]ae_g%“a(z)xa)(x)} . (6.87)
Q

Let us now evaluate exactly the fermionic functional determinant on
Eq. (6.9) which is exactly the Jacobian functional associated to the chiral
fermion field reparameterizations (Egs. (6.7) and (6.8)).

In order to compute this fermionic determinant, ¢n det}il[(ﬁ + igA)
(D +igA)*], we use the well-known theorem of Schwarz-Romanov? by
introducing a o-parameter (0 < o < 1) dependent family of interpolating
Dirac operators

D) = (P +ig A?) = exp{—govsp(x)}(P) exp{—goysp(z)}.  (6.88)
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Since we have the straightforward relationship

% D) = (—gy50) P+ P (—gr59), (6.89)

and the usual proper time definition for the involved functional determi-
nants on our study, namely

* > d )i (o) *
logdet: (@ P©@)") = lim ?STrF(e_S(D( EAGRY (6.90)

e—0t /o

As a consequence, we get the somewhat expected result that the Fermion
functional determinant on the presence of constant gauge external fields
coincides with the free one, namely

detr[(@ +ig A)(P +ig A)*] —1
detr[(2)(2)*] 7

since W[Af] = 0 on basis of Eq. (6.16).
Let us return to our “Bosonized” generating functional (Eq. (6.9)) (after
substituting the above results on it)

1 N2—-N
Zlne i) = / I Phe(@lPe)

+OON —N

/ H d[Af] exp{+ VOI(Q)TI"SU(N)(A;L)Q}

<o {3 [t [ O] () o)

X exp {_Z/ dix(xqe AT megwmz)‘a)w#)(a)(x)} .
Q

(6.92)

(6.91)

Let us argue in favor of the theory’s triviality by analyzing the long-
distance behavior associated to the SU(N) gauge-invariant fermionic com-
posite operator B(z) = g (1)1, (x). It is straightforward to obtain its exact
expression from the bosonized path-integral (Eq. (6.18))

(B()B(y)) = ((xa(@)Xa(2)) (xa (1) Xa () VG (& — y)), (6.93)

here, the reduced model’s Gluonic factor is given exactly in its
structural-analytical form by the path-integral (without bothering us with
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the y5-Dirac indexes)

+o00 N2—N

G-~ gy [ T dlaglesn {45 vol () Trsum (4,02
—o0 a=1

X Trsyn,) P {exp —g]i Aadaca} , (6.94)
zy

with Cyy a planar closed contour containing the points # and y and pos-
sessing an area S given roughly by the factor S = (z — y)2.

The notation { )(°) means that the Fermionic average is defined solely
by the fermion-free action as given in the decoupled form (Eq. (6.18)).

Let us pass to the important step of evaluating the Wilson phase factor
average (Eq. (6.20)) on the coupling regime of gpare — 01 and formally at
the limit of t’Hooft of large number of colors N — oco. As the first step to
implement such evaluation, let us consider our loop C;, as a closed contour
lying on the plane g = 0, » = 1 bounding the planar region S.

We now observe that the ordered phase-factor for constant gauge fields
can be exactly evaluated by means of a triangularization of the planar
region S, i.e.

S=|]ad. (6.95)

nv

(@

N
Il
=

Here, each counter-clock oriented triangle Af}g is adjacent to next one
Af}g N Af}j Y common side with the opposite orientations.
At this point, we note that

ple o M o et ot moret? (6 96)
where {@9}1:172,3 are the triangle sides satisfying the (vector) identity

(0 40P+ =o0.
Since we have that

n - 5 Aadzy
P{e,g% Aadxa} — lim Hp{e 9Ja } (6.97)
=1

and by using the Campbel Hausdorff formulae to sum up the product limit
(Eq. (6.23)) at g — 0 limit with X and Y denoting general elements of
the SU(N) — Lie algebra:

" - e¥ = XY HINYT 4 o(g?), (6.98)
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one arrives at the non-Abelian stokes theorem for constant gauge fields
P{eigfczy Aadwa} = ]P){e_g jjs FOldUOI(S) }
= [P{e-"(g)z[AmAl]'S}' (6.99)

As a consequence, we have the effective approximate result (formally
exact at N — 00) to be used in our analysis that follows

Trsu(ny P{e’g Jeuy Ao‘dm}

2.)\2

(97s) (TrSU(N)[Ao,Al])2} +0 (%) , (6.100)

~ exp {—i—
Let us now substitute Eq. (6.26) into Eq. (6.20) and taking into account

the natural two-dimensional degrees of freedom reduction on the average
Eq. (6.20)

too N2=N
Gl —9) = 7 / I dlAldiag)

1
X exp {+§ vol (Q)[Trsy(n) (A% + A%)]

(9°s)*
2

X exp{—|— (TrSU(N) [A(),Al])2} s (6101)

where G(0) is the normalization factor given explicitly by

too N2—N ]
/ H d[A%)d [Aa]exp{—5 Vo1(Q)[(Ag)2+(A$)2]}.

(6.102)
By looking closely at Eqgs. (6.27) and (6.28), one can see that the
behavior at large N of the Wilson phase factor average is asymptotic to the

value of the usual integral (Trgy(n)(Aado = —dab)).
+o0 1 2.)2
Gz —y))Ns1 ~ {/ da exp {—5 vol(Q)aQ} exp {— g 23) a4}

N

+o0 1 —1) V-
X (/Oo daexp{—5 vol(Q)a2}> } . (6.103)
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By using the well-known result (see Ref. 5 — pp. 307, 323, Eq. (3))

0 3 7y L4 ’)’4
A exp(_ﬁ2x4 _ 272x2)d£€ =272 (E) eWKi (W) s (6104)
we obtain the closed result at finite volume
vol(Q)N
Gl — ) ~ { [ LD
2 (23)
V2
2_
4 _(vol(@))? - v
co BT g, (Lol@PNy [ VT
©\ 16g*N252 vol() 2
2 (=42)
(6.105)

Let us now give a (formal) argument for the theory’s triviality at infinite
volume vol(§2) — oo. Let us, first define the infinite-volume theory’s limit
by means of the following limit

vol(Q) = 52, (6.106)

and consider the asymptotic limit of the correlation function at |x —y| — oo
(8 — o0).
By using the standard asymptotic limit of the Bessel function

lim K

1
Z—00 4

(2) ~ €7 ;—Z (6.107)

one obtains the result (limy_,o g?N = g2 < o) in four dimensions

N 16 A
. N2s4 T _S2N2
Clle —u)) w1~ i, {§ O Nzt }

1
o =y

(6.108)

So, we can see that for big N, there exists a fast decay of Eq. (6.19)
without any bound on the power decay. However, in the usual L.S.Z.
framework for quantum fields, it would be expected a nondecay of such
factor as in the two-dimensional case (see Eq. (6.33) for vol(2) = S5),
meaning physically that one can observe fermionic scattering free states at
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large separation. Naively at N — oo where we expect the full validity of our
analysis, one could expect on the basis of the behavior of Eq. (6.33), the
vanishing of the above analyzed fermionic correlation function Eq. (6.19)
as faster as any power of |x — y| for large |« — y|. This result would imply
that ¢%,,. ~ 0T may be zero from the very beginning and making a sound
support to the fact that the chiral thirring model — at g2 ~ 0% and for large
number of colors — may still remain a trivial theory, a result not expected
at all in view of previous claims on the subject that resummation may turn
nonrenormalizable field theories in nontrivial renormalizable useful ones.?

Finally as a last remark on our formulae (Egs. (6.31)-(6.33)), let us
point out that a mathematical rigorous sense to consider them is by taking
the Eguchi-Kwaia continuum space-time €2, a set formed of n hyper-four-
dimensional cubes of side a — the expected size of the nonperturbative
vacuum domain of our theory — and the surface S being formed, for
instance, by n squares on the {2 plane section contained on the plane p = 0,
v = 1. As a consequence of the construction exposed above, we can see that
the large behavior is given exactly by (N = N,)

(N21248) N?-N
N o, Bane?)’ NQ(TLQCLE;)
n—00 v vz _Avnar)
Gna)x g2 a2’ ( ’ ) K% (16(9&)2712&4)
1 N?—-N

6.6. The Loop Space Argument for the Thirring
Model Triviality

In order to argue the triviality phenomenon of the SU(NN) non-Abelian
thirring model of Sec. 6.1 for finite N, let us consider the generating func-
tional equation (6.3) for vanished fermionic sources 7, = 7, = 0, the so-
called vacuum energy theory’s content

N2-N 3
Z(O,O)z/ [T T] piac(z)e#fad'e@ian@

a=1 p=0

x detr (@ +igvs A)(D + igys A)7]. (6.110)
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At this point of our analysis, let us write the functional determinant on
Eq. (6.35) as a functional on the space of closed bosonic paths {X,(c),0 <
o <T,X,(0)=X,(T)=z,}, namely®

Lgdetp[(P +igys A)(P +igys A)¥]

= Z {PSU(N) P Dirac €xp [— gji A, (Xp(0)dX (o)
Czy zy

N %[ﬂﬂ% Faﬂ(Xﬂ(a))ds:| } (6.111)

Ty

The sum over the closed loops Cy, with fixed end-point z,, is given by
the proper-time bosonic path-integral

R A L R O Y el

(6.112)

Note the symbols of the path ordination P of both, Dirac and
color indexes on the loop space phase factors on the expression
equation (6.36).

By using the Mandelstam area derivative operator 6/d0,(X (0)),
can rewrite Eq. (6.36) into the suitable form as an operation in the loop
space with Dirac matries bordering the loop Cy,, i.e.

6 one

Lgdetp (P + igys A)(D + igys A)']

i )
. ol AP () O
CZPD{?id 20O @)

x Psun) {exp ( —g j{c Au(Xﬁ(U)dX#(U))>:| } (6.113)

In order to show the triviality of functional fermionic determinant
when averaging over the (white-noise!) auxiliary non-Abelian fields as in
Eq. (6.35), we can use a cummulant expansion, which in a generic form
reads off as

(e)a, = exp{<f>Au + %((fzm — () +- } . (6.114)
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So let us evaluate explicitly the first-order cummulant

i ]
S Py, s L0 () AP ()] —— O
cxyPD‘r“{?i RERAR o)

zy

<(Bsvon[ew (=o AN, )| >A b

m

(6.115)

with the average ( )4, defined by the path-integral equation (6.35).
By using the Grassmanian zero-dimensional representation to write
explicitly the SU(N) path-order as a Grassmanian path-integral®

Psue) [exp (-9 fc AN, )
/ H DF[0,(0)|DF 65 (o (Z O )

N?2—-N

. T 7
X oxp (%/0 do ; (9(1(0)%9;(0)+0;(U)%9a(0)>)

T
X exp <g /0 dU(AZ(Xﬁ(cr))(Gb(/\a)bcﬂz)(a)dX”(a))> . (6.116)

one can easily see that the average over the A, (x) fields is straightforward
and produced as a result of the following self-avoiding loop action

(Bsvim [ex (- of AN ))D
/ H DF[0,(0)DF (6 (o ( )
X exp (%/()TdaNiN (9 (o ) d 9*( Y+ 0 (o )diﬂ (o )))

a=1

2 T T
<exp {5 [ do [ a0 00182008 )

x 0PV (X, (o) — Xﬂ(a'))dXﬂ(cr)qu(a/)}. (6.117)
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At this point one can use the famous probabilistic-topological Parisi
argument” well-used to understand the Ap* triviality at the four-
dimensional space-time to see that due to the fact that Hausdorff dimension
of our Brownian loops {X,(c)} is two, and the topological rule for con-
tinuous manifold holds true in the present situation, one obtains that for
ambient space greater than (or equal to) four, the Hausdorff dimension of
the closed-path intersection set of the argument of the delta function on
Eq. (6.42) is empty. So, we have as a consequence

<]P’SU(N) [exp (—g ?{C Au(Xﬁ(U))dX#(U)):| >A =1, (6.118)

“w

which in turn leads to the thirring model’s triviality for space-time R” with
D > 4.

References

1. J. Zinn-Justin, Quantum Field Theory and Critical Phenomena (Clarendon,
Oxford, 2001); G. Broda, Phys. Rev. Lett. 63, 2709 (1989); L. C. L. Botelho,
Int. J. Mod. Phys. A 15(5), 755 (2000).

2. A. Di Giacomo, H. G. Dosch, V. S. Shevchenko and Yu A. Simonov, Phys.
Rep. 372, 319 (2002).

3. L. C. L. Botelho, Phys. Rev. 32D(6), 1503 (1985); Furophys. Lett. 11(4), 313
(1990).

4. L. C. L. Botelho, Phys. Rev. 30D(10), 2242 (1984); V. N. Romanov and
A. S. Schwarz, Theoreticheskaya i Matematichesnaya, Fizika 41(2), 190
(1979).

5. 1. Gradshteym and I. M. Ryzhik, Tables of Integrals (Academic Press, New
York, 1980).

6. L. C. L. Botelho, J. Math. Phys. 30, 2160 (1989).

7. B. Simon, Functional Integration and Quantum Physics (Academic Press,
1979).

8. K. Fujikawa, Phys. Rev. D 21, 2848 (1980).

9. R. Roskies and F. A. Schaposnik, Phys. Rev. D 23, 558 (1981).

10. K. Furuya, R. E. Gamboa Saravi and F. A. Schaposnik, Nucl. Phys. B208,
159 (1982).

11. A. V. Kulikov, Theor. Math. Phys. (U.S.S.R.) 54, 205 (1983).

12. K. D. Rothe and I. O. Stamatescu, Ann. Phys. (N.Y.) 95, 202 (1975).

13. L. C. L. Botelho and M. A. Rego Monteiro, Phys. Rev. D 30, 2242
(1984).

14. J. D. Bjorken and S. D. Drell, Relativistic Quantum Fields (McGraw-Hill,
New York, 1965).

15. J. Goldstone and F. Wilczek, Phys. Rev. Lett. 47, 988 (1981).



Basic Integral Representations in Mathematical Analysis 197

16. K. Fujikawa, Phys. Rev. D 21, 2848 (1980); R. Roskies and F. Schaposnik,
ibid. 23, 518 (1981).

17. L. Bothelho, Phys. Rev. D 31, 1503 (1985); A. Das and C. R. Hagen, 4bid.
32, 2024 (1985).

18. L. Botelho, Phys. Rev. D 33, 1195 (2986).

19. O. Alvarez, Nucl. Phys. B238, 61 (1984).

20. V. Romanov and A. Schwartz, Teor. Mat. Fiz. 41, 190 (1979).

21. K. Osterwalder and R. Schrader, Helv. Phys. Acata 46, 277
(1973).

22. P. B. Gilkey, in Proceeding of Symposium on Pure Mathematics, Stanford,
California, 1973, eds. S. S. Chern and R. Osserman (American Mathematical
Society, Poidence, RI, 1975), Vol. 127, Pt. 11, p. 265.

23. B. Schroer, J. Math. Phys. 5, 1361 (1964); High Energy Physics and Ele-
mentary Particles (IAEC, Vienna, 1965).

24. K. Bardakci and B. Schroer, J. Math. Phys. 7, 16 (1966).

25. A. Jaffe, Phys. Rev. 158, 1454 (1966).

Appendix A. Path-Integral Solution for a Two-Dimensional
Model with Axial-Vector-Current-
Pseudoscalar Derivative Interaction

Analysis of quantum field models in two space-time dimensions has
proved to be a useful theoretical laboratory to understand phenomena like
dynamical mass generation, topological excitations, and confinement; all
features expected to be present in a realistic four-dimensional theory of
strong interactions. Recently, a powerful nonperturbative technique has
been used to analyze several two-dimensional fermionic models in the
(Euclidean) path-integral approach. This technique is based on a chiral
change of variables in the functional fermionic measure.®~'' It is the
purpose of this appendix to solve exactly another fermionic model by means
of this nonperturbative technique. The model to be studied describes the
interaction of a massive pseudoscalar field with massless fermion fields in
terms of a derivative coupling and was analyzed previously in Ref. 12 by
using the operator approach.

We start our study by considering the Euclidean Lagrangian of the
model:

Ll(w7 ’J}? (b)(x)

= il + 5(0,6)(0u0) + 3P + g6 (1), (A1)
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where 1 = (¢1,12) denotes a massless fermion, ¢ a massive pseudoscalar
field, and g¢ is the coupling constant. The Lagrangian (A.1l) is invariant
under the global Abelian and Abelian-chiral groups

=y, Y — e, (a,f) €R,
with the formally Noether conserved currents
Oy ) = 0, Ou(y9p) = 0.
The Hermitian v matrices we are using satisfy the (Euclidean) relations

YW} =200, Vs =, Y5 = Y0,
€01 = —€10 = 1 (/1,7V = 072).

In the framework of path-integrals, the generating functional of the Green’s
functions of the quantum field theory associated with the Lagrangian (A.1)
is given by

Zumm=/DMDMDm

X exp (—/de[Ll(w,w, d)(x) + ¢J + 1y + ¢n](x)> . (A2)
In order to perform a chiral change of variable in (A.2) it appears to be
convenient to write the interaction Lagrangian in a form closely parallel to

the usual fermion-vector coupling in gauge theories by making use of the
identity

e (= [ Eaglor00,0)(0) )

= [ Db, + pndren ([ Pagtinam@). (s)

where A, (z) is an auxiliary Abelian vector field. Substituting (B.3) into
(B.2) we obtain a more suitable form for Z[J, n, 7],

217.m,7) = [ DIGIDWIDIFIDIAGA, + izya0a0)

X exp (—/an:[Ll(w,w, ¢, Au) + Jo+nyp + ¢n]) . (A4)
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with

La(W, 0,6, Ay) =~ (0 — i9 4,00 + 5(0u68)(0u6) + 5?6, (A5)

9,10

Now we can proceed as in the case of gauge theories in order to

decouple the fermion fields from the auxiliary vector field A, (x) by making
the chiral change of variables

() = ePOX (),
() = X(2)e P, (A.6)

1

Au(e) = =220, @)

We note the relation § = g® between the chiral phase § and the pseu-
doscalar field ® due to the constraint 6(A, + i€ 00a¢) in (A.4). After the
change (A.6), the Lagrangian (A.5) takes a form where now the fermion
fields x(x), x(x) are free and decoupled from the auxiliary vector field
Ayu(),

Lol X 0) = ~iX9dux + 3 (0u0)(0u0) + 5m?d%. (A7)

On the other hand, the fermionic measure DvyD1), defined in terms
of the normalized eigenvectors of the Hermitian operator [—iv, (0, —
19 A,.)|[—iv,(0p—igAL)]*, is not invariant under the chiral change and given
the Jacobian

exp (-5 [ da(a,)@)
= {Det[—iv,(0n — igAw)](—ivu(0n — igAu)}- (A.8)

In terms of the new fermionic field x(z), ¥(«) and taking into account the
Jacobian (A.8), the generating functional reads

2.7 = [ DIDRIDI
cexp (= [ @al-ivndict 30 - 7/m)(0,0)(0.0)

1 . .
+ §m2¢2 + Jé + ne9rs ey + Xelg'ywn](a:)) . (A9)
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We shall now use the effective generating function (A.9) to compute
exactly the (bare) Green’s functions of the model. The two-point Green’s
function of the pseudoscalar field ¢(z) is straightforwardly obtained,

(6@)6w) = 5-Ko (ﬁ| - yl) (A

where Kj(w) denotes the Hankel function of an imaginary argument of
order zero. The two-point fermion Green’s function is easily computed by
noting that the fermion fields x(z), x(z) are free and decoupled in (A.9).
The result reads

(@) Ta(0)) = 5= (o T

X exp {%(1 gQQQ/W) Ko (27T(1 _T;/W)l/z |z — y|>} ;
(A.11)

where we have used the dimensional regularization scheme to assign the
value 1 to the “tadpole” contribution that appears in (A.11), i.e.

exp (19721(0(0)) =1

— /2

It is also interesting to compute correlation functions involving fermions
(x),(z) and the pseudoscalar field ¢(z). For instance, we get the fol-
lowing expression for the vertex I'os(z,y, 2) = (Vo (2)s(y)o(2))):

Faﬂ(x7y7 Z)

_ 1 (Tp — Yu) ig
= o WIS T (1 g2 a1

<o (gt =) ~ 5o (gt 1)

<o |3 i%) %o (gl ) (A.12)

It is instructive to point out that in a perturbative analysis of the model,
the previous correlation functions correspond to the full sum of nonrenor-
malized Feynman diagrams involving all possible radiative corrections. The
perturbative renormalization analysis can be implemented by applying the
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asymptotic Lehmann—Symanzik—Zimmermann conditions (or equivalently,
the Dyson prescription) in the (bare) propagators and the vertex function
of model.'2714 This analysis results in that the pseudoscalar field ¢ gets
(finite) wave-function and mass renormalizations, ¢(®) = (Z)"'¢ and
mry = m*(Zy)?), respectively, with

1
Z = -
P

and the coupling constant gets a multiplicative renormalization gy =
gZg. For instance, the renormalized two-point fermion Green’s function is

given by
(o) B3 () P
S S T Y LD I BT
o+ b |z — y|? or 0 ’ '

which has the following short- and long-distance behavior:

(a(@)Pp )0 2 ()aple —y|~Holm /20, (A.14)

(@D, = 5= Cudos L (1)

The ultraviolet behavior (A.14) implies that the fermion field carries an
anomalous dimension vy, = g(QR) /4m. We remark that the model displays
the appearance of the axial anomaly as a consequence of the presence of
the massive field 7.%12 For instance, in terms of the bare field ¢, we have

g m?

Ou(ryuyst) = T 06 = 0. (A.16)

Tl—g%/m
Next, we shall consider the case of massive fermions in the model

L0, 0,0) = | =090+ i + 5 (0u0) (Ou) + 5136 + g7 60,0
(A.17)

In order to get an effective action as in (A.9), we make again the chiral
change (A.6) where it becomes important to remark that the fermion
measure DD is to be defined by the eigenvectors of the massless Her-
mitian Dirac operator (D(A D(A)*) and thus yields the same Jacobian.!®
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This fact is related to the fermion mass independence of the anomalous part
of the divergence of chiral current 9, (1)y*v°%) in fermion models inter-
acting with gauge fields. Proceeding as above we obtain the new effective
(bare) Lagrangian

L(x; x, ¢)(x)

. 1 1
= | =iX7u0ux + pxe® T x + Z(1= 9°/7)(0u9)(8,9) + §m2¢2 (),
(A.18)

where now the fermion fields x(x), x(x) possess an interacting term
uX[cos(2g¢) + ivs sin(2g¢)]x which contributes to the phenomenon of for-
mation of fractionally fermionic solutions.'®

As we have shown, chiral changes in path-integrals provide a quick,
mathematically and conceptually simple way to solve and analyze the model

studied in this appendix.

Note added. We could like to make some clarifying remarks on the analysis
implemented above. First, in order to implement the regularization rule
in Egs. (A.3)-(A.11), we consider the associated perturbative power series
in the coupling constant g dimensionally regularized which automatically
takes into account the Wick normal-order operation in the correlation
functions (Egs. (A.9)—(A.11)). Second, we observe that the model should
be redefined in the region g2 > 7 since its associated Gell-Mann-Low
function has a nontrivial zero for g> = 7 (the model contains a tachyonic
excitation).!?

Appendix B. Path-Integral Bosonization for an Abelian
Nonrenormalizable Axial Four-Dimensional
Fermion Model

B.1. Introduction

The study of two-dimensional fermion models in the framework of chiral
anomalous path-integral has been shown to be a powerful nonperturbative
technique to analyze the two-dimensional bosonization phenomenon.

It is the purpose of this appendix to implement this nonperturbative
technique to solve exactly a nontrivial and nonrenormalizable
four-dimensional axial fermion model which generalizes for four dimensions
the two-dimensional model studied in the previous appendix.
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B.2. The Model

Let us start our analysis by considering the (Euclidean) Lagrangian of the
proposed Abelian axial model in R*

L (9, 0) = Pru(i0y — 930,00 + 50700 + V), (B1)

where 1(x) denotes a massless four-dimensional fermion field, ¢(z) a pseu-
doscalar field interacting with the fermion field through a pseudoscalar
derivative interaction, and V(¢) is a ¢ self-interaction potential given by

gt g2
V(9) = 00,0 (-0'0) + 5 (-0*0)(-0%0).  (B2)

The presence of the above ¢ potential is necessary to afford the exact
solubility of the model as we will show later (Eq. (B.18)).
The Hermitian « matrices we are using satisfy the (Euclidean) relations

Voo W] = 2005 V5 = Y0172 (B.3)

The Lagrangian L (¢, 1, ) is invariant under the global Abelian and
chiral Abelian groups

Y — ey, - el (a,8) ER, (B.4)
with the Noether conserved currents at the classical level:
3u(1/3”/47“¢) =0, au(@"/uw) =0. (B'5)

In the framework of path-integrals, the generating functional of the
correlation functions of the mathematical model associated with the
Lagrangian L1 (¢, 1, ¢) is given by

ZM%M=Eﬁ%a/DMDMDM

xem{—/ﬁ%mamwwwhw+mw+wmw>. (B.6)

In order to generalize for four-dimensions the chiral anomalous path-
integral bosonization technique, we first rewrite the full Dirac operator in
the following suitable form:

D8] = ivu(0u +ig750,0) = exp(igy59)(i7,0,) exp(igysd). (B.7)



204 Lecture Notes in Applied Differential Equations of Mathematical Physics

Now, we proceed as in the two-dimensional case by decoupling the
fermion field from the pseudoscalar field ¢(z) in the Lagrangian L (1,1, ¢)
by making the chiral change of variables:

Y(x) = expligys(z)]x(z),
U(z) = X(x) expligysd(a)].

On the other hand, the fermion measure D[] D[¢], defined by the eigen-
vectors of the Dirac operator D[¢] D[¢]*, is not invariant under the chiral
change and yields a nontrivial Jacobian, as we can see from the relationship

(B.8)

[ winiien |- [atw pive)
~ [Det(Pl¥] Pl
— 0] [ DhpIess |- [datina @] ©9
Here, J[¢] = Det(Dlo] DId)*)/ Det(Dlo = 0] Dl = 0]°) is the explicit

expression for this Jacobian.

It is instructive to point out that the model displays the appearance
of the axial anomaly as a consequence of the nontriviality of J[¢], i.e.
Oy (rv5) (@) = {(/36) T} ().

So, to arrive at a complete bosonization of the model (Eq. (B.6)) we
face the problem of evaluating J[¢].

Let us, thus, compute the four-dimensional fermion determinant
det( D[d]) exactly. In order to evaluate it, we introduce a one-parameter
family of Dirac operators interpolating the free Dirac operator and the
interacting one P(9)[¢], namely,

P O[g] = exp(igs(d) (i7.0,) exp(igrs(e), (B.10)

with ¢ € [0, 1].

At this point, we introduce the Hermitian continuation of the operators
D@ [¢] by making the analytic extension in the coupling constant § = ig.
This procedure has to be done in order to define the functional determinant
by the proper-time method since only in this way (D¢[¢])? can be con-
sidered as a (positive) Hamiltonian (D¢[¢])? = (D[¢])(DC[0])*.

The justification of this analytic extension in the model coupling con-
stant is due to the fact that typical interaction energy densities such as
y*p, @’yNA“z/J, which are real in Minkowski space-time, become complex
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after continuation in Euclidean space-time.?! As a consequence, the above
analytic coupling extension must be done in the proper-time regularization
for the Dirac functional determinant.
By using the property
d
¢
we can write the following differential equation for the functional
determinant!?:

d ¢

D¢ (6] = grsv D]+ DC[¢]rs99, (B.11)

—2 lim [ o Te(a|(gs0) exp{—=( (62} |2, (B.12)

e—0+

where Tr denotes the trace over Dirac indices.

The diagonal part of exp{—¢e(D¢[¢]?} has the asymptotic expansion??-22

1 e?

(ol exp{-e( D }o) 1oy |1+ eHi(0) + 5 Ha(6)] ., (B.13)

with the Seeley coefficients given by (see the complements)
Hi(9) = (g750°¢ — 5°C*(0u9)?, (B.14)
and
Hy(¢) = 20*H1(9) + 2(574(0,9)0, H1(9) + 2[H1(9)*. (B.15)

By substituting Eqgs. (B.14) and (B.15) into Eq. (B.12), we obtain finally
the result for the above-mentioned Jacobian:

J¢] = Jo[¢, el J1[¢]. (B.16)
Here, Hy[¢, €] is the ultraviolet cut-off dependent Jacobian term
2
nlone] =exp | L [ dtaio-)ol(o)| (B.17)

and Ji(¢) is the associated Jacobian finite part

nie) = e |- [ atat-oor-0%) o)

<o [ 1L [atalo0,07 ol By
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From Egs. (B.17) and (B.1), we can see that the (bare) coupling constant
g? gets an additive (ultraviolet) renormalization. Besides the Jacobian term
cancels with the chosen potential V(¢) in Eq. (B.2).

As a consequence of all these results, we have the following expression
for Z[J,n, 7] with the fermions decoupled:

2101 = 75575 | POPNDEI@)

<exp |- [ dta Exmaum LB, 00X + 303(0,0)°

+ nexp(igry59)X + X exp(igrY59)n| - (B.19)

This expression is the main result of this appendix and should be com-
pared with the two-dimensional analogous generating functional analyzed in
Appendix A, Eq. (A.9). Now, we can see that the quantum model given by
Eq. (6.6), although being nonrenormalizable by usual power counting and
Feynman-diagrammatic analysis, it still has nontrivial and exactly soluble
Green’s functions. For instance, the two-point fermion correlation function
is easily evaluated and produces the result

(Yolx1)Pp(22)) = Sfﬁ(xl —x9;m = 0)exp[—Ap(r1,22.m =0)]. (B.20)

Here, A(z1 — x2;m = 0) is the Euclidean Green’s function of the massless
free scalar propagator. We notice that correlation functions involving
fermions v (x), ¥ (x) and the pseudoscalar field ¢(z) are easily computed
too (see Ref. 17).

As a conclusion of our appendix let us comment to what extent our pro-
posed mathematical Euclidean axial model describes an operator quantum
field theory in Minkowski space-time.

In the operator framework the fields ¢ () and ¢(z) satisty the following
wave equations:

i’Yuauw =19Vu5 (@L‘b)%

O¢= 8#(1/}7;/751?) + (B-21)

0A
oo

It is very difficult to solve exactly Eq. (B.12) in a pure operator
framework because the model is axial anomalous [0, (¢v,75¢) # 0]
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However the path-integral study (Eq. (B.19)) shows that the operator
solution of Eq. (B.21) (in terms of free (normal-ordered) fields) is given by

Y(x) = explivsd(x)]x (), (B.22)

since it is possible to evaluate exactly the anomalous divergence of the
above-mentioned axial-vector current and, thus, choose a suitable model
potential V' (¢) which leads to the above simple solution.

It is instructive to point out that the operator solution (Eq. (B.22))
coincides with the operator solution of the U(1) vectorial model analyzed by
Schroer in Ref. 1 (the only difference between the model’s solutions being
the ~5 factor in the phase of Eq. (B.22)).

Consequently, we can follow Schroer’s analysis to conclude that the
Euclidean correlation function (Eq. (B.2)) defines Wightman functions
which are distributions over certain class of analytic test functions.?3~2% But
the model suffers the problem of the nonexistence of time-ordered Green’s
functions which means that the proposed axial model in Minkowski space-
time does not satisfy the Einstein causality principle.2?

Finally, we remark that the proposed model is to a certain extent less
trivial than the vectorial model since for nondynamical ¢(x) field the asso-
ciated S matrix is nontrivial and is given in a regularized form by the result

s=1[ow s [ mstnonats]|

=mp}iijwwkﬁakwym&4, (3.23)

with J.[¢] expressed by Eq. (B.16).

B.3. Complement

We now briefly calculate the asymptotic term of the second-order positive
differential elliptic operator:

(DC[0)? = (=0%) = (97560, 9)Dy — 9C750° + (0u0)”. (B.24)

For this study, let us consider the more general second-order elliptic four-
dimensional differential operator (non-necessarily) Hermitian in relation to
the usual normal in L?(RP) (Ref. 22):

Ly = ~(0%)s + au(@)@,)s + V(). (B25)
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0
lim K (z,y;¢) = 5P (@ —y). (B.26)
n— +

The Greeen’s function K (z,y, () has the asymptotic expansion

Clirgg K(z,y;¢) ~ Ko(z, y; () [Z C’"Hm(%y)} ; (B.27)

m=0

where Ko(z,y,() is the evolution kernel for the n-dimensional Laplacian
(—0?). By substituting Eq. (B.27) into Eq. (B.26) and taking the coinciding
limit x — y, we obtain the following recurrence relation for the coefficients
H,, (x,z):

o 1 00 .y X rn
;0 L () = - ngo (02 H () + a0 (2) HZ:O %8ﬁHn(x7 2)
+V(z) Z% %Hn(x, x)] . (B.28)

For D =4, Eq. (A.5) yields the Seeley coefficients

Ho(xvx) = 14><47

Hy(z) = -V (),
Hy(x,x) = 2[-02V (2) + a,(2)9,V (x) + V?(z)]. (B.29)
Now substituting the value a,(r) = [—(G0u¢]laxs and V(z) =

[(—gC7502¢ + 0,0]1axs into Eq. (A.6), we obtain the result (Egs. (B.14)
and (B.15)) quoted in the main text of this appendix.



Chapter 7

Nonlinear Diffusion in RP and Hilbert Spaces:
A Path-Integral Study™

7.1. Introduction

The deterministic nonlinear diffusion equation is one of the most important
topics in mathematical physics of the nonlinear evolution equation
theory.'™ An important class of initial-value problem in turbulence has
been modeled by nonlinear diffusion stirred by random sources.*

The purpose of this complementary chapter for Chap. 4, in mathe-
matical methods for physics, is to provide a model of nonlinear diffusion
were one can use and understand the compacity functional analytic argu-
ments to produce the theorem of existence and uniqueness on weak solu-
tions for deterministic stirring in L°°([0,T] x L?(£2)). We use these results
to give a first step “proof” for the famous Rosen path-integral represen-
tation for the Hopf characteristic functional associated to the white-noise
stirred nonlinear diffusion model. These studies are presented in Sec. 7.2.

In Sec. 7.3, we present a study of a linear diffusion equation in a Hilbert
space, which is the basis of the famous loop wave equations in string and
polymer surface theory.?*

7.2. The Nonlinear Diffusion

Let us start our chapter by considering the following nonlinear diffusion
equation in some strip © x [0,7] with Q denoting a C*°-compact domain
of RP.

U (z,t)

5 = (+AU)(z,t) + AN EF(U (2, ) + f(x,t), (7.1)

*Author’s original results.

209
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with initial and Dirichlet boundary conditions as
Ul(z,0) = g(z) € L*(Q), (7.2)
U(z,t) lon =0 (for ¢ > 0). (7.3)

We note that the nonlinearity of the diffusion-spatial term of the
parabolic problem (Eq. (7.1)) takes into account the physical properties
of nonlinear porous medium’s diffusion saturation physical situation where
this model is supposed to be applied! — by means of the hypothesis that the
regularized Laplacean operator A" in the nonlinear term of the governing
diffusion equation (7.1) has a cut-off in its spectral range. Additionally, we
make the hypothesis that the nonlinear function F(x) is a bounded real
continuously differentiable function on the extended interval (—oo, co) with
its derivative F’(x) strictly positive there. The external source f(x,t) is
supposed to belong to the space L>([0,T] x L?(2)) or to be a white-noise
external stirring of the form (Ref. 2, p. 61) when in the random case

fn=2 {Z ﬂnu)wnm} = L(r). (1.4
nez

Here, {¢,} denotes a complete orthonormal set on L*(Q), and 3,(t), n € Z

are independent Wiener processes.

Let us show the existence and uniqueness of weak solutions for the
above diffusion problem stated by means of Galerking method for the case
of deterministic f(z,t) € L>([0,T] x L?(f2)).

Let {¢n(2)} be spectral eigen-functions associated to the Laplacean A.
Note that each ¢, (x) € H?(2) N H(Q).> We introduce now the (finite-
dimensional) Galerkin approximants

n

U (z,t) = Ui (t)pi(w),
i=1

F o) =Y (fla, 1), 0i(2)) 120 0i (), (7.5)

i=1
subject to the initial-conditions

n

U(n) (:,C, 0) = Z(g(x), SDi)L2(Q)SDi($), (7~6)

i=1

here (,)z2(q) denotes the usual inner product on L?(2).
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After substituting Egs. (7.5) and (7.6) in Eq. (7.1), one gets the weak
form of the nonlinear diffusion equation in the finite-dimension approxi-
mation as a mathematical well-defined systems of ordinary nonlinear differ-
ential equations, as a result of an application of the Peano existence-solution
theorem.

8U(") x’t n
( # M(x)) + (AU (2,8), 05(2)) 120
L2(Q)

= (V- [(F (U (2, ) VU (@, )], 05()) 120
+ (™ (1), 0(2)) 12 (7.7)

By multiplying the associated system (Eq.(7.7)) by U™ we get the diffusion
equation in the finite-dimensional Galerking sub-space in the integral form:

| =

U320y + (AU, UM) 2(q)

N | =
U

t
+ / Ba(F'UM)(VNU®  TNUM) (2,t) = (f,U™) 2. (7.8)
Q

This result in turn yields a prior estimate for any positive integer p:

d n n n 1 n
T2 0) + A QNT T2 + 1 (U))2 (VU™

N | =

1 n
< {plf(m)liz(m LU >|%2<Q>}. (7.9)

N | =

Here, v(Q2) is the Garding—Poincaré constant on the inequality of the
quadratic form associated to the Laplacean operator defined on the domain
H2(Q) N H (D).

10N ) = (=AU, UM) 2y = W)U [Ta)- (710)

By choosing the integer p big enough and applying the Gronwall
lemma, we obtain that the set of function {U((x,¢)} forms a bounded
set in L>°([0,T], L3(Q)) N L>([0,T], Hi(Q)) and in L2([0,T],L?(£2)). As
a consequence of this boundedness property of the function set {U(™},
there is a sub-sequence weak-star convergent to a function U(t,z) €
L>([0,T),L?(f2)), which is the candidate for our “weak” solution of
Eq. (7.1).
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Another important estimate is to consider again Eq. (7.9), but now
considering the Sobolev space Hg(£2) on this estimate (Eq. (7.9)), namely,

1 n n ~ ’ n
§(IIU( (T)[72(0) — U >(0)||2)+00/0 dt{|U™ 31 0

<l Cuge d ! ! m)2, .d M
= 5P ; [ f1172)dt +% | [T 72qydt | < M < oo,

(7.11)

since we have the coerciveness condition for the Laplacean operator
(—AU™ U™ 20y = Co(U™,U™) 1 ). (7.12)

Note that [U™(0)[* < 2[|g() (|72 (o) (see Eq. (7.8)), and {|U™(T)||72(o)}
is a bounded set of real positive numbers.

As a consequence of a prior estimate of Eq. (7.11), one obtains that the
previous sequence of functions {U™} € L°°([0, T], H} () N H?(2)) forms
a bounded set on the vector-valued Hilbert space L?([0, 7], H}(f2)) either.

Finally, one still has another a prior estimate after multiplying the
Calerkin system (Eq. (7.7)) by the time-derivatives U™, namely

[ ]
Un(0), Un (0)) + /T dt (A(/\)F(Un(t))7 i ) @)

| yr

1 1 2 1 1 dU
< Z (n) U _ n
2]9 (/o HA F( n(t))‘ L2(Q) dt) 2p </0 “ H dt

2

L2(Q)

—~

2
L2(9)> '

(7.13)

By noting that

sup {F<w>}>2

T
AN (U, (0))]1720ydt < AW2
| 1A P et < 180, (M

T
x/ GH|Un (1) |22y < 00, (7.14)
0

one obtains as a further result that the set of the derivatives {dgt“} is
bounded in L%([0, 7], L*(2)) (so in L2([0,T], H~1(f2)).
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At this point, we apply the famous Aubin-Lion theorem® to obtain
the strong convergence on L?(Q2) of the set of the Galerkin approximants
{U,(z,t)} to our candidate U(z,t), since this set is a compact set in
L3([0,T], L*(Q)) (see Appendix A).

By collecting all the above results we are lead to the strong conver-
gence of the L?(Q)-sequence of functions F (U, (z,t)) to the L?(£2) function
F(U(x,t)).

We now assemble the above-obtained rigorous mathematical results to
obtain U(z,t) as a weak solution of Eq. (7.1) for any test function v(z,t) €

C5e([0,T0), H*(92) N H (%))

T
lim dt KU(”), —d—”) + (= AU™ ) 2y (F(U™), ~AMw) 120
n—oo 0 dt LQ(Q)

T
= lim [ di(f"™,v), (7.15)
n—oo 0

or in the weak-generalized sense mentioned above

r - dv(z,t) -
/0 dt <U(x,t), _T)Lz(g) + (U(z,t), (—Av)(z,t)) 2 (0)
+ (F(U(z,t), —(A(/\)v(a:, )2

T
= /0 dt(f(z,t),v(x,t))2(0), (7.16)

since v(0,z) = v(T,z) = 0 by our proposed space of time-dependent test
functions as C§°([0,t], H*(Q) N Ha(£2)), suitable to be used on the Rosens
path-integrals representations for stochastic systems (see Eqs. (7.22a) and
(7.22b) in what follows).

The uniqueness of our solution U(z,t), comes from the following
lemma.*

Lemma 7.1. If Uy and Uy in L>([0,T] x L*(Q)) are two functions
satisfying the weak relationship below

T
_ _ A _ _
/ dt{ <U(1) - U(g), —E) + (U(]_) - U(g), +AU)L2(Q)
0 L2(Q)

X (F(U(l) — F(U(g)); + AU)L2(Q)} =0, (7.17)
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then U1y = U(z) a.e in L>([0,T] x L*(2)). The proof of Eq. (7.17) is easily
obtained by considering the family of test functions on Eq. (7.16) of the
following form vy, (x,t) = g(e)(t)e* oy, (z) with —Ap, () = anpn(z) and
g(t) = 1 for (¢,T — €) with € > 0 arbitrary. We can see that it reduces to
the obvious identity (ay, > 0).

T—¢
/ dt exp(ant)(F(Uny) — F(U)), ¢n)r2) = 0, (7.18)

which means that F(U1)) = F(U)) a.e on (0,T) x Q since ¢ is an arbitrary
number. We have thus Uy = Uy) a.e, as F(x) satisfies the lower bound
estimate by our hypothesis on the kind of nonlinearity considered in our
nonlinear diffusion equation (7.1).

(7.19)

|F<x>—F<y>|z< inf(F"(z)) >|a:—y|.

—oo < x <400

Let us now consider a path-integral solution of Eq. (7.1) (with g(z) = 0)
for f(x,t) denoting the white-noise stirring*

E(f(z,t)f(',t)) = X0 (z — 2")6(t —t'), (7.20)

where A is the noise strength.
The first step is to write the generating process stochastic functional
through the Rosen-Feynman path-integral identities*

T
exp {z/o dt/QdeU(a:,t, [f])J(x,t)H, (7.21a)

Z[J(x,t)] = Ef U DY U6 (0,U — AU — AM(F(U)) — f)}

. r D
X exp {2/0 dt/Qd xU(o@t)J(x,t)}, (7.21b)

Z[J(z,t)] = Ef{/DF[U]DF[)\] exp {z/OT dt/Qde)\(x7t)

Z[J(x,t)] = Ef

X (0,U — AU — AM(F(U) - f))”

X exp {z /O " /Q dDa:U(x,t)J(x,t)}, (7.21¢)
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21, 1)] = /DF[U] exp{ - %/OT dt/QdDa:

< (U — AU — AN (FU))2 (o, t))}

X exp {z /O " /Q dDa:U(x,t)J(x,t)}. (7.21d)

The important step made rigorous mathematically possible on the above
(still formal) Rosen’s path-integral representation by our previous rig-
orous mathematical analysis is the use of the delta functional identity on
Eq. (7.21b) which is true only in the case of the existence and uniqueness
of the solution of the diffusion equation in the weak sense at least for mul-
tiplier Lagrange fields A(z,t) € C§°([0,T], H2(2) N HE(Q)).

As an important mathematical result to be pointed out is that in general
case of a nonporous medium? in R?, where one should model the diffusion
nonlinearity by a complete Laplacean AF (U (z,t)), one should observe that
the set of (cut-off) solutions {U ) (x,)} of Eq. (7.1) still remains a bounded
set on L>°([0,T], L*(R)). Since we have the a priori estimate uniform bound
for the U(™-derivatives below in D = 3 (with G'(z) = F(z)). Namely

[ < (oo ()
/Q def(m)W‘ < /0 Tdt Real{% /Q d%AG(U(")(t)}‘

1 ) 1o
+ =< su x,t + —||U
B { ogth pllf( )||L2(Q) P | ||L2(Q)

2

L2 ()

+

< ‘Real ( /Q Br(AGU™(T, x)) — AGU™ (0,x>>> ‘

1 ALY
+ - su z,t)||? + —||U
5 ogth {pr( iz p|| ||L2(Q)}

1 1 -
< §p||f||%°°((0,t),L2(Q)) + %HU )l Lo ((0,0),L2()) < 00, (7.22)

where U)(T, x) o U™ (0,z) I 0 (see Eq. (7.3)). The uniform

bound for the derivatives is achieved by choosing ﬁ < 1.
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As another point worth to call to attention is that the above considered
function space is the dual of the Banach space L'([0,T7], L*()). So, one
can extract from the above set of cut-off solutions a candidate U (z,t),
in the weak-star topology of L>([0, 7], L?(2)) for the above cited case of
cut-off removing A = +00.5 However, we will not proceed thoroughly in
this straightforward technical question of cut-off removing our model of
nonlinear diffusion in this chapter for general spaces R”.

Finally, we remark that in the one-dimensional case Q € R!, one
can further show by using the same compacity methods the existence
and uniqueness of the diffusion equation added with the hydrodynamic
advective term %%(U(o@ t))?, which turns the diffusion equation (7.1) as a
kind of nonlinear Burger equation on a porous medium.

It appears very important to remark that Galerking methods applied
directly to the finite-dimensional stochastic equation (7.7) (see Eq. (7.4))
may be saving-time computer simulation candidates for the “turbulent”
path-integral (Eqs. (6.22a)—(6.22d)) evaluations by approximate numerical

methods (Ref. 2).

7.3. The Linear Diffusion in the Space L2((2)

Let us now present some mathematical results for the diffusion problem
in Hilbert spaces formed by square-integrable functions L?(f2),5 with the
domain  denoting a compact set of RP.

The diffusion equation in the infinite-dimensional space L?(Q) is given
by the following functional differential equation (see Ref. 5 for mathematical
notation).

W - %TYLW)([QDW[J‘ (,)]) (7.23a)
Yf(),t — 0] = Qf (2)]. (7.23b)

Here, 9[f(x), ] is a time-dependent functional to be determined through
the governing equation (7.23) and belonging to the space L2(L?(Q), dgu(f))
with dgu(f) denoting the Gaussian measure on L?(f2) associated to @ —
a fixed positive self-adjoint trace class operator §,(L*(Q2)) — and D7 is the
second — Frechet derivative of the functional 9[f (), ] which is given by
a f(x)-dependent linear operator on L?(£2) with associated quadratic form

(D39[f (x),t] - g(x), h(2)) L2 (0
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By considering explicitly the spectral base of the operator Q on L?(Q)

Qen = A\npn, (7.24)

The L?(Q)-infinite-dimensional diffusion equation takes the usual form:

v an‘pn;t‘| :w(oo)[(fn)7t]7 (725&)
QY faen| = QC((f)], (7.25D)
(c0)
WMDY S 0na ), (7250
P [(fn), 0] = Q[(fa)], (7.25d)
or in the Physicist’ functional derivative form (see Ref. 5).

9 z),t] = L Dy D' Q(z, « L x
Gl =5 [ 0% [ dP0Qa) sl ). ). (7268
¥[f(2),0] = Q[f (2)]. (7.26b)

Here, the integral operator Kernel of the trace class operator is explicitly
given by
Qz,2') =Y (Anpn(@)pn(a’)). (7.26¢)

A solution of Eq. (7.26a) is easily written in terms of Gaussian path-
integrals® which reads in the physicist’s notations

vl = [

L2(Q)

X exp {—%/Qde/Qde'g(x)~Q_1(a:,a:’)g(m’)}. (7.27)

DF@)OUf (o) + g(a)] x der 0|

Rigorously, the correct functional measure on Eq. (7.27) is the nor-
malized Gaussian measure with the following generating functional

J o @ess {i [ s@gtars}

:exp{—%/Qde/Qde'j(x)QH(a:,a:’)j(x')}. (7.28)

Z[j(x)]
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At this point, it becomes important to remark that when writing the
solution as a Gaussian path-integral average as done in Eq. (7.27), all the
L?(Q) functions in the functional domain of our diffusion functional field
P[f(z),t] belongs to the functional domain of the quadratic form asso-
ciated to the class trace operator @) the so-called reproducing kernel of the
operator @ which is not the whole Hilbert space L?(2) as naively indicated
on Eq. (7.27), but the following subset of it:

Dom(u[-]) = {£(z) € L*(Q)|Q}f € LA(Q)} £ LA(Q). (7.29)

The above result gives a new generalization of the famous Cameron—
Martin theorem that the usual Wienner measure (defined by the one-
dimensional Laplacean with Dirichlet conditions on the interval end-points)

. . Wien
is translation invariant, i.e. AWVt u[f + g] = dViru[f] x (%WW), if

and only if the shift function g(x) is absolutely continuous with derivative
on L?([a,b]). In other words, g € H{([a,b]) = Dom{ a2 }

T2z [
Another important point to call to the readers’ attention is that one
can write Eq. (7.27) in the usual form of diffusion in finite-dimensional case

(see Appendix B):

wie = [ Dl + Vsl (at |G| )

><exp{—%/Qde/Qde'g(x)Q_l(x,x')g(m)}, (7.30)

At this point it is worth to call to the readers’ attention that digp and
dqp Gaussian measures are singular to each other by a direct application of
Kakutani theorem for Gaussian infinite-dimensional measures for any time
t>0:

diqulg(7)]/doulg(r)] = +oo. (7.31)

Let us apply the above results for the physical diffusion of polymer
rings (closed strings) described by periodic loops X(O’) € RP0 <o <
A, X (o+A) = X (o) with a nonlocal diffusion coefficient Q(o, o) (such that
fOA do fOA do'Q(o,0") = Tr[Q] < o). The functional governing equation in
loop space (formed by polymer rings) is given by

WX (o)A _ (M [t e 5 (o). A
oA _/0 da/o Ao Qs (U’U)afi(a)éfj(a)¢ X(@), 4],
(7.32a)



Nonlinear Diffusion in RP and Hilbert Spaces 219

A A
Y& [ X (0);0] = exp {—%/0 da/o da'Xi(a)Mij (o, O'I)Xj(U/)} .
(7.32b)

Here, the ring polymer surface probability distribution () [X (o), 4]
depends on the area parameter A, the area of the cylindrical polymer surface
of our surface-polymer chain. Note that the presence of a parameter ¢ on
the above objects takes into account the local (the integral operator kernel)
case Q(o,0') = §(0c — o’) as a limiting case of the rigorously mathematical
well-defined (class trace) situation on the end of the observable evaluations

Q(0,0") = % [exp <_M>} ' (7.33)

2

The solution of Eq. (7.32a) is straightforwardly written in the case of a
self-adjoint kernel M on L?([0, A4)):

A A
exp —i/ da/ do’ X (o) Mij(0,0") X, (o) det7%[1+A)\M(Q(E))]
2 Jo 0

2 A A N -1
X exp {—i—%/o da/o do'(MX),(0) (()\M—i— (QENH~L. %) (MX)j(O'I)}.

(7.34)

The functional determinant can be reduced to the evaluation of an
integral equation

det ™2 [1 + ANM(Q)]

= exp {_% Trrzo) lg(l + /\AM(Q(E))}
1 A (e) ' Al AEN -1
= expd =5 o) | AVI@O)M(1+ N AQ)M) ]

1 A
= exp {—5 Trrz o) / dXR(X)} . (7.35)
0

Here, the kernel operator R(\') satisfies the integral equation (accessible
for numerical analysis)

RO+ NAQE)M = (Q©))M. (7.36)
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Which in the local case of ¢ — 01, when considered in the final result
(Egs. (7.34) and (7.35)), produces the explicitly candidate solutions for our
polymer-surface probability distribution with M a class trace operator on
the loop space, L?([0, A)):

o A A —1
w[X(U),A]:exp{—ETrLz(Q)/O d)\’[M(Q(s) —|—/\'AM)—1]}

A A A ’ 2% /
X exp _5/ d(f/ do' Xi(0) - M;j(0,0")X;(0")
0 0
)\2 A A -
X exp +—/ da/ do'(MX),(o)
2 0 0

(@G a’)(M*X»(a')} .

(7.37)

It is worth to call to the readers’ attention that if A € ¢ and B is
a bounded operator — so A - B is a class trace operator. The functional
determinant det[1 + AB] is a well-defined object as a direct result of the
obvious estimate, the result which was used to arrive at Eq. (7.37).

hm H 14+, <exp<2)\ ) = exp (Tr AB).

As a last comment on the linear infinite-dimensional diffusion problem
(Eq. (7.23)), let us sketch a (rigorous) proof that Eq. (7.27) is the unique
solution of Eq.(7.23). First, let us consider the initial condition on Eq. (7.23)
as belonging to the space of all mappings GEL2(Q) — R that are twice
Fréchet differentiable on L2(£2) with uniformly continuous and bounded
second derivative DJ%G (a bounded operator of £(L?*()) with norm C).
This set of mappings will be denoted by uC?[L?(Q2), R]. It is, thus, straight-
forward to see through an application of the mean-value theorem that the
following estimate holds true

sup [U[f (), t] — G[f (z)]|
f(x)eQZ L3(Q)

< / |G(f(z) + g(2)) — Glg(z))|digulg(z)]
L2 ()
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< o [[PEUGL 0G0 + | o1~ 0)(DG1f

+ og(z)]lg(z), 9(7) L2(0)

Jaasla(o)

B 1
<040 [dolt—0) [ 1o@)iaqohanlo(@)

<C (/LQ(Q) Ig(x)lizm)dtw[g(x)])

<CTr(tQ) = (CTr(Q)t — 0 ast — 0. (7.38)

We have thus defined a strongly continuous semi-group on the Banach
space UC?[L?(Q), R] with infinitesimal generator given by the infinite-
dimensional Laplacean Tr[QD?] acting on the space L%(Q2(L%(Q)), R).
By the general theory of semi-groups on Banach spaces, we obtain that
Eq. (7.27) satisfies the infinite-dimensional diffusion initial-value problem
Eq. (7.23), at least for initial conditions on the space uC?[L?(12), R]. Since
purely Gaussian functionals belong to uC?[L?(€2), R] and they form a dense
set on the space L2(L?(Q),dgu), we get the proof of our result for general
initial condition on L2(L2(),dgu).

Finally, we point out that the general solution of the diffusion problem
on Hilbert space with sources and sinks, namely

CUli@) 1) = 5 T @D @), 6] - V@@, (739

with
Plf(z),t — 07] = Q[f(x)], (7.40)

possesses a generalized Feynman-Wiener-Kac Hilbert L?(Q) space-valued
path-integral representation, which in the Feynman physicist formal
notation reads as

$lh(z), T) = / DFX(0)]

C([0,1],L2()

T
X exp _1/ dg<d_X,Q—1d_X> (o)
2 Jy do do £2(Q)
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T
0 K/o X(a)do) +X(0)1
X exp {— /T doV (/T X(a')do') + X(O)] } ,  (7.41)
0 0

where the paths satisfy the end-point constraint X (7') = h(z) €
L*(Q); X(0) = f(=) € L*(Q).
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Appendix A. The Aubin—Lion Theorem

Just for completeness in this mathematical appendix for our mathematical
oriented readers, we intend to give a detailed proof of the basic result on
compacity of sets in functional spaces of the form L?(Q2) and throughout
used in Sec. 2. We have, thus, the Aubin-Lion theorem?® in the Gelfand
triplet H}(Q) — L%(Q) — H~1(Q) = (H}(Q))*

Aubin—Lion Theorem. If {U,(z,t)} is a sequence of time-differentiable
functions in a bounded set of L?([0,T), Hi(Q)) such that its time derivatives
forms a bounded set of L?([0,T], Hy '(Q)), we have that {Up(z,t)} is a
compact set on L2([0,T], L?(2)).

Proof. The basic fact we are going to use to give a mathematical proof
of this theorem is the following identity (Ehrling’s lemma). For any given
€ > 0, there is a constant C(e) such that

1Unllz20) < elUnllma@) + C@)IUllF-1(q)- (A.1)

As a consequence, we have the following estimate

T
/O 1Un = UmllZ2((0.17).22(02)

T
< / A Un = Unll 2y + C()[Un — Unll 112

T T
<e? ( | aw. - Um@m)) +(Ce)? ( | anw. - Um@,lm))

T
+ 2¢C(e) <~/0 dt(|Un — Um”H&(Q) X U — Um”HOl(Q))>

T T
< e (/0 dt||U, — Umlﬁé(m) +C(e)? (/0 dt||U,, — Um|?{1(m>
T % T
+ 250(5) </O dtHUn - Um”%—[&(Q)) + </O dtHUn - Um”%—[%fl))

=
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(S

T
S 2€2M + 2€C(E)M% (/ dt”Un — Um”?{_l(ﬂ))
0

T
+ (C(e)?) (/0 dt||U,, — Uml}“ql(m> ) (A.2)

At this point, we use the Arzela—Ascoli theorem to see that {U,(z,t)} is
a compact set on the space C([0,T], H=(Q)) since we have the set equi-
continuity:

t
JUn(0) = Un($)ls0) < [ 10Dy

T
_1
<t -5 (/0 |U;(r)|§{1(9)dr>

< M|t —s|2. (A.3)

1
2

It is a crucial step now by remarking that Hg(Q) is compactly immersed
in L2(Q2) (Rellich theorem). Let us note that for each t (almost every-
where in [0,77), U, (x,t) is a bounded set on Hg () since U, (z,t) belongs
to a bounded set L2([0,T], H}(Q)) by hypothesis. As a consequence,
{Un,, (x,t)} is a compact set on L?(Q2) (Rellich theorem) and so in H~1(Q)
almost everywhere in [0, 7] since L?(Q) — H~1(f). By an application of
the Arzela—Ascoli theorem, there is a sub-sequence {U,(x,t)} of {U,(z,t)}
(and still denoted by {U, (x,t)} such that it converges uniformly to a given
function U(z,t) € C([0,T], H~1(R)). As a direct result of this fact we have
that (for T' < oo!) for (n,m) — oc.

T
(/O U - Um|%f-1<m>

T
< (sup |Un = Unle(o,m,m-1 (@) (/ 1 'dt> — 0. (A4)
0

1
2

Returning to our estimate (Eq. (A.2)), we see that this sub-sequence is
a Cauchy sequence in L2([0,T], L*(2)). As a consequence, for each fixed
t € [0,T] (almost everywhere), U, (z,t) converges to U(z,t) in L*(Q). O
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Appendix B. The Linear Diffusion Equation

Let us show mathematically the basic functional integral representation
(Eq. (7.30)) for the L?(2)-space diffusion equation (7.23).

As a first step for such proof, let us call the readers’ attention that
one should consider the second-order (Laplacean) D?U(z,t) as a bounded
operator in L?(2) in order to the operatorial composition with the positive
definite class trace operator @ still be a class trace operator as it is explicitly
supposed in the right-hand side of Eq. (7.23).

We thus impose as the sub-space of initial condition the diffusion
equation (7.23) for the (dense) vector sub-space of C(L*(Q), R) composed
of all functionals of the form

fa) = / don(p)F(p) expli(p, ) 20y, (B.1)
L2(2)

with F(p) € L*(L?(Q),dop).

By substituting the initial condition (Eq. (B.1)) into the integral rep-
resentation equation (7.30) and by using the Fubbini—Toneli theorem to
exchange the needed integrations order in the estimate below, we get:

Ul t) = / f(@+ V) dou(€)
L2(@)

= dQM {/ dou(p) P+ VEE) 12 }

= |, dan®)F(p) - olurem @iz, (B-2)

Note that we have already proved that U(z,t) is a bounded functional of
C(L*(Q) x [0, 00]; R) on the basis of our hypothesis on the initial functional
date (Eq. (B.1)).

At this point, we observe that the second-order Frechet derivatives of
the functional, expi(p, z) 2, are easily (explicitly) evaluated as”

i(p,x), o - 82 4 i nTn i(p,x), o
QD? (6 (P ) = (; /\282—x5> [6 (Eiapman)| = — ({p, Qp) 2) ' P®)e2,
(B.3)
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We have thus a straightforward proof of our claim cited above on the
basis again of the chosen initial date sub-space

Tr[QD*U (x,t)]

< / dou(p) | F(0)|(p. Qp) 12
L2(Q)

1

< (/ dQu(p)lF(p)l2> (/ dou(p)|(p, Qp>L2(Q)|2>
L2(Q) L2(Q)
< (Tr Q|| FII7 2120 dqu) < o©- (B.4)

Now, it is a simple application to verify that Eq. (B.2) satisfies the dif-
fusion equation in L?(2) (or in any other separable Hilbert space). Namely

U (z,t iy, | 1
(1) =/ dou(p)F(p)e e {——(n@pham}
(9t LQ(Q) 2

X e*%v<PyQP>L2(Q)’ (B5)

Trp2(0)[QD?U (2, 1)) = / dou(p)F(p){D?e! P e s P 12)
12(0)

:/ dou(p)F(p){—(p, Qp) 12 }e! @@ ™2 P12
12(9)
(B.6)

with

U0 - [ oy lan P {im B0t~ ). @1

t—0+



Chapter 8

On the Ergodic Theorem*

8.1. Introduction

One of the most important phenomenon in numerical studies of the non-
linear wave motion, especially in the two-dimensional case, is the existence
of overwhelming majority of wave motions that wandering over all possible
system’s phase space and, given enough time, coming as close as desired
(but not entirely coinciding) to any given initial condition.

This phenomenon is signaling certainly that the famous recurrence
theorem of Poincaré is true for infinite-dimensional continuum mechanical
systems like that one represented by a bounded domain when subject to
nonlinear vibrations.

A fundamental question appears in the context of this recurrence phe-
nomenon and concerned to the existence of the time average for the asso-
ciated nonlinear wave motion and naturally leading to the concept of an
infinite-dimensional invariant measure for the nonlinear wave equation,' the
mathematical phenomenon subjacente to the Poincaré recurrence theorem.

In this chapter, we intend to give applied mathematical arguments for
the validity of the famous Ergodic theorem in a class of polynomial non-
linear and Lipschitz wave motions. Our approach is fully based on Hilbert
space methods previously used to study dynamical systems in classical
mechanics which in turn simplifies enormously the task of constructing
explicitly the associated invariant measure on certain Sobolev spaces — the
infinite-dimensional space of wave motion initial conditions. This study is
presented in the main section of this chapter, namely Sec. 8.4.

In Sec. 8.2, we give a very detailed proof of the RAGE’s theorem, a
basic functional analysis rigorous method used in our proposed Hilbert

*Author’s original results.
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space generalization of the usual finite-dimensional Ergodic theorem and
fully presented in Sec. 8.3.

In Sec. 8.5, we complement our studies by analyzing the important case
of wave-diffusion under random stirring.

In Appendices A and B, we additionally present important technical
details related to Sec. 8.4, and they contain material as important as those
presented in the previous sections of our work.

8.2. On the Detailed Mathematical Proof of the RAGE
Theorem

In this purely mathematical section, we intend to present a detailed math-
ematical proof of the RAGE theorem? used on the analytical proof of the
Ergodic theorem on Sec. 8.3 for Hamiltonian systems of N-particles.

Let us, thus, start our analysis by considering a self-adjoint operator £
on a Hilbert space (H, (,)), where H.(L) denotes the associated continuity
sub-space obtained from the spectral theorem applied to £. We have the
following result.

Proposition (RAGE theorem). Let ¢ € H.(L) and 1) € H. We have
the Ergodic limit

T
lim — / |(¥, exp(itL)ap)|2dt = 0. (8.1)
0

T—oo T

Proof. In order to show the validity of the above ergodic limit, let us
rewrite Eq. (8.1) in terms of the spectral resolution of £, namely

1T _
=7 [ lexptitcy)

-4 ! 1 :" a0 | [ " e, (5, By ()

(8.2)
Here, we have used the usual spectral representation of £
+oo
(g = [ Mg, B0, (83)

with g € H and h € Dom (L£).
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Let us remark that the function exp(i(A — p)t) is majorized by the
function 1 which in turn is an integrable function on the domain [0,T] x
R x R with the product measure

dt

T®®W7(WNMA¢&WW% (8.4)

since

/0 % @ (W, B (NY) @ du(0, B (0)¢) = (,9)* < oo, (8.5)

At this point, we can safely apply the Fubbini theorem to interchange
the order of integration in relation to the t-variable which leads to the
partial result below

/+oo/+oo< i u)T)_T1> A (0, Bj(AN0) ® (0, Bj()). (8.6

Let us consider two cases. First, we take 1/; = 9. In this case, we have
the bound

<1. (8.7)

GOewT 1 |2sin (“;W T)
‘ A=pT |~

t(A—p)T

If we restrict ourselves to the case of \ # u, a direct application of the
Lebesgue convergence theorem on the limit 7' — oo yields that I = 0.

On the other hand, in the case of A = pu, we intend now to show that
the set i = X is a set of zero measure with R? in respect to the measure
dx (¥, Ej(N)Y) @ d, (¢, Ej()). This can be seen by considering the real
function on R

fN) = (¥, E;(A)y). (8.8)

We observe that this function is continuous and nondecreasing since
¥ € H,(L) and range E;(A)C range E;(A2) for Ay < Ao, Now, f(A) is
a uniform continuous function on the whole real line R, since for a given
€ > 0, there is a constant A such that

(1, Bj(—00, =A)y) <
111? = (, Bj (00, M) <

(8.9)

(8.10)

[\DIF’) [\3|m
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Additionally, f()) is uniform continuous on the closed interval [—A, A], and
f(X\) cannot make variations greater than § on (=00, —A] and [+A, o0),
besides being a monotonic function on R. These arguments show the
uniform continuity of f(A) on whole line R. Hence, we have that for a given

€ > 0, there exists a § > 0 such that

(v, B;(N)) = (@, E;(A)9)] < TR (8.11)
for
N =N <6 (8.12)
In particular, for ' =A+de XN =X -4
(0 By 0)) = (6, B (0= 9)0) < 1 (8.13)
As a consequence, we have the estimate
+o0 A5
[ a@wowe [ dwswe)
—00 A—0d
< 910, By (X +6)1) — (WE; (A — 8)4))
< P s <e. (8.14)
Tl = V

Let us note that for each ¢ > 0, there exists a set Ds = {(\, u) € R?;
A — u| < 8} which contains the line A = p and has measure less than
¢ in relation to the measure dy(E; (A, ¢) ® du(E;(1)y, ) as a result of
Eq. (8.14). This shows our claim that I = 0 in our special case.

In the general case of 15 # 1), we remark that solely the orthogonal
component on the continuity sub-space H.(£) has a nonvanishing inner
product with exp(it£). By using now the polarization formulae, we reduce
this case to the first analyzed result of I = 0.

At this point, we arrive at the complete RAGE theorem.?

RAGE Theorem. Let K be a compact operator on (H, (,)). We have thus
the validity of the Ergodic limit

1 T
Jim _/ 1K exp(itL) || dt = 0, (8.15)
T—oo T [y

with ¢ € Ho(L).
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We leave the details of the proof of this result for the reader, since any
compact operator is the norm operator limit of finite-dimension operators
and one only needs to show that

1 T &
lim —/ cn(€1, en)gnl|| dt =0, (8.16)
T—oo T 0 nz:;) H

for ¢, constants and {e,}, {gn} a finite set of vector of (H,(,)) .

8.3. On the Boltzmann Ergodic Theorem in Classical
Mechanics as a Result of the RAGE Theorem

One of the most important statement in physics is the famous zeroth law
of thermodynamics: “any system approaches an equilibrium state.” In the
classical mechanics frameworks, one begins with the formal elements of the
theory. Namely, the phase-space RSV associated to a system of N-classical
particles and the set of Hamilton equations

oH OH
:_—; .':—7 8.17
b 9q; & Op; ( )
where H(q,p) is the energy function.
The above cited thermodynamical equilibrium principle becomes the
mathematical statement that for each compact support continuous func-

tions C.(R®Y), the famous ergodic limit should hold true.?

1 T
{ lim — f(q(t);p(t))dt} =n(f), (8.18)

where 7(f) is a linear functional on C.(R®N) given exactly by the
Boltzmann statistical weight, and {q(t), p(t)} denotes the (global) solutions
of the Hamilton equation (8.12).

In this section, we point out a simple new mathematical argument of
the fundamental equation (8.18) by means of Hilbert space techniques and
the RAGEs theorem. Let us begin by introducing for each initial con-
dition (¢(0),p(0)), a function wy, p, (t) = (¢(t),p(t)), here (q(t), p(t)) is the
assumed global unique solution of Eq. (8.17) with prescribed initial condi-
tions. Let Uy : L2(R5Y) — L2(R®Y) be the unitary operator defined by

(Ut ), p) = [wgp, (1))- (8.19)

We have the following theorem (the Liouville’s theorem).?
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Theorem 8.1. U; is a unitary one-parameter group whose infinitesimal
generator is —iL, where —iL is the essential self-adjoint operator acting on
Cs° (RN defined by the Poisson bracket.

N <8f8H of 8H) @p).  (820)

(LHpo)={f HY(a.p) =) 90 O Opi O

=1

The basic result we are using to show the validity of the Ergodic limit
equation (8.18) is the famous RAGEs theorem exposed in Sec. 8.1.

Theorem 8.2. Let ¢ € H.(—iL)(L*(RN), here H.(—iL) is the continuity
sub-space associated to self-adjoint operator —iL. For every wector 3 €
L?(RN), we have the result

T
tim 7+ [ 18Ut o (3.21)

T—o0

or equivalently for every ¢ € L?(R5N)

1 T
lim TA <57Ut¢>dt = <ﬂ7Pker(7ii)w>v (822)

where Pye_;1) 45 the projection operator on the (closed) sub-space
ker(—iL).

That Eq. (8.22) is equivalent to Eq. (8.21), is a simple consequence of
the Schwartz inequality written below

[ w.ownal < ([ o, Utw>>2dt)%( [ ldt)%, ©23)

or

’% /O T<ﬂ,Utw>dt‘ < (% /O T(<@Utw>>2dt> (8.24)

As a consequence of Eq. (8.23), we can see that the linear functional
n(f) of the Ergodic theorem is exactly given by (just consider 3(p,q) =1

on supp of Pyer_ir)(¥))

N(f) = Prer(—ir) (f)(a; D). (8.25)
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By the Riesz’s theorem applied to 7(f), we can rewrite (represent)
Eq. (8.25) by means of a (kernel)-function hyz)(g, p), namely

wh) = [ ad .0 o). (5.26)

where the function h, g (g, p) satisfies the relationship

3N
N 9h,OH OH Ok,
e, L = ; (3% Opi  9qi 8pi> -0 (527

or equivalently h,m)(q,p) is a “smooth” function of the Hamiltonian
function H(gq,p), by imposing the additive Boltzmann behavior for
ho ey (g, p) namely, hyg, 4+m,) = Pycay) - Py(H,), one obtains the famous
Boltzmann weight as the (unique) mathematical output associated to the
Ergodic theorem on classical statistical mechanics in the presence of a

thermal reservoir.*

xp{—FH (q,
P (:P) = SN ;dfl;{ p eipjf(igg (¢,p)} (8.28)

with 8 a (positive) constant which is identified with the inverse macroscopic
temperature of the combined system after evaluating the system internal
energy in the equilibrium state. Note that ||k, q)l[z2 = 1 since |[n(f)| = 1.

A last remark should be made related to Eq. (8.28). In order to obtain
this result one should consider the nonzero value in ergodic limit

1 T
lim f/o dt(Us)(q, P)hney (0, 2) = (hgary s Pren(—iy (¥0)),  (8.29)

TS 00
or by a point-wise argument (for every t)
(U—thoy(my) € Prer(—iL), (8.30)
that is

hn(H) S ]P)ker(—iE) < Lh=0. (831)
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8.4. On the Invariant Ergodic Functional Measure for Some
Nonlinear Wave Equations

Let us start this section by considering the discreticized (N-particle) wave
motion Hamiltonian associated to a nonlinear polynomial wave equation
related to the vibration of a one-dimensional string of length 2a

H(pi,q:) = i (2—]\?) (%g + %(qz‘ﬂ —a)° +9(%)2k) : (8.32)

=1

with the initial one boundary Dirichlet conditions

¢:(0) = g,
pi(0) = pi,
¢i(—a) = gi(a) = 0. (8.33)

Here k denotes a positive integer associated to the nonlinearity power and
g > 0 the nonlinearity positive coupling constant.

Since one can argue that the above Hamiltonian dynamical system
possess unique global solutions on the time interval t € [0,00) one can, thus,
straightforwardly write the associated invariant (Ergodic) measure on the
basis of Ergodic theorem exposed in Sec. 8.2 restricted to the configuration
space after integrating out the term involving the canonical momenta

. 1 nv
lim = dtF(qi(t),...,qn(t) = Fa,...,an)d" u(ar, ..., qn)

T—oo 0 RN
(8.34)
here the explicit expression for the Hamiltonian system invariant measure
in configuration space is given by [with 8 = 1]

dq(;irw),u(ql7 DR QN)

B )

n i=1

X (dql s dq]\])7 (835&)

zO = / d) u(qr, ... qn). (8.35b)
RN
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Now it is a nontrivial result on the theory of integration on infinite-
dimensional spaces that the cylindrical measures (normalized to unity !)
converges in a weak (star) topology sense to the well-defined nonlinear
polynomial Wiener measure at the continuum limit N — oo, or Zf\il() —
f_LL dx() and ¢;(t) — U(z,t) (see Appendix B for the relevant mathematical
arguments supporting the mathematical existence of such limit).

As a consequence of Eqs. (8.35) at the continuum limit, we have the
infinite-dimensional analogous of Ergodic result for the nonlinear poly-
nomial wave equation (with the Boltzmann constant equal to unity — see
Eq. (8.28) — Sec. 8.3 of this study)

. 1 T _ iener
im 7 [ Pty = [ oy BT @) % FU (@)

xexp{—i ada:(U(a))%}, (8.36)

—a

where the wave field U(z,t) € L*>([0,00), L?*~1((—a, a))) satisfies in a gen-
eralized weak sense the nonlinear wave equation below (see Appendix A):

02U (2,t) 02U (x,1)

o = gy T g(U(z,1))2F1, (8.37)
U(z,0) = U9 (z) € H((—a,a)), (8.38)
Uy(z,0) = 0, (8.39)

U(—a,t) = Ula,t) =0, (8.40)

dWViener,[7©) ()] denotes the Wiener measure over the unidimensional
Brownian field end-points trajectories {U®) (z)| with U©)(—a) = U©)(a) =
0}, and F(U (z)) denotes any Wiener-integrable functional.

Note that C*(—a,a) denotes the Banach space of the a-Holder con-
tinuous function (for o < ) which is obviously the support of the Wiener
measure dWVierery,[U7(0)(z)].

It is worth to remark the normalization factor Z of the nonlinear Wiener
measure implicitly used on Eq. (8.36).

1 dWViener (17 ()] exp {—i dx(U(a))%} _ 1 (841)
Z C(—a,a) 2k —a

Let us pass to the important case of existence of a dissipation term on

the wave equation problem Egs. (8.37)—(8.40) with v the positive viscosity
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parameter and leading straightforwardly to solutions on the whole time
propagation interval [0, 00):

9?U(x,t)  0°U(x,t)  OU(x,t)

B = g Ve T g(U(z,t))%k1, (8.42)
U(z,0) = U9 (z) € H((—a,a)), (8.43)
Up(x,0) = UV (2) € L*((—a, a)). (8.44)

It is a simple observation that there is a bijective correspondence
between the solution of Eq. (8.42) with the Klein—Gordon like wave equation
for the rescaled wave field 3(z,t) = e2*U(z,t), namely

0?B(z,t)  9?B(,t)

- (‘) Bla,t) +ge™ 2 (Blay ) * (3.45)

o2t 9% 4
B(z,0) = U (z) = H' ((—a,a)), (8.46)
By(z,0) = UD (z) — gU(O)(x) — 0, (8.47)
B(—a,t) = B(a,t) =0. (8.48)

As a result we have the analogous of the Ergodic theorem applied to
Eq. (8.45) and a sort of Caldirola—Kanai action is obtained,® a new result of
ours in this nonlinear dissipative case (with the path-integral identification
z— o, UO(z) = X(0))

lim & / (51T (2, 1)) = /C o ATTHX P @)

X exp {_ﬁ doe~ 2 (X(O’))2k}

X exp { (”4—2> /2 da(X(a))2} . (8.49)

Concerning the higher-dimensional case, let us consider A a strongly
positive elliptic operator of order 2m associated to the free vibration of a
domain 2 in a general space RY, and satisfying the Garding coerciviness
condition

A=Y (-1)"'Dg(ans(x)) DY, (8.50)
la|]<m
[B|<m
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with the Sobolev spaces operator’s domain
D(A) = H*™(Q) N H"(Q). (8.51)

Note there exists a constant Co(€2) > 0(Co(2) — 0 if vol () — o0) such
that the Garding coerciviness condition holds true on D(A)

Real(AU,U) 2 (q) > CO(Q)HfHHQm(Q). (8.52)

We can thus associate a Lipschitz nonlinear external vibration on the
domain 2 as governed by the wave equation below

82U (x, 1)

52— = (AU)(w,1) + G'(U(w,1)), (8.53)
Ulz,0) = U9 (z) e H>™(Q) N HF(Q), (8.54)
Us(2,0) = g(x) € L*(Q). (8.55)

Here G(z) denotes a differentiable Lipschitizian function, like G(z) =
Asin (Bz),e 7%, etc. and thus, leading to the uniqueness and existence of
global weak solutions on C([0,00), H?>™(2) N H*(Q)) by the fixed point
theorem.%

Analogously to the discretization/ N-particle technique of the 1+1 case,
one obtains as a mathematical candidate for the Ergodic invariant measure,
the following rigorously measure on the Hilbert space of functions H?2™(£2)
(with 8 =1):

AT pu(¢(w)) = dap(d(x)) x e~ 2 Ja @' GO, (8.56)
Here dap(¢(r)) denotes the Gaussian measure generated by the

quadratic form associated to the operator A on its domain D(A) for real
initial conditions functions ¢(x):

/ dap(p(x)) (1) d(x2)) = (A1) (21, 22). (8.57)
L2(Q)

Note that the Green function of the operator A belongs to the trace class
operators on H2™(2), which results on Eq. (8.57) through the application
of the Minlo’s theorem.”



238 Lecture Notes in Applied Differential Equations of Mathematical Physics

At this point, we remark that diyypu(d(x)) defines a mathematical rig-
orous Radon measure in H?™ () since the function (functional):

Fo(a) = e {~3 [ daGo(e] . (5.59)

belongs to L'(L?(),dau(¢(z))) due to the Lipschitz property of the non-
linearity G(z), i.e. there exist constants ¢ and ¢~ such that

(@) < G(e(x)) < c(x). (8.59)
As a consequence, we have the obvious estimate below

efc+ fQ d"uzp(z) < 675 fg d"zG(¢(x)) < 670_ fn d”avd)(av)7 (860)

so by the Lebesgue comparison theorem, we get the functional integrability
of the nonlinearity term of the Ergodic invariant measure Eq. (8.56):

12 -1
(™ +cT) Tryam ) (A7) < 00,

/ dap(p(z))e 2 Jad"2G6@)| < g3l
L2(9)

(8.61a)
and leading thus to the mathematical validity of Eq. (8.56).
At this point, it is worth to remark that one can easily generalize the
type of our allowed Lipschitz nonlinearity for those of the following form

([ eaciown) = {+ [ ¢ @re + [ dacwom}.
(3.61b)
with v(z) and C(z) real positive L>°(£2) functions.

This claim is a result of the straightforward Gaussian-infinite-
dimensional integration

, (@) oo
'/Hzmm) dap(e exp{ /d (66)(x /d %ﬂ)}'

X exp {+%/{ld”x/gd”y0(x) ~A_1(x,y)C(y)}‘ < oo (8.610)
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In the usual (Euclidean) Feynman path-integral formal notation, the
Ergodic theorem takes the physicist’s form after reintroducing the reservoir
temperature parameter § = 1/kT

T
1 " v
lim — [ F(U(x,t) = _/ DF[p(a)]e 6 fo @ 2(e(@)(Ap@)

x F(p(x))e P Ja ¢ eGlel)), (8.62)
with the normalization factor

7 = / DF[q,(x)]e%ﬂJ;z(w(r)(Aw)(r))d”re—ﬂ Jo d"2Gle(@) (8.63)
H2771(Q)

The functionals F(p(x)) are objects belonging to the space
LLA(9), dale(@)) € C(LA(Q), R).

At this point, let us remark that by a direct application of the mean
value theorem there is a sequence of growing times {t, }nez (with ¢, — o)
such that

i Fo(e,t) =5 [ DFfpla)le ot st a0
n—oo 2 £2(Q)
X F(gp(x))eiﬁ fn dwa(W(w)). (864)

It is worth to recall that the (positive) parameter § is not deter-
mined directly from the parameters of the underlying mechanical system
and can be thought of as a remnant of the initial conditions “averaged
out” by the Ergodic integral (see Sec. 8.3) and sometimes related to the
presence of an intrinsic dissipation mechanism involved on the Ergodic-
time average process responsible for the extensivity of the system’s ther-
modynamics (see Eq. (8.28) — Sec. 8.3). For instance, at the limit of
vanishing temperature (absolute Newtonian—Boltzmann—Maxwell zero tem-
perature 0 — oo and somewhat related to the so called Ergodic mixing
microconomical ensemble), one can see the appearance of an “atractor” on
the space H*™(Q) N HF* () and exactly given by the stationary strong
unique solution of the wave equation (8.53) since, we always have a soluble
elliptic problem on H2™(Q)NHJ*(2) by means of the Lax—Milgram—Gelfand

theorem.®

(Ag™)(x) = G'(¢"(x)) (8.65)

¢*(2)]an = 0. (8.66)
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Note that the stationary strong solution ¢*(z) is not a real atractor in the
sense of the theory of dynamical systems, since we can only say that there
is a specific sequence of growing {t }nez, with t, — oo, such that at the
leading asymptotic limit 3 — oo we have the time-infinite limit for every
solution of Eqs. (8.65) and (8.66):

lim_F(p(zt,) = F(o* (2)). (8.67)

A (somewhat) formal path-integral calculation of the next term on the
result (Eq. (8.41)) for F(z) being smooth real-valued functions can be
implemented by means of the usual path-integrals Saddle-point techniques
applied to the (normalized) functional integral equation (8.62).%

lim F(p(z,t,))

n—>00 ,
— F(o* (@) + {%;—iw* (@)

x% {1gdet {1 + A7 (f;—g(go*) + aﬂ }
- P+ 5 {

X Tr rzm (0 ({1 +A7? (f;—g(ga*)ﬂ 1) } +0(57?)

. 1 (82F
— P <x>>+5{%

s f}o 1) Toznay (47 (‘;—g(w))]} LB (569)

Another important remark to be made is related to the existence of time-
independent simple constraints on the discreticized Hamiltonian equation
(8.32), namely

} +0(872) (8.68)

a=0

(" ()

(" ()

Hq,...,qn)=0; a=1,...,n. (8.70)

In this case, one should consider that the continuum version of Eq. (8.70)
leads to (strongly) continuos functionals on H?™(Q) N HF*(£2):

HY(¢p(z,t)) =0; a=1,...,n. (8.71)
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They have a direct consequence of restricting the wave motion to a
closed nonlinear manifold of the original vector Hilbert space H?*™(£2) N
Hi (Q).

Now it is straightforward to apply the Ergodic theorem on the effective
mechanical configuration space and obtain, thus, as the Ergodic invariant
measure the constraint path-integral.

T—oo T

1"
lim — /0 dt F((x, 1))

_1 DF[p()]e™ ¥8 Jo & 2(p(@)- () =B fo 4“2 (o))

Z H2m ()

X F(p(x)) <H o) (H(“)(eﬁ(m)))> ; (8.72)
a=1
where 6()(-) denotes the usual formal delta-functionals.

8.5. An Ergodic Theorem in Banach Spaces
and Applications to Stochastic-Langevin
Dynamical Systems

In this complementary Sec. 8.5, we intend to present our approach to study
long-time/Ergodic behavior of infinite-dimensional dynamical systems by
analyzing the somewhat formal diffusion equation with polynomial terms
and driven by a white noise stirring.*

In order to implement such studies, let us present the author’s general-
ization of the RAGE theorem for a contraction self-adjoint semi-group 7'(t)
on a Banach space X. We have, thus, the following theorem.

Theorem 8.3. Let f € X. We have the Ergodic generalized theorem

N B L
Tlggof 0 dt(e k f):Pker(A)(f)v (873)

where A is the infinitesimal generator of T(t), supposed to be self-adjoint.

Let us sketch the proof of the above claimed theorem of ours.
As a first step, one should consider Eq. (8.73) rewritten in terms
of the “resolvent operator of A” by means of a Laplace transform (the
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Hile-Yosida—Dunford spectral calculus)

T 100
Tlg)go%/o dt{%/ dzeZt((z+A)_1f)}. (8.74)

Now it is straightforward to apply the Fubbini theorem to exchange the
order of integrations (dt, dz) in Eq. (8.74) and get, thus, the result

1 T
lim = [ di(e”f) = lim +((z+ A)"'f). (8.75)
T—oo T 0 z—0~
The z — 0~ limit of the integral of Eq. (8.75) (since Real (2) C p(A) C
(—00,0)) can be evaluated by means of saddle point techniques applied to
Laplace’s transforms. We have the following result

o0

lir(r)l (z+A)71f) = lirgl e * (et f) dt
z—0— z—0— 0
= lim (e 7" f) = Pyer(a (f). (8.76)

t—o0
Let us apply the above theorem to the Lengevin equation. Let us con-
sider the Fokker—Planck equation associated to the following Langevin
equation:
dg’ oV
L) =5
dt dq;

where {n’(t)} denotes a white-noise stochastic time process representing the

(@’ (1) +n'(8), (8.77)

thermal coupling of our mechanical system with a thermal reservoir at tem-
perature T'. Its two-point function is given by the “fluctuation—dissipation”
theorem

(' (&)’ (¢)) = kTS (t —t'). (8.78)

The Fokker-Planck equation associated to Eq. (8.74) has the following
explicit form

oP i i i i i
E(qlvq ;t) = +(kT)quP(q 4 ;t) + vq'i(vq'iv ’ P(q »q ;t)) (879)
[Jim P(q", ') = 3" (¢" = 7). (8.80)

By noting that we can associate a contractive semi-group to the initial
value problem Eq. (8.80) in the Banach space L'(R3*"), namely:

/ P(¢ @', 0)f(@)dq’ = (e~4F). (3.81)
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Here, the closed positive accretive operator A is given explicitly by
—A() = kTAq (1) + Ve, [(Vg, V) ()], (8.82)

and acts first on X = Co(R3*Y). It is instructive to point out that the
perturbation accretive operator B = Vi - [(ViV) - ()] on Coo (R3Y) with
V(¢") € C®(R?N) is such that it satisfies the estimate on S(R*N) :
HBf||S(R3N) < aHAfHS(RsN) + beHS(RSN) with @ > 1 and for some b. As a
consequence A(-) = kT Ag(+) + (B(-)) generates a contractive semi-group
on Co (R?*N) or by an extension argument on the whole L'(R3") since the
L!-closure of Cu. (R3*Y) is the Banach space L'(R3Y).

At this point, we may apply our Theorem 8.3 to obtain the Langevin—
Brownian Ergodic theorem applied to our Fokker—Planck equation

/ dQ(e_tAf)(q)) = Prer(4)(f)(q)
RBN
= /R N dNq' f(a)PUq),  (8.83)

where the equilibrium probability distribution is given explicitly by the
unique normalizable element of the closed sub-space ker(A).

O = +(kT)Ag,P*Uq") + Vg [(V4 VIP(T')] (8.84)

or exactly, we have the Boltzmann’s weight for our equilibrium Langevin—
Brownian probability distribution

P) = exp {0V (@) | (5.85)

For the general Langevin equation in the complete phase space {¢;,p;}
as in the bulk of this note, one should reobtain the complete Boltzmann
statistical weight as the equilibrium ergodic probability distribution

} , (8.86)

Z = / dp’ / dg'P*(q’, p"). (8.87)
RN RN

o 1 1
Pei(q", p*) = Eexp{—ﬁ

N 1
> 50 +V(@
=1

with the normalization factor
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Let us apply the above exposed result for the following nonlinear (poly-
nomial) stochastic diffusion equation on a one-dimensional domain Q =
(—a, a) with all positive coefficients {A;} on the nonlinear polynomial term

" 207 (2 2k—1 .
w = %% — ;0 NU? | (,t) +n(x,t),  (8.88)
j=odd
U(z,t)|oq =0, (8.89)
U(z,0) = f(z) € L2(Q). (8.90)

Here, {n(z,t)} are samplings of a white-noise stirring.

In this case, one can show by standard techniques that the global
solution U(x,t) € C([0,0),L*(—a,a)) and by using the discreticized
approach of Sec. 8.4, the invariant Ergodic measure associated to the non-
linear diffusion equation is given by the mathematically functional equi-
librium Langevin-Brownian probability distribution

a 2k o
PeY(U(z)) = exp —/ doe | > A—?Uﬂ(gc) xd_, 2 pU(x)).
—a j=0 J 2 da2
jeven
(8.91)

Here, d_, 42 p(U(z)) denotes the Gaussian functional measure (nor-
2 322

malized to unity) on the Wiener space C*(—a,a). In the Feynman path-
integral notation (with g =1)

T . )
lim l/ dt F(U(z,t)) :/ DF[U(z)]e 2 /a1 @
T Jo o ((~a,a))

ok i
Ji=0 TJU] ()

x ef[ff“dw( seven ) x FlU(2)).
(8.92)

Note that Eq. (8.91) defines a rigorous mathematical object since it
does not need to be renormalized from a calculational point of view on the
Wiener space C%(—a, a)!? as its nonlinear exponential term is bounded by
the unity (Lebesgue theorem). It is worth to point out that for nonlinearities
of Lipschitz type on general domains QCR”, one can see that the support
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of the Gaussian measure is readily L?(f2) and the equilibrium Langevin—
Brownian probability distribution

PeYU(x)) = exp {—/Q dDJ;G(U(x))} X d(_1p)Hs (U(x)), (8.93)

is a perfect well-defined random measure on C%((—a,a)) by the same
Lebesgue convergence theorem.

8.6. The Existence and Uniqueness Results for Some
Nonlinear Wave Motions in 2D

In this technical section, we give an argument for the global existence and
uniqueness solution of the Hamiltonian motion equations associated first to
Eq. (8.32) — Sec. 8.3 and by secondly to Eq. (8.53) — Sec. 8.3. Related to
the two-dimensional case, let us equivalently show the weak existence and
uniqueness of the associated continuum nonlinear polynomial wave equation
in the domain (—a,a) x RT.

0?U (z,t) B 0?U (z,t)
0%t 0%z

U(—a,t) =U(a,t) =0,

+ g(U(x,t))** 1 =0, (8.94)

(8.95)
U(z,0) = Up(z) € H'([~a,a]),

Ui(x,0) = Uy (z) € L*([—a, d]). (8.96)

Let us consider the Galerkin approximants functions to Eqgs. (8.95) and
(8.96) as

_ i V4
Oa(t) = Us(t)sin (-%) . (8.97)
=1 a
Since there exists a yo(a) positive such that
- -
(_dTU'm Un) > PYO(CL)(Uru Un)Hl([—a,a])v (898)
. L?([~a.a))

we have the a priori estimate for any ¢

0 < p(t) < ¢(0), (8.99)
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with
LA 2 72 Lo 2k

FIUn@llz2 +70(@)lUnllzr + 57 1Unllz2:- (8.100)

p(t) =
As a consequence of the bound equation (8.100), we get the bounds for
any given T' (with A; constants)
sup essHUnH?{l(fa’a) < Ay, (8.101)
0<t<T
) < As, (8.102)

sup eSSHUnH%Q(faqa
<t<T

sup essHUnH%]Zk(_a,a) < As. (8.103)
0<t<T

By wusual functional-analytical theorems on weak-compactness on
Banach-Hilbert spaces, one obtains that there exists a sub-sequence U, ()

such that for any finite T’

Un(t)(weak*— star) U(t) in L*([0,T], H'(—a,a)) (8.104)
(?n(t)(weaki star)o(t) in L®([0,T],L*(—a,a)),  (8.105)
(8.106)

[ SN
U, (t)(weak — star) p(t) in L>=([0,T], L**(—a,a)).
At this point, we observe that for any p > 1 (with A; constants) and

T < oo, we have the relationship

T T
/0 1Tl a}a)dth(Al)fﬁ/o NOallE ey < A1, (8.107)

T . T = ~
[ 10 it < TCAE & [0y it < Ao (:108)
0 0

since we have the continuous injection below
(8.109)

H'(—a,a) — L*(—a,a),
(8.110)

L*(—a,a) — L*(—a,a).
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As a consequence of the Aubin-Lion theorem,® one obtains straightfor-

wardly the strong convergence on L¥((0,7), L?(—a,a)) together with the
almost everywhere point-wise equality among the solutions candidate

U, = U(t)=p(t) = /0 o(s)ds. (8.111)

By the Holder inequality applied to the pair (g, k)

|| UHLQ( a,a) < HU U||L2( a a)HUn - UHQL%(fa,a): (8-112)
with 0 <60 <1
1 1-6 0
= T4z A1
" 5 + 2% (8.113)
in particular with ¢ = 2k — 1, one obtains the strong convergence of U, (t)
in the general Banach space L>((0,T), L**~1(—a, a)), with § = % (3-2%).

As a consequence of the above results, one can safely pass the weak
limit on

n—oo

d? _
+ _—Unvv + U»?Lk_lvv —a,a
< d?z )LQ(—a,a) g( )Lz( )

& - d® - 72k—1
= ﬁ(U’U)LQ(*a:a) + (_%Uﬂ]) L2 | +g(U B 7U)L2(7a,a) =0,

(8.114)

2
COO(((LT)’L?(—(L,G,)) lim {%(UWHU)L%—a,a)

for any v € C*((0,T), L*(—a, a)).

At this point, we shetch a rigorous argument to prove the problem’s
uniqueness.

Let us consider the hypothesis that the finite function

(O (@, 1) — (0) (2, 1))
(U(z,t) - v(,1)) ’

is essentially bounded on the domain [0,00) x (—a,a) where U(z,t) and
v(z,t) denote two hypothesized different solutions for the 2D-polynomial
wave equations (8.94)—(8.96). It is straightforward to see that its difference

a(z,t) =

(8.115)
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W(z,t) = (U — v)(x,t) satisfies the “Linear” wave equation problem

PW  OPW

B or + (aW)(x,t) =0, (8.116)
W(0) =0, (8.117)
W(0) = 0. (8.118)

At this point, we observe the estimate (where H! — L?!)

535 (1WA o TV )

Lz(a,a)>

AW
< lall Lo (0.1 (=ara) <||W||L2<—a»a> x HE

dW 12 )
<0t (| G+ W)
dW )
=M (HW L2(=a) | ”W||H1<—a,a>) : (8.119)
which after the application of the Gronwall’s inequality give us that
d W 2 -
H% ‘ LQ(faa + ” ||H1(—a,a) (t)

L2(—a,a)

<(I%

which proves the problem’s uniqueness under the not proved yet hypothesis
that in the two-dimensional case (at least for compact support infinite dif-
ferentiable initial conditions)

0 + |W|ip<a,a><o>) —0, (8.120)

sup |la(z,t)|| < M. (8.121)
z€(—a,a)
te[0,00)
As a last comment on the 1 + 1-polynomial nonlinear wave motion, we
call the readers’ attention that one can easily extend the technical results
analyzed here to the complete polynomial nonlinearity

U U X .
oo g, = 2 GUNT =CUFT A GUR T 4 (8.122)
j=1

j,odd
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with the set of couplings {C;} belonging to a positive set of real number.
In this case, we have that the general solution belongs a priori to the space
of functions () j=1 L*((0,T), L?**~J(—a,a)).

j<2k
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Appendix A. On Sequences of Random Measures

on Functional Spaces

Let us consider a completely regular topological space X and the Banach

space of continuous function space

C(X) = {f : X — R, f continuous on the X-topology with || f]]co

= sup |f(z)] < oo}. (A1)

zeX
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Associated to the Banach space C(X), there exists its dual M (X) which
is the set of random measures on X with norm given by its total variation

() = |ul(X), where p € M(X).
Tt is easy to see that if §(X) is the Stone-chech compactification of X
we have the isometric immersion M (X) — M(B(X)).

We have, thus, the important theorem of Prokhorov on the accumulation

points of sets of random measures.”

Theorem (Prokhorov). If a family of measures {p,} on M(X) is such
that it satisfies the following conditions

(a) Bounded uniformly

(pal) = lpal(X) < M. (A.2)

(b) Uniformly regular — For any given € > 0, there exists a compact set
Ky C X such that

< ellflloos

\ [ f@dao

for any f(x) € C(X) satisfying the condition

(supp f(z)) N Koy = {o}. (A.3)

We have that the set of random measures is a relatively compact set on
the weak-star topology on M(X). Namely, for any f(x)C(X), we have that
there exists a measure v € M(X) such that for a given sequence {ay}

im s [ 1@dna@) = [ f@ivta). (A.4)

In order to apply such theorem to the set of random measures as given
by Eq. (8.35), we introduce the completely regular space formed by the
one-point compactification of the real line

X =[[®: <0r x=]] 5(3)) , (A.5)

€L 1€EL

and note the strict positivity of the integrand (the path-integral weight)
on Eq. (8.35) and its boundedness by the Gaussian free term since

exp{~ 3230 SV (g} < 1 for {a:} € [V, (R):.
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We note either the chain property of the invariant measure set ensuring
us the measure uniqueness limit on Eq. (B.4) when applied to Eq. (8.35) —
Sec. 8.4, namely:

| aveld ™ e, )
R

Z/RN_1 |f(q17"'7qN71)|d(inv)M(q17...,qul), (AG)

Finally, we remark that the well-defined nonlinear Wiener functional
measure coincides with those finite-dimensional as given by Egs. (8.35a)
and (8.35b) when it restricts to the set of continuous polygonal paths and,
thus, ensuring the convergence of the measure set Egs. (8.35a) and (8.35b)
to the full Wiener path measure Eq. (8.36), since its functional support is
contained on the set of continuous functions on the interval [—a, a].

Appendix B. On the Existence of Periodic Orbits in a Class
of Mechanical Hamiltonian Systems —
An Elementary Mathematical Analysis

B.1. Elementary May Be Deep — T. Kato

One of the most fascinating study in classical astronomical mechanics is that
one related to the inquiry on how energetic-positions configurations in a
given mechanical dynamical system can lead to periodic systems trajectories
for any given period T, a question of basic importance on the problem of
the existence of planetary systems around stars in dynamical astronomy.*°

In this short note, we intend to give a mathematical characterization
of a class of N-particle Hamiltonian systems possessing intrinsically the
above-mentioned property of periodic trajectories for any given period T,
a result which is obtained by an elementary and illustrative application of
the famous Brower fixed point theorem.

As a consequence of this mathematical result, we conjecture that the
solution of the existence of periodic orbits in classical mechanics of N-body
systems moving through gravitation should be searched with the present
status of our mathematical knowlegdment.

Let us, thus, start our note by considering a Hamiltonian function
H(z' p') = H(2") € C°(RY) of a system of N-particles set on motion in
R3. Let us suppose that the Hessian matrix determinant associated to the
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given Hamiltonian is a positive-definite matrix in the (6 N — 1)-dimensional
energy-constant phase space z! = (z%, p*) of our given mechanical system
H 0*H

W > 0. (Bla)

‘H(zs)—E

In the simple case of N-particles with unity mass and a positive two-
body interaction with a potential V(|z; — x;|?), such that the set in R",
{z| V(2') < E} is a bounded set for every E > 0. Our condition Eq. (B.1a)
takes a form involving only the configurations variables ({P}p=1, . n;2P €
R?). Namely,

[ Mps ({2 })[| > 0, (B.1b)
with
N
Mks({xp}) = Z[Vﬁ(ml - Z‘j|2)4($i — ij)Q((Sis — 6js)(6ik — 5j )
+ 2V (|zi — ;) Oir — Gj) (616 — 655))]. (B.1c)

The class of mechanical systems given by Egs. (B.1b) and (B.lc) is
such that the energy-constant hypersurface H(z®) = E has always a pos-
itive Gaussian curvature and — as a straightforward consequence of the
Hadamard theorem — such energy-constant hypersurface is a convex set of
RSN besides obviously being a compact set. As a result of the above-made
remarks, we can see that our mechanical phase space is a convex-compact
set of ROV,

The equations of motion of the particles of our given Hamiltonian system
is given by

T - 0.5 0),
dp*(t) OH , . . . (B2)
T U ONO)!

with initial conditions belonging to our phase space of constant energy
He = {(2%,p"); H(2?, p') = E}, namely:

(z'(to),p' (o)) € M. (B.3)

The existence of periodic solutions to the system of ordinary differential
equations Egs. (B.2) and (B.3); for any given period 7' € R™ is a con-
sequence of the fact that the Poincaré recurrent application associated to
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the (global) solutions Eq. (B.2) of the given mechanical system. Note that
H(a(1),p' (1) = F

P:HE—>HE7

, | - (B.4)
(@' (o), p'(to)) — (2*(T),p"(T)),

has always a fixed point as a consequence of the application of the Brower
fixed point theorem.? This means that there is always initials conditions in
the phase space Eq. (B.3) that produces a periodic trajectory of any period
T in our considered class of mechanical N-particle systems.

As a physical consequence, we can see that the existence of planetary
systems around stars may not be a rare physical astronomical event, but
just a consequence of the mathematical description of the nature laws and
the fundamental theorems of differential topology and geometry in R .



Chapter 9

Some Comments on Sampling of Ergodic Process:
An Ergodic Theorem and Turbulent
Pressure Fluctuations™®

9.1. Introduction

A basic problem in the applications of stochastic processes is the estimation
of a signal z(¢) in the presence of an additive interference f(¢) (noise). The
available information (data) is the sum S(t) = z(t) + f(¢), and the problem
is to establish the presence of x(t) or to estimate its form. The solution of
this problem depends on the state of our prior knowledge concerning the
noise statistics. One of the main results on the subject is the idea of max-
imize the output signal-to-noise ratio,! the matched filter system. One of the
most important results on the subject is that if one knows a priori the signal
in the frequency domain X (w) and, most importantly, the frequency domain
expression for the noise correlation statistics function Sy ¢(w), one has, at
least in the theoretical grounds, the exact expression for the optimum filter
transference function Hopt(w) = k(X *(w))(Sys(w))~t-e~"* here f denotes
certain time on the observation interval process [—A, A], supposed to be
finite here.

As a consequence, it is important to have estimators and analytical
expressions for the correlation function for the noise, specially in the
physical situation of finite-time duration noise observation. Another very
important point to be remarked is that in most of the cases of observed
noise (as in the turbulence research?); one should consider the noise (at
least in the context of a first approximation) as an Ergodic random
process.

In Sec. 9.2 we aim in this note to present (of a more mathematical ori-
ented nature) a rigorous functional analytic proof of an Ergodic theorem
stating the equality of time-averages and Ensemble-averages for wide-
sense mean continuous stationary random processes. In Sec. 9.3 somewhat

*Author’s original results.

254
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of electrical engineering oriented nature, we present a new approach for
sampling analysis of noise, which leads to canonical and invariant ana-
lytical expressions for the Ergodic noise correlation function Sy s(w) already
taking into account the finite time-observation parameter which explicitly
appears in the structure formulae, a new result on the subject, since it
does not require the existence of Nyquist critical frequency on the sampling
rate, besides removing, in principle, the aliasing problem in the computer-
numerical sampling evaluations. In Sec. 9.4, we present a mathematical-
theoretical application of the above theoretical results for a model of
turbulent pressure fluctuations.

9.2. A Rigorous Mathematical Proof of the Ergodic
Theorem for Wide-Sense Stationary Stochastic Process

Let us start our section by considering a wide-sense mean continuous sta-
tionary real-valued process {X(t),—0c0 < t < oo} in a probability space
{Q,du(N), A € Q}. Here, Q is the event space and du(\) is the underlying
probability measure.

It is well-known' that one can always represent the above-mentioned
wide-sense stationary process by means of a unitary group on the Hilbert
space {L?(Q),du()\)}. Namely, in the quadratic-mean sense in engineering
jargon

+oo

X(t)=U(t)X(0) = / et d(E(w)X(0)) = (X (0)), (9.1)

— 00

here we have used the famous spectral Stone-theorem to rewrite the
associated time-translation unitary group in terms of the spectral
process dE(w)X(0), where H denotes the infinitesimal unitary group
operator U(t). We also supposed that the c-algebra generated by the
X (t)-process is the whole measure space ), and X(¢) is a separable
process.

Let us, thus, consider the following linear continuous functional on the
Hilbert (complete) space {L2(£2),du()\)} — the space of the square inte-
grable random variables on (2

LY (V) = Tlgnooﬁ / HE{Y (VX (6N} (9.2)
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By a straightforward application of the RAGE theorem,® namely:

-T

T
LIY(\) = /Q du()\)Y()\){ lim iT / dtede(w)Xo()\)}

I
3
|

P 2T/ B{ye X}
_ / dp(N)Y (\)/dE(0)X (0, A)
Q

= B{Y (\) Prar) (X (0, V) (9:3)

where Pger (g is the (orthogonal projection) on the kernel of the unitary-
group infinitesimal generator H (see Eq. (9.1)).

By a straightforward application of the Riesz-representation theorem for
linear functionals on Hilbert spaces, one can see that Pyer(g) (X (0))du(N)
is the searched time-independent Ergodic-invariant measure associated
to the Ergodic theorem statement, i.e. for any square integrable time-
independent random variable Y'(\) € L2(Q,du())), we have the Ergodic
result (X (0,A) = X(0)

Thm —/ dtE{X ()Y} = E{Pxern (X(O))Y}. (9.4)
In general grounds, for any real bounded borelian function it is expected
that the result (not proved here)

Jim / HE{f (XY} = B P (X(O) - T} (95)

For the auto-correlation process function, we still have the result for the
translated time ¢ fixed (the lag time) as a direct consequence of Eq. (9.1)
or the process’ stationarity property

T—o0 2

1 T
lim / dtE{X ()X (t+ ()} = E{X(0)X(¢)}. (9.6)
-T

It is important to remark that we still have the probability average
inside the Ergodic time-averages (Eqgs. (9.4)—(9.6)). Let us call the readers’
attention that in order to have the usual Ergodic like theorem result without
the probability average E on the left-hand side of the formulae, we proceed
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(as it is usually done in probability text-books!) by analyzing the prob-
ability convergence of the single sample stochastic-variables below (for
instance)

T
= gp [ HX@) 97)
T
Rr(¢) = % 1 . dtX ()X (t+C). (9.8)

It is straightforward to show that if E{f(X (¢))f(X(¢t+())} is a bounded
function of the time-lag, or, if the variance written below goes to zero at
T — o0

9 1

= 1. _
or = I uTe

— B{X ()X (1 + OYE{X(0) X (01 + ()] = 0, (9.9)

T T
/ it / dta[E{X (1) X (11 + O X (t2) X (t2 + )
T T

one has that the random variables as given by Eqgs. (9.7) and (9.8) converge
at T — oo to the left-hand side of Egs. (9.4)—(9.6) and producing thus
an Ergodic theorem on the equality of ensemble-probability average of the
wide sense stationary process {X (t), —oo < ¢t < oo} and any of its single-
sample {X(t), —00 < t < +o0} time average

T
Jin g [ atX0) = B{Peaan ((X0))} = BLAX (),
(9.10)
T
Jim 5z [ aXOX(0+0 = BXOX(Q)
= B{X()X(1+0))
= Rxx(()- (9.11)

The above formulae will be analyzed in the next electrical engeneering
oriented section.

9.3. A Sampling Theorem for Ergodic Process

Let us start this section by considering F'(w) as an entire complex-variable
function such that

|F(w)| < ce®! forw=x+4iye C=R+iR, (9.12)
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and its restriction to real domain w = x + 40 satisfies the square integrable
condition

/ |F(z)|?dz < oo. (9.13)
By the famous Wienner theorem (Ref. 4) there exists a function f(t) €
L?(—A, A), vanishing outside the interval [~ A, A], such that

1 A itw
Flw) = \/—2_77/,,4 dtf(t)ei. (9.14)

The time-limited function f(¢) can be considered as a physically finite-
time observed (time-series) of an Ergodic process on the sample space {2 =
L?(R) as considered in Sec. 9.1 (since Rx x (0) < +00). In a number of cases,
one should use interpolation formulae in order to analyze several statistics
aspects of such observed random process. One of the most useful result
in this direction, however, based on the very deep theorem of Carleson on
the pontual convergence of Fourier series of a square integrable function'®
is the well-known Shanon (in the frequency-domain) sampling theorem for
time-limited signals, namely!:%

£ oy sin [T (w— 32)]
F(w) _n:Z_OOF(T) T ) (9.15)

Note in Eq. (9.15), however, the somewhat restrictive sampling con-
dition hypothesis of the Nyquist interval condition 7" > A. Although quite
useful, there are situations where its direct use may be cumbersome due to
the Nyquist condition on the signal sampling besides the explicitly necessity
of infinite time observations {%# },ez.

At this point, let us propose the following more invariant sampling—
interpolation result of ours. Let f(t) be an observed time-finite random
Ergodic signal (sample) as mathematically considered in Egs. (9.12)—(9.14).
It is well-known that we have the famous uniform convergent Fourier
expansion for t = Asinf, with -5 < 0 < +3 for the Fourier kernel in
terms of Bessel functions

+oo
etiwt = etiwsing — N7 g (wA)e™? (9.16)

As much as in the usual proof of the Shanon results Eq. (9.15), we introduce
Eq. (9.16) into Eq. (9.14) and by using the Lebesgue convergence theorem,
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since f(t) € L'(—A, A) either, we get the somewhat (canonical) interpo-
lating formula without any Nyquist-like restrictive sampling frequency con-
dition on the periodogran F(w):

400 /2
F(w) = Z Adp(wA) {/ dfe™ f(Asin6) COSH} . (9.17)

—m/2

n=—oo

It is worth to call the readers’ attention that the sampling coefficients
as given by Eq. (9.17) are exactly the values of the Fourier transform of the
signal g(0) = f(Asinf)cosf for —Z <0 < &, ie.

1 71'/2 .
gn = — df e f(Asin ) cos f
27 —7/2
A
_ % ) dt einarc sin(%)f(t)
N ti
~ ; (% exp (inarcsin (j)) -f(m), (9.18)

which may be easily and straightforwardly evaluated by FFT algorithms,
from arbitrary — finite on their number — chosen sampling values
{f(Asinb;)}i—1,...n with 6; = arsin(%) (here t; are the time obser-
vation process signal). Monte-Carlo integration techniques” can be used on
approximated evaluations of Eq. (9.18) too. Note that f(w) is completely
determined by its samples Eq. (9.18) taken at arbitrary times ¢; € [—A, A].
In the general case of a quadratic mean continuous wide-sense stationary
process { X;,0 < t < oo}, we still have the quadratic mean result analogous
to the above exposed result for those process with time-finite sampling?

+O<) . A~
X, = / e"'d Xy, (9.19)
—o00

with the spectral process possessing the canonical form (in the quadratic
mean sense)

Lk "
Rw)y= 3 Jn(wA){ / emed(xt_ASme)}. (9.20)

—7/2

n=—oo

Let us expose the usefulness of the sampling result Eqgs. (9.17) and (9.18)
for the very important practical engineering problem of estimate the self-
correlation function of a time-finite observed sampling of an Ergodic process
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already taking into consideration the time-limitation of the sampling obser-
vation in the estimate formulae. We have, thus, to evaluate the (formal)
time-average with time-lag ¢ > 0

Rff(C) = hm —/ dtf t+<) (921)

Since we have observed the sampling-continuous function { f(¢)} only for
the time-limited observation interval ([—A, A]), it appears quite convenient
at this point to rewrite Eq. (9.21) in the frequency domain (as a somewhat
generalized process) (see Ref. 1) where T' — oo limit is already evaluated

I , 1T
Rys(¢) = %/ dw; dwoe™¢ {Tlim _T/ dte”(lefw?)F(wl)F(wg)}

—o00 -T

1 [t ,
:\/—2_77/ dw| F(w)[2ei<. 9.22)

It is worth to point out that Eq. (9.22) has already “built” in
its structure, the infinite time-Ergodic evaluation {limr_cc 5 ffT()},
regardless of the time-limited finite duration nature of the observed sample
fF@)10(t+ A) = 0(t — A)].

Now an expression for Eq. (9.22), after substituting Eq. (9.17) on
Eq. (9.22) (without the use of somewhat artificial aliased A-periodic
extensions of the observed sampling f(¢), as it is commonly used in the
literature),® can straightforwardly be suggested possessing the important
property of already taking into account (in an explicit way) the presence of
the observation time A in the result for the self-correlation function in the
frequency domain

Splw Z Z{ (9nGm)] X Jn(wA)Jm(wA)},  (9.23)

with
1 +oo e
R = —/ dw eS¢ (w). 9.24
11(Q) = 7= - fr(w) (9.24)
The above equations are the main results of this section.

It is worth to call the readers’ attention that after passing the random
signal f(t) by a causal linear system with transference function Hys(w),’
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one obtains the output self-correlation function statistics in the standard
formulae

Syy(w) = |Hy(w)[* x Spy. (9.25)

Finally, let us comment on the evaluation of Eq. (9.23) on the time-
domain. This step can be implemented throughout the use of the well-
known formula for Bessel functions (see Ref. 8, Eq. (6.626)), analytically
continued in the relevant parameters formulae

/ dze** J, (bx)J, (cx)dx
0

bt
_ _ —pu—v —1—p—v
IN:V(G’) F(V"‘ 1)2 (a’)
ZT(1+p+v+20) c b2 \*
F(—4,—pu— 1,—=)—= .
x{;) OT(p+ 0 +1) ( bop—bvs ’b2>< 122

We have, thus, the result:

Ao e = 7 () 1 ()

(9.27)
where
_ 1 —-m—-n/_ p\—1-m-n
Inm(t) = Tlm + 1)2 (—1it)
Tl +n+m+1) 1\
X {; N CEY Y F(—,—n—{¢m+1,1) <_E> }
(9.28)

Another point to be called to attention and related to the integral eval-
uations of Fourier transform of Bessel functions are the recurrence set of
Fourier integrals of Bessel functions

[T aew = a s 1) U st}

— 00

+i( 4 (—1) {/Om dt sin(wt).]n(w)} (9.29)
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with, here, the explicitly expressions T,,(t) = 27"[(t + V2 —1)" + (¢t —
2 —1)"].

Tn(t), for 0 <t <1 and n =2k,

— (t)

0, for 0 <1< t,

= > 4k (9.30)
cos(wt) — Jy—1 (w)dw,

0 w

—/ cos(wt)Jp_2(w)dw, forn=2k+1,
0

(fl)k\/%Tn(t), for0<t<1 and n=2k+1,
0, for 0 <1< t,

= 22k + 1) /OOO Sinfth) 1 (w)
- /000 sin(wt) Jp—2(w)dw, for n = 2k + 2.

(9.31)

9.4. A Model for the Turbulent Pressure Fluctuations
(Random Vibrations Transmission)

One of the most important studies of pressure turbulent fluctuations
(random vibrations) is to estimate the turbulent pressure component trans-
mission inside fluids.?!® In this section, we intend to propose a simple
analysis of a linear model of such random pressure vibrations.

Let us consider an infinite beam backed on the lower side by a space of
depth d which is filled with a fluid of density p, and sound speed vs. On the
upper side of the beam there exists a supersonic boundary-layer turbulent
pressure P(xz,t). The fluid on the upper side of the beam which is on the
turbulence steadily regime is supposed to have a free stream velocity Uy,
density p;, and sound speed v .
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The effective equation governing the “outside” pressure in our model is
thus given by (d < z < 00):

) 9\° 9> 9
(% + Uoo%) pi(z, 2, t) — v} <% + @> pi(x,z,t) =0 (9.32)

with the boundary condition (Newton’s second law)

2
—p1 (2 + Uoog) W(x,t) = M

ot Oz 0z (9:33)

z=d

Here, the beam’s deflection W (z,t) is assumed to be given by the beam
small linear deflection equation

W (z, 1) m82W(x7t)
0z 0%t
with B denoting the bending rigidity, m the mass per unit length of the

B = P(xvt) + (pl - P2)(957 d, t)? (9'34)

beam, and p(z, z,t) the (supersonic) boundary-layer pressure fluctuation of
the exterior medium.

The searched induced pressure ps(z, z,t) in the fluid interior medium
(0 < z < d) is governed by

82])2 9 82 82

%(x, Z,t) — (’UQ) (% + %) pQ(Z‘, Z,t) = O, (935)
Op2(z,d,t) 02
— 0, — M —82tW(x7t). (9.36)

The solution of Egs. (9.32) and (9.33) is straightforward obtained in the
Fourier domain

N _ v1(w + Usok)? e w
Pk 2 w) = pl{\/v%]#_(w—i—Uook)Q} (b )

X exp (_Ui %\ Jodk? — (w + Umk:)Q) (—d),  (9.37)

1
where the deflection beam W (k, w) is explicitly given by

W(k,w) = (P(k,w) — pa(k, w, d)

(9.38)

—1
p1(w + Usok)?v1 }

x ¢ Bk* — mw? +
{ \/vka — (w4 Uy - k)?
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At this point, we solve our problem of determining the pressure
p2(k,w, z) in the interior domain Egs. (9.35) and (9.36) if one knows the
pressure po(k,w,d) on the boundary 2z = d. Let us, thus, consider the
Taylor’s series in the z-variable (0 < z < d) around z = d, namely

Opa(k, w, z)

P2k, w, z) = pa(k,w,d) + 3 (z —d)
z z=d
1 8kﬁ2(k,w,z) &
o G ) (9.39)

From the boundary condition Eq. (9.36), we have the explicitly
expression for the second-derivative on the depth z

Opa(k,w, 2)

5 = —|—p2w2W(k,w) = —|—p2w2[P(k,w) — po(k,w, d)]

z=d

-1
2
« 4 Bl — ma? 4 L@t Uk o . (9.40)
VOIkZ — (w + Unok)?

The second z-derivative of the interior pressure (and the higher ones!)
is easily obtained recursively from the wave equation (9.35) (k > 0,k € ZT)
and Eq. (9.40)

82+k

m@(k;zaw)

z=d

_ (@ X (—w? + (vz)w)) (%ﬁz(k,z,w))

(9.41)
z=d

Let us finally make the connection of this random transmission vibration
model with Sec. 9.3 by calling the readers’ attention that the general
turbulent pressure is always assumed to be expressible in an integral
form

+o00 —+oo
Plat) = / dw / dk ¢ IR0 GRY . F(w), (9.42)

where F'(w) is the Fourier transform of a time-limited finite duration sample
function of an Ergodic process' simulating the stochastic-turbulent nature
of the pressure field acting on the fluid with the exactly interpolating for-
mulae Egs. (9.17) and (9.18).
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Appendix A. Chapters 1 and 9 — On the Uniform
Convergence of Orthogonal Series —
Some Comments

A.1. Fourier Series

It is well-known that point-wise convergence of the partial sums of the
Fourier series of a function in a given class (continuous, square integrable,
etc.) constitutes a cumbersome and difficult mathematical problem.

A useful elementary result in this direction is the well-known Tauberian
theorem of G. Hardy.

Hardy Theorem. Let f € L*([0,27]) and its complex Fourier coefficients
satisfying an estimate as

1
by| < = . Al
bl <o) (A1)
Then, the usual partial sums Sy (f)(x) and on(f)(x) (Fejer partial sum

of order m) converge to the sum limit.

We have now the following sorts of variants of the above enunciated
Hardy theorem.
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Theorem A.1l. Let f(z) € L'([0,27]) and thus usual Fourier coefficients
obeying the estimates

(A.2)

(A.3)

where

i(dk)z < My(n)*~*, (A.4)

S (0n)? < My(n)>, (A.5)

with (Mg, My) denoting (positive) real n-independent constants and € €
(0,2].

Then, there is a subsequence S, (f)(z) which converges almost every-
where to the given function f(x).

Proof. It is straightforward that the following estimate holds true
1 2 ~ K, —c
—1Su()(@) = ou(f)(@)I72 = >, can +by) < (Ma+ Mp)n™. (A.6)
n=1

We have as well as

18,(0)@) — F@)l < LE(0+ M), (A7)

1
As a consequence Sy (f) L, f(z), so it exists a basic result that there
exists a subsequence Sy, (f)(r) converges almost everywhere to f(z) in
[0, 27]. O

Theorem A.2. Let f(z) € L*([0,27]) and suppose that the estimate below
holds true

1f = Su(H)(@)IZ2 = X:Ibtzl2 <M-nf? (A.8)

L>n

for M and e denoting positive real numbers (0 < ¢ < 2). Then, there
exists a subsequence Sy, (f)(x) which converges uniformly to f(x) almost
everywhere.
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Proof. Let
1
2

an = |If = Sa(Pllr < V2 [ Y [bef? (A.9)

>n

and

gn () = Sn(f)(2) + an.

Let us apply the Markov—Tchebbicheff inequalite with m being the
Lebesgue measure

m{x € [0727T]: |(Sn(f) +an) - f|(x) > n—a}

1
2

([ antsutn) + o - 5P VR

< “ni_\/i{( " aelSu() - f1P +2w|an|2)%}

X

—T

C ) C
<= > [bel? < (A.10)

L>n

where C is an over-all positive constant.
We have thus that Eq. (A.10) means that the Markov-Luzin condition
is satisfied, since

) = C
lim — =0 and Zﬁ:c 5 ) < (A.11)
n=1

1
By the Luzin theorem and the obvious result that a, — 0 (S, (f) L,

f), we have that there is a subsequence Sy, (f)(z) almost everywhere con-
verging to f(x) uniformly. O

Finally, we have the basic theorem of uniform convergence of the Fourier
series, very useful on linear partial differential equations.

Theorem A.3. Let f(x) be an absolutely continuous function such that
f'(z) € L3([0,27]) (f(z) € H([0,27]), with exception of first-order dis-
continuities. Then, the Fourier series converges uniformly to f(x) in any
interval not containing the discontinuity points.
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Proof. Without loss of generality, let us consider a unique interior point
xo as a point of discontinuity of our given function f(z). Namely

limn (f(0 + b) = (0 — ) = [ (z0)] ™ < o0, (A.12)
h>0

We now have the estimates:

lan| = %' & f(x) cos(nx)dx| < % M[f(xo)]“ 4 %,
1 - ) (A.13)
|bn| = ;' » f(z)sin(nz)| < ~ ‘%[f(xo)] ‘+ |CZL|

Here a!, and b/, are the associated Fourier coefficients of the derivative of

the function f(z).
Now it a straightforward estimate to see that the Weierstrass uniform

convergence criterion holds true in our case, since

> 1
cos(nao) = —{n |2sin (—xo) , (A.14)
—~ n 2
2 sin(nzo) o
Y =2 (A.15)
n 2
n=1
As a consequence, we have the estimate
Z a, cos(kx) + by sin(kz)
h=1
n n n b n
A
o) <> an] + D bkl < T
h=1 h=1 h=1 k=1
f(20)]” [ ~= sinkxq + cos kg
A.16
+ = h; ; , (A.16)

where Y °° | M,, < co (see Egs. (A.12) and (A.13)).

On basis of the above result one can see that there exists a unique
solution of the “brick” linear string wave equation in C2([0, £[x(0,0)) for
initial conditions satisfying the above constraints:

(A) U(z,0) = f(x) with f@®)(z) € L2([0,£]) and f(z) and fM)(x) abso-
lutely continuous functions and f(3) possessing first-order discontinu-
ities (piecewise continuous) (f(¢) = f(—¢) = fM) = fD(—) =
FE) = fO(=0) = fO) = fO (=) = 0).
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(B) Ui(z,0) = g(z) with ¢®(x) € L?([0,4]) and g(z) being an absolutely
continuous with ¢(?)(z) piecewise continuous in [0, 4] (g(¢) = g(—¢) =
9D(E) = ¢ (=) = gD (~0) = ¢@(1) = 0). .

Finally, let us point out the following L. Schwartz distributional Fourier
series theorem.

Theorem A.4. Let f(z) € Ll .(R) and f(x) periodic of period T. Let its

loc
formal Fourier complex coefficients c,, satisfy the polynomial bound

|en| = < M(n)t,

1 (12 2rin
T/ flx)e™ T “dx

—T/2

for a fized positive integer L and M € RT. Then, the associated partial

sums Sp(f)(w) converges in the distributional sense in Dj . ;oqic (1)

On the light of this distributional sense, one can see that it is always
possible to write a solution of the string linear wave equation in the space
(D (R), (0,00)). (Exercise for our diligent readers.) For any given

periodic
datum f(z) and g(z) in D! (R).

periodic

A.2. Regular Sturm—Liouville Problem

In the case of an orthonormal set associated to a regular self-adjoint Sturm—
Liouville problem in the open interval (a, b)

_% (P(a:)%) +9(@)yn(x) = Anyn (@),

a11yy,(a) + a12yn(a) (A.17)

= 07
219y, (b) + azayn(b) =0,
we have the following result on the uniform convergence of the eigen-
functions y, (z).

Theorem A.5. Let f(x) € Dom(L), where L is the second-order dif-
ferential self-adjoint operator associated to the Sturm—Liouville problem
(Eq. (A.17)). Then, its series orthogonal expansion in terms of the eigen-
functions y,(x) is a uniformly convergent series.



Some Comments on Sampling of Ergodic Process 271
Proof. Since f € Dom(f), we have that

(FLLf)1e = / dof(a ZA enf? < . (A18)

e = / " de )y 2)

Now straightforward to see that Cauchy partial sum
( N 2 N (@)

> cnyn@)) = > (Ve (B )
n=M )\n

n )
n=M

N
< ( sup |yn<x>|2> (F.Ef)e (Z %) (A.19)

z€(a,b) n

Here

IA
VY
1]
s
2

N
N~—
N

L[]+
$

By the usual Sturm comparison theorems, we have the well-known
asymptotic limits for large M, N

< Z (b _2a)2, (A.20)
M

which leads to our result on the uniform convergence as a consequence of
the Weierstrass M-text. In the case of an infinite interval [a,b], we need
that the Green function £~! should be a compact-trace class operator

with all eigenfunctions satisfying a m-uniform supremum bound as in
Eq. (A.17). |

n=M

Our reader can apply our result to the following Sturm-Liouville
problem in (—1,1)

o= - @ = A )

In this case, we have that the problem Green function has a kernel
bounded

1.

<
— 2m

(A.22)

2
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As a consequence of Theorem A.5, we have the uniform convergence of
the orthogonal series expansion in terms of the eigenfunctions y,(x) if

1 2
/ dx( ﬁ + m2f2) < 00.
-1

dx 1— 22
Appendix B. On the Miintz—Szasz Theorem
on Commutative Banach Algebras

B.1. Introduction

The classical theory of Miintz—Szasz states that the set of functions
{1,t 12 .. t* .} span O([0,1], R) if Y ﬁ = +o00. In this short note,
we intend to point out that the usual elementary proof of such a theorem
works out with minor changes to produce an abstract result in certain com-
mutative self-adjoint Banach algebras.

Let us start our note by considering A be a semi-simple (self-adjoint)
commutative Banach algebra possessing a simple generator f such that its
Gelfand transform f € C (A, R) is a (continuous) function with the property
that the polynomial algebra generated by f satisfies those conditions of the
Stone—Weirstrass theorem on C(A, R).

We now state our generalization of the Miintz—Szasz theorem for the
abstract case.

Theorem B.1. Let {\,} be a sequence of positive real numbers such that
Zﬁ = +oo. Then, the span of the set {l,fAl,P‘%...,P‘",...} is the
whole C(A, R).

Proof. Through the Hahn-Banach theorem and the Riesz representation
theorem applied to the topological dual of C(A), our result will be a
straightforward consequence of the following proposition (Ref. 11, Theorem
15.26):

If /\Ln = 400, and u is a complex Borel measure on the compact
maximal ideal space A such that
[Edu=0. =123, (B.1)
A
then also

/ (Hrdp =0, (n=1,2,3,...), (B.2)
A
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a contradiction with our hypothesis about the denseness of polynomial
algebra generated by fon C(A,R).

In order to show this result, let us consider without loss of generality
our function f such that || f] |C( Ay < 1. Now it is straightforward to see that
the function

hz) = /A I (B.3)

is a bounded holomorphic function in the right half-plane H* = {z = z +

iy, > 0} by an application of Morera theorem. Note that g(z) = f(112) €

H*(U). Here U = {z| | |z| < 1} is the unit disc and g(ay,) = 0, with

ap = i:;i Note that either g(z) = 0 if X(1 — |a,|) = oo or equivalently:
> % = +00. This means that h(z) = 0. O

As an interesting consequence of Theorem B.1, we have the following
generalization of the famous Wiener theorem on inversion of absolute
summable trigono/metric polynomials on the torus 7 = {(e??),0 < 6 <
27}, useful in linear system theory.

Theorem B.2. Suppose that

“+o0 +oo
(") = Z cne™; Z len] < oo (B.4)

n=—oo

and £(e'%) # 0 for € € T. Then, for any Miintz-Szasz sequence |\,|, we
have the result

1 oo ; ‘ —+oo
ED) = Z’yne Al with Z [7n] < 0. (B.5)

Proof. The element f(@) = ¢ satisfies the conditions of Theorem B.1.

In the case of the Miintz—Szasz sequence {\,} be the prime numbers
sequence or that one made up by their logarithms, the result may have
interesting applications in the theory of Zeta functions.'?

In the case of the existence of a polynomial subalgebra generated by
a finite number of generators {]?1, .. .,fp} we can use the Hahn-Banach
theorem for complex homomorphism of our Banach algebra through the
Gleason, Kahane, Zelazuo theorem (Ref. 12, Theorem 10.9).

Finally in the Banach algebra of the bounded continuous functions
vanishing at the infinity in a locally compact space X, it is straight-
forward to see that if f(x) is an arbitrary continuous function satisfying
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the condition f(z) > 1 and such that the polynomial algebra generated
by the bounded function h = fexp(—f) is dense on Cy(X), then the set
{1,k hA2 ... h* ...} remains dense in Cp(X) the only difference with
the standard proof presented in Theorem B.1 is related to the estimate on
the boundedness of the function h(z) on HT, which now takes the following
form:

sup |h(z)] < sup {Ife‘flz(m)du(m)}

z€H+ z€EH+
smxw{ sup |f|f-e—wf'<m>}
0<z<oco
f(m)€(l,00)
smxw{ sup |ef<fgf-f>|<m>}
0<z<oco
f(m)€(l,00)

<ulx) x { s je#lf = ulx) <o

0<zr<oo

Appendix C. Feynman Path-Integral Representations
for the Classical Harmonic Oscillator
with Stochastic Frequency

C.1. Introduction

The problem of the (random) motion of a harmonic oscillator in the
presence of a stochastic time-dependent perturbation on its frequency is
of great theoretical and practical importance.!*'® In this appendix, we
propose a formal path-integral solution for the above-mentioned problem by
closely following our previous studies.!®!7 In Sec. C.2, we write a Feynman
path-integral representation for the external forcing problem. In Sec. C.3,
we consider a similar problem for the initial-condition case.

C.2. The Green Function for External Forcing

Let us start our analysis by considering the classical motion equation of a
harmonic oscillator subject to an external forcing

d2
{4 + b+ ) ot = PO ()
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Here, w(1+ g(t)) is the time-dependent frequency with stochastic part
given by the random function g(t) obeying the Gaussian statistics

£(t,[g]) = / G(t, 1!, [g) F(t')dt’, (C3)

where G(t,1',[g]) denotes the Green problem functionally depending on the
random frequency g(t) and the notation emphasizes that the objects under
study are functionals of the random part g(¢) of the harmonic oscillator
frequency.

In order to write a path-integral representation for the Green function
equation (C.3), we follow our previous study'® by using a “proper-time”
technique by introducing related Schrédinger wave equations with an initial
point source and —oo < t < 4-00:

z%&’tl)) = - % +wi (14 g(t))| G(s; (£, 1)), (C4)
lim G(s;(t,t) =6t —t), (C.5)
lim G(s; (t,t) = 0. (C.6)

At this point, we note the following identity between the Schrédinger
equations (C.4)—(C.6) and the searched harmonic oscillator Green function:

it ) =i [ " dsGs: (4, 11). (1)

Let us, thus, write a path-integral for the associated Schrodinger equa-
tions (C.4)-(C.7) by considering G(s;(t,#')) in the operator form (the
Feynman-Dirac propagator):

G(s; (t,t") = (t| exp(isH)|t'), (C.8)

where H is the differential operator

H:—{j?+w3(1+g(t))}. (C.9)

As in quantum mechanics, we write Eq. (C.8) as an infinite product of
short-time s propagations (see Chap. 3)

N 400
<t|exp(isH)|t’> — lim H/ dt; (t;] expi (%H) ti_1>. (C.10)
R
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The standard short-time expansion in the s-parameter for Eq. (C.10) is
given by

lim+ <ti|€iSH|ti_1>d = lim+ /dw1 exp{is[(wi)Q + (11)0)2(1 + g2(ti_1))]}
s—0 5s—0

X exp[iwi(ti — tifl)]. (Cll)

If we substitute Eq. (C.11) into Eq. (C.10) and take the Feynman limit

of N — oo, we will obtain the following path-integral representation after

evaluating the w;-Gaussian integrals of the representation equation (C.8):

@(s;mq):/ [[ d exp{%/jd(’[(dtdf)ﬂ}

0<os
t(0)=t":t(s)=t

X exp {2 /Os[wga + g(t(a)))]da} : (C.12)

The averaged out Eq. (C.7) is thus given straightforwardly by the fol-
lowing Feynman polaron-like path-integral:

Gty =i [ " a0 / A

xexp{—wg /Osda/osda’K(t(a);t(a’))}. (C.13)

The two-point correlation function is still given by a two-full similar
path-integral, namely

<G(t17 t/lv [g])G(t27 t/27 [9])>g

= /OO dsldSQei(“"’)z(sﬁ”)
0

<[ D" [t1(0), t2(0)]
tl (O)It,l 2t2 (51 ):tl 2t2 (O)It,z 2t2 (52):t2

X exp {% (/081 do(t1(0))? + /082 do(ig(a))2)}
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xexp{ gU da/ do' K (t1(0) - 11 (o)

/da/ do' (K (t1(0) - t2(c")) + K (t2(o) - t1(c")))

+/0 da/o da'K(tg(a)-tz(o’))”~ (C.14)

Similar N-iterated path-integral expressions hold true for the N-point
correlation function (z(t1,[g])---z(tn,[g]))g. Explicit and approximate
evaluations of the path-integral equations (C.13) and (C.14) follow pro-
cedures similar to those used in the usual contexts of physics statistics,
quantum mechanics, and random wave propagation (last reference of
Ref. 14).

Let us show such exact integral representation for Eq. (C.13) in the case
of the practical case of a slowly varying (even function) kernel of the form:

1/2
KO~ KO) - P1P < (+50) T~ L

(C.15)
K(t)~0 |t|> L.
In this case, we have the following exact result for the path-integral in
Eq. (C.13):

(G, tl7 [9])>g
o 1/2Q3/2
0

sm[s3/2w0 (—%)1/2]

;2 1/2 1/2
X exp ([%51/2 (—%0) cot (w% (—%0) 33/2>] (t— t')2> } .

(C.16)

Another useful formula is that related to the “mean-field” averaged
path-integral when the kernel K (¢,t’) has a Fourier transform of the general
form:

1 teo NI
K(t.t) = <= / dp - =) (p). (C.17)

The envisaged integral representation for Eq. (C.13) is, thus, given by

[e'e) 5 4 —0—oo~
et gy =i [~ ase e { -8 [ RG) < Msn)}.

(C.18)
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where
M(p,s, t, k') = /08 da/os do’ é((z)):i, DF[t(o)] exp {%/: {(3—;)]2}
x explip(t(o) —t(a"))] ¢ - (C.19)

C.3. The Homogeneous Problem

Let us start this section by considering the problem of determining two
linearly independent solutions of the homogeneous harmonic oscillator
problem

{5 +uda+a o —o (©.20)

dt?
with the initial conditions
z(0) =z¢ 2'(0) = vo. (C.21)

It is straightforward to see that two linearly independent solutions are
given by the following expressions:

21 (t,[g]) = exp { / o, [g])da} , (C.22)

a(t, [9]) = =(t, [9])/0 (21(0, [9])) "2 do, (C.23)

where y(t,[g]) satisfies the first-order nonlinear ordinary differential
equation

dy

L (1) + (1) = —uh(1+9(0). (C24)

In order to obtain a path-integral representation for Eq. (C.24), we
remark that the whole averaging (stochastic) information is contained in
the characteristic functional

21j0] = (e {i [ ayte [g]>j<t>}>g. (C.25)
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In order to write a path-integral representation for the characteristic
functional equation (C.25) we rewrite (C.25) as a Gaussian functional
integral in g(t):

210 = [ D" la0lexw (5 [ ararsK e gt )

X exp {z /OOO dty(t, [g])} . (C.26)

At this point, we observe the validity of the following functional integral
representation for the characteristic functional equation (C.26) after con-
sidering the functional change g(t) — y(t) defined by Eq. (C.24), namely

21i(0) = [ D" fy(o)

X exp (—ﬁ/j dt dt’ [(2—2 +y2) (t) +w§” K(t,t)
« [(%Hﬁ) (t’)+w§} exp {z/ooo dtj(t)y(t)}, (C.27)

where we have used the fact that the Jacobian associated with the functional
change ¢g(t) — y(¢) is unity:

det [% + 24 = gz—g =1. (C.28)

At this point, it is instructive to remark that in the important case of
a white-noise frequency process with strength ~

K(t,t") =~0(t —t), (C.29)

the path-integral representation for the characteristic functional equation
(C.27) takes the more amenable form

2136 = [ D7 ly(o)exp {—ﬁ ||+ 2] }

X exp {z /0 h dty(t)j(t)} , (C.30)



280 Lecture Notes in Applied Differential Equations of Mathematical Physics

we obtain, thus, the standard A¢* zero-dimensional path-integral as a
functional integral representation for the characteristic functional equation
(C.25) in the white-noise case

_ /DF[g(t)] exp{—2(lzo)4 /OOO dt [‘:lt + 2wl +y4] (t)}
« exp{i/ooo dty(t)j(t)}. (C.31)

In this paragraph, we discuss some mathematical points related to the
final condition on the quantum propagator equations (C.4)—(C.6) (its van-
ishing in the limit s — 00). Let us first remark that by imposing the trace
class condition on the correlation equation (C.2) k(t,t) fo (t,t)dt < 00)
one has the result that all realizations (samphng) g(t) of the assomated

stochastic process are square integrable functions by a direct application of
the Minlos theorem on the domain of functional integrals.'® At this point,
we note that if one restricts g(¢) further to be a %—perturbation, namely
with g(t) € L*(0, 00):

d2
—h

(1 + gD hllz2 < a | 2

+0[|A|| 2 (C.32)

L2

and 0 < a < 1 and b arbitrary, one can apply the KatoRellich theorem!?

to be sure that the domain of the differential operator — d; +wd+wig(t) is
(at least) contained on the domain of — dtg which in turn has a purely con-
tinuous spectrum on L2(R). As a consequence of the above-exposed remarks
one does not have bound states on the Schrédinger operator spectrum of
Eq. (C.4) for each realization of g(¢) on the above-cited functional class. As
a consequence, we have that the evolution operator

exp (z { 522 + (14 g(t ))D (C.33)

is a unitary operator on Dom(— ) and G(s,t,t') in turn is expected to

dt2
have the same behavior of exp(is[— 5?]) (asymptotic completeness®’) at
s — oo, which in turn vanishes at s — oo, making our condition Eq. (C.6)
highly reasonable from a mathematical physicist’s point of view.

At this point, we remark that the different problem of determining the
quantum propagator of a particle under the influence of a harmonic potential

V(z) = Jwiz? and a stochastic potential g(z) may be possible to handle
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in our framework. Note that the “Unperturbed” Hamiltonian —2’;; jjg

1mwdz? has a pure point spectrum (bound states) and its perturbation by
a g(r) € L%(R) potential does not alter the spectrum behavior. However,
one can proceed in a mathematical physicist’s (formal) way as exposed in
our letter and see that Eq. (C.3) adapted to this case is still (formally)

correct. Namely

Gy = [| T deto) exp{%m/()t d” [(dﬁf)f”

0<o<t
z(0)=z":2(t)=2

xexp{ mwo/ dola )]2}
Xexp{ wo/ da/ do' K (2(0); (o ))}. (C.34)

Finally, we want to point out that in the general case where k(t, ') is not
defined on an operator of the trace class, the realizations g(t) will be dis-
tributional objects. Unfortunately in this case there is no rigorous spectral

perturbation mathematics for differential operators acting on nuclear spaces
(s'(R), D'(R)), etc, which is the natural mathematical setting to under-
stand Eq. (C.1) of this letter.

In this complementary paragraph, we complete our study by considering
the problem of a harmonic oscillator in the presence of a damping term
(0<t <o)

{jtz +U§ +wo(1+g(t))} (t) = F(t). (C.35)

In order to map the above differential equation in the analysis pre-
sented in Sec. C.2, we implement in Eq. (C.35) the following time-variable
change:!6

=201t
40 = ().

We obtain, thus, the following pure harmonic oscillator differential

equation without the damping term in place of the original equation (C.35),
namely

(C.36)

@2 211+ G =F C.37
{d—wwo[ +g<c>1}y<c>— ©. (C.37)
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Here

j0-s (- (- (2)9). e
[ F(— (%) lg( — (%) (C))) (C.39)

and the correlator stochastic frequency

K(¢.¢) = K((¢.¢) =K (%

1 -G
Jeeze]) o

From here on the analysis goes as in the bulk of this appendix under
the condition that the range associated with this new time variable is the
finite interval [0, 2t].

Appendix D. An Elementary Comment on the Zeros of the
Zeta Function (on the Riemann’s Conjecture)

D.1. Introduction — “Elementary May Be Deep”

The Riemann’s series ((z) = Y.~ n~* converges uniformly for all real
numbers z greater than or equal to a given (fixed) abscissa z: x > T > 1.
It is well-known that the complex-valued (meromorphic) continuation to
complex values (z = z+iy) throughout the complex plane z € C is obtained
from standard analytic (finite-part) complex variables methods applied to
the integral representation.?!

(=102 (/C (%) dw)
- F(lz) (/0"0 w' ™ x [2%”1—1 - %] dw)
- ”;—;){ [ [ - Gew

+ Z i QB)/wmn 2]} (D.1)

here B,, are the Bernoulli’s numbers and C' is any contour in the complex
plane, coming from positive infinity and encircling the origin once in the

positive direction.
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An important relationship resulting from Eq. (D.1) is the so-called
functional equation satisfied by the zeta function, holds true for any
ze€C

% =927 7L .gin (%) T(1 - 2). (D.2)

In applications to number theory, where this special function plays a
special role, it is a famous conjecture proposed by B. Riemann (1856) that
the only nontrivial zeros of the zeta function lie in the so-called critical line
Real (z) =z = 1.

In the next section, we intend to propose an equivalent conjecture,
hoped to be more suitable for handling the Riemann’s problem by the
standard methods of classical complex analysis,?? besides of proving
a historical clue for the reason that led B. Riemann to propose his
conjecture.??

D.2. On the Equivalent Conjecture D.1

Let us state our conjecture

Conjecture D.1. In each horizontal line of the complex plane of the form
Imaginary (z) =y = b = constant, the zeta function ((z) possess at most a
unique zero.

We show now that the above conjecture leads straightforwardly to a
proof of the Riemann’s conjecture.

Theorem D.1 (The Riemann’s Conjecture). All the nontrivial zeros
1

of the Riemann zeta function lie on the critical line Real (z) = v = 5.
Proof. Let us consider a given nontrivial zero Z = Z + ¢y on the open strip
0 <z <1, —00 <y < +4oo. It is a direct consequence of the Schwartz’s
reflection principle since ((z) is a real function in 0 < x < 1 that (2)* =z —
1y is another nontrivial zero of the Riemann function on the above pointed
out open strip. The basic point of our proof is to show that 1 — (2)* =
(1 — Z) + 4y is another zero of ((z) in the same horizontal line Im(z) = g.
This result turns out that (1 — (2)*) = z on the basis of the validity of our
conjecture. As a consequence, we obtain straightforwardly that 1 — z = Z.
1

In others words, Real (2) = 3.
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At this point, we call the readers’ attention, on the result that if Z is a
zero of the Riemann zeta function, then 1 — Z must be another nontrivial
zero is a direct consequence of the functional Eq. (D.2), since sin(%F) and
(1 — 2) never vanish both on the open strip 0 < Real(z) < 1.

At this point of our note, we want to state clearly the significance of
replacing the Riemann’s original conjecture by our complex oriented con-
jecture rests on the possibility of progress in producing sound results for its
proof, which is not claimed in our elementary note. However, we intend to
point out directions (arguments) in its favor.

First, it is worth to call the readers’ attention on the validity of the
elementary expansion below on the open interval 0 < z < 1

C(w +ib) = ﬁ {exp (ib%) (C(x)F(a:)} . (D.3)

As a consequence, one can easily see that if {'(x+ib) (the zeta function
derivative on the horizontal line Im(z) = b = constant) does not possesses
zeros between two consecutive zeros of the zeta function ((z + ib) in 0 <
x < 1, then the Rieman’s conjecture is proved. O

At this point, we wish to remark the following weaker Conjecture D.2
is equivalent to our strong Conjecture D.1.

Conjecture D.2. If there is a zero of the Riemann’s zeta function t € (0,1)
such that the set of real number {%C(t)}nzo,lg,m is contained entirely on
the positive or negative real exist (these numbers all have the same signal),
then the Conjecture D.1 holds true.

On basis of the above-stated Conjecture D.2, we can easily show an

argument of our conjecture based on the power series expansion around the
fixed zero t (Z > t)

0 ~(n)
(@) =0=>)_ 0 (Z—1)" >0, (D.4)

here 7 is the supposed different zero of ((z) on the open interval (0,1).
Finally, let us point out the following formula of ours, related to the
zeros of the Riemann zeta function on the complex plane C.



Some Comments on Sampling of Ergodic Process 285

Lemma D.1. Let {z,}n=0,1,2,.. denote the zeros of the Riemann’s zeta
function ((z). We have thus the following result, for any integer p > 0.

1
_ Zl (Zn — Zk)erl
nth
2 /

(D.5)

Proof. This result can be seen from the fact that h(z) = (z — 1){(z) is
an integral function and from any integral function of order k, with zeros

21,70, (h(0) # 0)
oot () () - e 0

n;ﬁk

By rewriting the derivative term in the left-hand side of Eq. (D.6) by
means of the Cauchy theorem

i }(p) i {/m,l) e |y ) - Z"””]} . o)

where D(z,1) = {w | |w — z| < 1}, and arranging terms of the form
(z — 2)PH /(w — 2)PH1) inside Eqgs. (D.6) and (D.7), we obtain Eq. (D.5).
U

Lemma D.2. Let h(z) = ((2)(z — 1) be an (analytic) function on the
strip 0 < Real(z) < 1. Let us consider its expression on the unit disk con-
formally equivalent to the above considered strip, including the boundaries

correspondence.
(S0 (U2)) = ntatw) = hiw), (D.5)

We have that, the generalized Jensen’s formula

/01 o= 5- / a0 (Lglh(e")]) (%) @0, (D.9)

T
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where n(x) is the number of zeros of the zeta function on the region
g (Jw| < x), contained on the strip 0 < Real(z) < 1.

Proof. Since h(z) is an analytic function in the strip 0 < Real(z) < 1, we
are going to prove the general result for a region {2 conformally equivalent
to a disc of radius 1, including its boundary correspondence, namely

g: 1 — D(0,1),

(D.10)
9(0Q) = 9D(0,1),

with w = g(z) a conformal mapping applying 92 in dD(0, 1) diffeomorphi-
cally.

Let n(x) denotes the number of zeros of f(g~!(w)) = h(w) on D(0, ).
By the usual Jensen’s formula for » < 1, with the hypothesis of h(w) has
no zero in 9D(0, r).

/OT ) gy L/@ W) . (D.11)

x - 2mi Do) Mw)

Since n(x) coincides with the number of zeros of the function f(z) in the
region g~1(D(0, 1)), we obtain the Jensen’s formula in €2 in the general case

/Or @dm - (2% /{m lg{|l(z)|ggl((j))} .dz) _lglf0).  (D.12)

Equation (D.8) comes from the fact that the strip 0 < Real(z) < 1 is

conformally mapped — with the boundary correspondence — on the unit
i(i—w)

circle {wlj | |w| < 1} by the function z = %lg(ﬂ_—h) O




Chapter 10

Some Studies on Functional Integrals Representations
for Fluid Motion with Random Conditions*

10.1. Introduction

The main task of the statistical approach to random fluid dynamics' is to
solve the set of infinite hierarchy equations for the random fluid velocity
correlation functions. One important scheme to solve these equations con-
sists in considering directly for the appropriate flux equation the random
conditions generating the flux stochasticity in the hope that the fluid tur-
bulence is appropriately described in this statistical approach at least as an
effective analytical theory.?

In this chapter, our aim is to present (formal) functional integral
representations for the Navier—Stokes equation in the following random
conditions:

(1) A pure white-noise initial fluid velocity condition in Sec. 10.2.

(2) A soluble Beltrami flux with appropriate Gaussian random stirrings in
Sec. 10.3.

(3) The Burger—Beltrami one-dimensional equation with a general
Gaussian random stirring in Sec. 10.4.

Finally, in Appendix A we show via path-integral techniques the
appearance of vortex phase factors as an important object in the advection
physics of scalars on fluid fluxes relevant to the studies presented in
Sec. 10.3.

10.2. The Functional Integral for Initial Fluid Velocity
Random Conditions

Let us start this section by writing the Navier—Stokes equation for
the velocity field of an incompressible fluid in the presence of a non-
random external force F;(z,7) with a Gaussian (ultra-local) random initial

* Author’s original results.
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condition
o 9 : Tr
9 v; — vALZv; + (vka—xkv ) = F;, (10.1a)
vi(z,0) = pi(z), (10.1b)
(i1 (x1)pin(22)) = A6) (w1 — 2) 0414, (10.1c)

Let us remark that we have eliminated the pressure term ——A P by using
the incompressibility condition (Av) = 0 which, in turn, leads us to consider
only the transverse part of the force and non-inertial field terms in Navier—
Stokes equation. The transverse part of a generical vector field W (zx, 7) is
defined by the relations

! (B,W)(5.€)
T (0,6) = uéngA1<A;@——————>7

|z — y
W (z, &) = {W;(z,€); i=1,2,3}. (10.2)

Our task, now, is to compute the p-averge of the N-point fluid velocity
field equation (10.1a) for an arbitrary space-time points, by means of a
functional integral representation for the characteristic functional of the
random fluid velocity fields Z[J;(z, £)]; namely3

(Vir(@1, &1, [0]) -+ Vin (2w, SN, [€])) o
SIV)

__\N
=1 0Jir(x1,&1) - 0Jin(zN,EN)

Z|Ji(z,€) ||J(I£) o (10.3a)

where

2.6 = [ dulViexp (— [ N df(vi-Jn(:c,f)). (10.3b)

The functional measure du[V;] in Eq. (10.3b) is defined over the func-
tional space M of all possible realizations of the random fluid motion defined
by Eq. (10.1). An explicit (formal) expression for the above functional
measure should be given by the product of the usual Feynman measure
weighted by a certain functional S[V;] to be determined,

dulVi] = D [Vi]exp(S[V?)). (10.4a)
DV = I (@i(,9). (10.4b)
z€R?
0<€<o0

i=1,2,3
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In order to determine the Weight Functional S[V;], we first rewrite the
Navier—Stokes equation as a pure integral equation which has an explicit
term taking into account the initial condition*

with

Al = Vi) = [Tas [ ayOuute -y~ 9051 05)

- [ as [ avt @)= DR ) (10.62)
Bilp] = /3 dyH o) (x — y,&)pi(y). (10.6b)
R
Here, the Kernels O;jx, H (1, H(o) are given, respectively, by
1/ 0 - 904
v ) =75 7. Y ) ) 1 .
Oire(z,8) 2<8Z40k+ (9Zk>(z £) (10.7a)

0? v |2l
pq(z €) —5pq9( §H 0)(|Z| &)+ 82,,82,1 <%/0 H0(|ZI|7€)dZ/>;

(10.7b)

z 2
Ho)(l21,€) = Wexp <—4|7T|V€) 7 (10.7c)
H([21,€) = 0(§) Ho) (|21, €). (10.7d)

Let us now introduce the following functional representation for the gener-
ating functional Z[J;(z, &)|*®

ZUn(z,9] = [ DPWVIEOWV - e,

X exp <— /RS dx/ooo df(Vi-Ji)(x,g))7 (10.8)

where 6(F)(-) denotes the delta-functional integral representation defined
by the rule

/DF SENV; — ADS(V;) = B(A), (10.9)

with X(V;) being an arbitrary functional defined on M.
By writing the p-average in Eq. (10.9) by means of a Gaussian functional
integral in ¢(z), we obtain the following functional integral representation
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for the weight S[V]:

exp(—S[VY]) / DFp exp[ 21/\ dx(wi'wi)(x)}

< {/DF[quXp i [ o [ e i —Bilwl)},
(10.10)

where we have used the Fourier functional integral representation for the
delta-functional in Eq. (10.8)

sV = Vi[g]) = 6 (Aife] — Bilyl)

= DETp ( 5(‘2 Ak[v]> / DF K" exp (z . dx

<[ derAi[vl—Bi[son(x,@). (10.11)

It is worth to remark that the functional determinant in Eq. (10.11) is
unity as a straightforward consequence of the fact that the Green function
of the operator 9/9¢ is the step function (see Appendix B).

We, then, face the problem of evaluating ¢ and K functional integrals
in Eq. (10.11).

The p-functional integral is of Gaussian type and easily evaluated

Jorieten (<55 [ duter o)
xexp( (Z/Rda?/ de(K; - Bilg])(x, 5)))
_exp{——/dexl/dexg/ d§1/ &K' (21, £1)

x 63 (1 — 332)0(%1,51;$2,§2)Ki(x2,§2)}7 (10.12)

where the kernel C(x1,&1;22,&2) is given by

C(x1,&1;72,82) = / dzH gy (71 — 2,§1)H(o) (2 — w2, —&2) (10.13)
R3

and is the (formal) Green function of the self-adjoint extension of the square
B# B; diffusion operator

(BY)*B; = (—a% — VA, )(821 VAM> (10.14)
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with the (well-posed) initial and boundary conditions

g].iHé_*_ C(!El,fl;xg,fg) :5(3)(£C1 —{EQ). (1015)

Its explicit expression in K-momentum space is given by (see Ref. 6)

- 1
C(k;&1,&) = _V—k2[€_yk2‘§1_g2l — e VR Gt (10.16)

As a consequence of Eq. (10.12), we have represented the weight S[v?]
by a Gaussian functional integral in the K;(z,§) field

eXp(—S[vi]) — /DF[KZ] exp |:—% /R3 dridxs AOO d&1dés
X (Ki(thl)o(xlafl;332752)5(3) (z1 — $2)Ki(3?2,€2))}

X exp (Z/R da:/RS dx/ooo dg(KiAi[v])(x,§)> (10.17)

By evaluating Eq. (10.17) we, thus, obtain the result

exp(—S[v']) = exp (—% . dafldafz/o d&1d& A'[o] (21, &)C

X (21, €152, £2)08) (21 — 332)141[”](372,52)) (10.18)
By noting that (see Ref. 4)

B AN = ( g - v ) AT

3

(2 _ A v+ vp 2o Tr—FTr (10.19)
~\o¢ v "oy, '

We finally obtain the expression for the weight S[v?]

Sl = o [ o [ " dede’ [(a% - qu) Ai[vlr (,€)
« [(8% _ qu) Ai[v]} (2,€)

1 o0 o0
- d d d¢’'
oA s x/o 5/0 ¢
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9 A

X [(85 VA ) (’U}ca—xk’l}) +F1
) o N\NT . o n
Kae ”A) (a_xk) s

We obtain, thus, our proposed functional integral representation for
Egs. (10.1a)-(10.1c)

21, 8)) = [ D7 exp(-Sluexp (— [ as [ asion vm@) .

(10.21)

(z, &)

(z,¢).  (10.20)

The above written functional integral is the main result of this section.

A perturbative analysis for Eq. (10.21) may be implemented by using
the free propagator Eq. (10.16) in the context of a background field decom-
position V; = V; + BV where V; satisfies the non-random Navier—Stokes
equation

9y —unvi— (L " + FTr (10.22a)
85 i — x k@xk ) .
with

Vi(z,0) =0, (10.22b)

with 8 being a coupling constant (8 < 1). It is worth remarking that the
cross term

/Rg d""’/ £(iv" Agvi) (2, €) (10.23a)

vanishes in S[v'] as a result of the boundary condition
vi(x,0) = vi(z,00) =0 (10.23b)

for the pure random diffusion free propagator (Eq. (10.16)).
Finally, we point out that our proposed functional integral
equation (10.21) differs from that proposed in Ref. 7.

10.3. An Exactly Soluble Path-Integral Model for Stochastic
Beltrami Fluxes and its String Properties

In this section, our aim is to present, in our framework, an exactly soluble
path-integral model for stochastic hydrodynamic motions defined here to
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be random regime of the physical Navier—Stokes equation (10.1a) in the
incompressible case dominated by generalized Beltrami fluxes defined by
the condition rot v = Av with A\ a positive parameter.

Let us, thus, start with the usual Navier—Stokes equation (10.1a)

ov

1 9 _ gradP
5 + <2grad(v ) — (v x rot v)) =

p

+vAv + F™' (10.24)

where the random stirring force is such that its satisfies the following spa-
tially non-local Gaussian statistics in our reduced model for turbulence, i.e.

(F0)s(r, )(F)(r ) = N6,5((A )3 (r = 7)s(t —t')  (10.25)

where A1 denotes the Laplacean Green function.
At this point we take curl of Eq. (10.24) and consider the already men-
tioned Beltrami flux condition and its direct consequence, namely:

Mo = rot(rot v) = grad(div v) — Av = —Aw, (10.26a)
v Xrot v =wvx () =0, (10.26b)

in order to replace the Navier—Stokes equation, Eq. (10.24) by the exact
soluble Langevin equation for the fluid flux stirred by the external force
Q" = rot(F*") in our proposed model of Navier-Stokes turbulence dom-
inated by the generalized Beltrami fluxes

ov(r,t)

Eramie —vA%v(r,t) + lQe"t(r,t) . (10.27)

A

The new external stirring Q> = rot(F*")(r,t) satisfies a Gaussian
process with the following two-point correlation function:

(P (r, (1)) = (7507 (T O (R (o, 1) F (07, 1))
— AQ(élz’ézjj/ _ (SZJI(SZ,J)aj(T)aj’(Ar_ld(g)(r _ ’I"l) % (S(t _ t/))
= A2 5B (r — )3t — 1)) — A28 (AT (r — 7))d(t — 1),
(10.28)
It is obvious that Eq. (10.28) satisfies the incompressibility condition
necessary for the incompressibility consistency of our Brownian—Langevin
fluid equation (10.27) and its stochastic version below.

It is important to remark that the formal wave vectors of the Beltrami
hydrodynamical motions have eddies of a fixed scale |k| = A in our reduced
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model. As a consequence of this fact, we assume implicitly the same wave
vector constraint in our random strings Egs. (10.25) and (10.28).

Proceeding as in Sec. 10.2, it leads to the exact generating path
integral for our Brownian reduced model, where we have used the incom-
pressibility constraint 0" vi(r,t) = 0 to see that the spatially non-local
piece of Eq. (10.28) does not contribute to the final path-integral weight
equation (10.29)

Zj(r,t)] = /D['v(r,t)] exp (z /_;OO d>r /000 dt(j -v)(r,t))

o 1ot oo
x det [& — u)\ﬂ ) (div v) exp {—5/ d3rd3r'/ dtdt’
0

X (% + w\%i) (r — )6 ) (r — ¢)5(t — t')

— M (AT S(r — r'))S(t — 1)) (% + Nw,) (r— t’)}
= /D[(v(r,t)] exp (z /;00 d3r /000 dt(j -v)(r,t))
X exp {—% /J:o d3r/0+°° dt (g—: + u)\2v>2 (r,t)} . (10.29)

At this point it is worth to compare the exact soluble path-integral
written above (note the fixed wave vector |k| = 7 imposed implicitly in
Eq. (10.29)) with that the one associated with the complete Navier—Stokes
equation for ultra-local random external stirring with strength D, namely:
(Fy(r, t)Fj(r',t")) = DB (r—1")§(t—1')3;; and full range scale 0 < |k| < oo
(see Sec. 10.2)

Z[j(r,t)] /D v(r, t)]det [(aﬁ - >5M+ \/_ (( A )k:|

x{ / / (——VAU+\/—('U V)v
gradp }exp Z\/_/md?* /+Oo_] v 'ut)}

(10.30a)




Studies on Functional Integrals Representations 295

Let us remark that it is possible to eliminate the pressure term
—(1/p)grad P in this path-integral framework by using the incompress-
ibility condition div(v) = 0, which, by its turn leads one to consider only
the transverse part of the external force and of the nonlinear term in the
effective action in Eq. (10.30a) (see Sec. 10.2)

Ztr0) = [ D7 lesn {3 [ j dor

X /0+ dt (%v —vAv +VD((v - Vv)“)2) } . (10.30Db)

Here the transverse part of a generic vector field is defined by the expression
(see Eq. (10.2))

(W (r,t)™ = W(ﬁt)—ﬁgradr(A*l(div W)). (10.31)

Note that now one should postulate the local two-point correlation
function in order to get Eq. (10.30b) (F{*(r,t)F{"((r',1'))) = DG (r —
T/)(S(t — t')dij.

It is worth to remark that Eqgs. (10.3a) and (10.3b) applied to the Burger
equation lead to a different path-integral than that proposed in Ref. 8, since
in the path-integral framework the viscosity is not a perturbative parameter
which, in our case, is v D. Besides, the propagator in the free case for the
time parameter in the range 0 <t < oo is given by (see Eq. (10.16))

o -1 d -t ,
_ _% [efuk2|t7t'| o efuk2|t+t’\:| (10.32)

and differing from the Dominicis—Martin propagator suitable for the range
—00 <t < oo (Ref. 8)

(3o () oo

+oo ) , 1
d w(t—t") . 10.
/ w(e ) ST T (10.33)

— 00

Let us now evaluate the vortex phase factor defined by a fixed-time
spatial loop £ = {l(o),a < o < b} in our exactly soluble model
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equation (10.27) in order to see the connection with strings (random sur-
faces) (see Appendix A for the relevance of theses non-local objects for
advection phenomema)

(e (i f vitto), atto >)>
/DF (r,1)] exp{——/+md3 /Jm <—+u)\2 )2(1‘71?)}

X exp (2 75 v(e(a),t)de(g)) . (10.34)

Since the flux is of a Beltrami type in our soluble model equation (10.29),
we propose to rewrite the circulation phase factor as a sum over all surfaces
bounding the fixed loop ¢ by making use of Stokes theorem and by taking
into account again the Beltrami condition, i.e.

i) = [ DFIve exp{"/mdg [ b (g )
X (%:exp (m//s v(xj)-dA(x))) } (10.35)

By observing now that the two-point correlation of our Brownian—Beltrami
turbulent flux is exactly given by

‘ e—vAZE—t'|
(vi(r, t)vj (', 1)), = / el 9(t — )5y,  (10.36)
|k|=A VA
with ¢,¢" € [0, 00] and 8(0) = 1/2 in this initial value problem, we can easily
evaluate the average equation (10.35) and producing a strongly coupled area
dependent functional for the spatial vortex phase factor in our proposed
turbulent flux regime

W[é, v] = <€i $, v(é,t).dg>

—Zexp{——// dA(y MdA( )}. (10.37)

o |z =yl

Just for completeness of our study and in order to generalize the Beltrami
flux turbulence analysis represented in the main text, for the physical case
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of the complete wave vector range 0 < |k| < oo in our turbulent path-
integral soluble model studies, we propose to consider a kind of generalized
Beltrami condition to overcome this possible drawback of our turbulence
modeling, namely:

rot v(r,t) = A(r)v(r,t), (10.38)

where A(r) is a positive function varying in the space and to be determined
from a phenomenological point of view. Note that the Fourier transformed
(wave vector) condition now takes the general form

- o(k.0) = [ d'plie =)l om0 (10.39)

which, by its turn, leads to the full range scale 0 < |k| < oo for the eddies
hydrodynamical motions under study. By supposing that the “vortical”
stirring equation (10.28) is a pure white noise process with strength D,

Q5 (2, QG (r, ') = D - 683 (r — v)8(t — ). (10.40)
It is a straightforward deduction by following our procedures as exposed
in the text to arrive at an analogous Gaussian path-integral for the gener-

alized Beltrami random hydrodynamical defined by Eq. (10.38). The gen-
eralized effective motion equation is given, in this new situation, by

0 AN v OXr) 0 9 ik
Kat ”( A )m o) Ow, dz. TN(D)0
+v <€ijk &\_(7'))} v (r, t) = QX (7, t). (10.41)
8{Ej
The Gaussian path-integral, thus, is exactly written as

ZLs(r, )] /HDF vilr t)}exp< /M d%/ooo dt(jivi)(r,t))

1=1 o0

+oo
X exp[ 21D d3 / dtvg (v, ) (M. M*)v,(r t)]
(10.42)

Here, the differential operators entering in the kinetic term of the tur-
bulent path-integral are

ki 0 v 0A(r) 0
M= (_E * Ar) Oz, Ox° Y] (r) (AT
AA(r) i ji OA(T)
Y + uA2(r)> ok 4 veP o, (10.43)
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and
is _ 9 v OAr) 0 20 AAT)Y s ijs OA(T)
M™ = <+8t O A A T u R S =
(10.44)

It is worth pointing out that the exact evaluation of the variance in
Eq. (10.42) depends on the ezact form of our rotation A(r) defining the
Beltrami condition (10.38).

The vortex phase factor equation (10.34), takes now a form closely
related to the pure self-avoiding string theory in the case of a slowly varying
function |grad A(r)| << A(r) and A(7) ~ 1 (a very slowly r-varying function:
for instance as A(r) = Ag exp(—1075|r|?))

ety e {1 [ [ aaw) 69— )-aam)}
{s}

~ exp <—%area(5)) . (10.45)

Now, if we follow Ref. 9 it is an easy task to deduce that the above
written time-fired vortex phase factor satisfies the famous loop wave
equation for Abelian Q.C.D. at very low energy and a large number of
colors. It may be written in the geometrical (infinitely differentiable loops
¢(0)) as the following:

5 . 1 ,

9 ( i §v(l,t)de ) — _%d 5(3) _ i v(L,t)de ) 10.46

o e ) == § dys (@ — e ) (10.46)
The above obtained results rise hopes again that a string theory may be

relevant to understand turbulence modeled as an amalgamation of “rough”

roll up of random stirred fluid motions.

10.4. A Complex Trajectory Path-Integral Representation
for the Burger—Beltrami Fluid Flux

The Hopf wave equation for turbulence is a master functional compressing
the infinite hierarchy fluid velocity correlation functions in a single func-
tional differential equation.?

In this section, our aim is to a certain extent complete the previous path-
integral studies by presenting a complex trajectory path-integral represen-
tation for a reduced model simulating “Burger turbulence” by considering
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directly the “experimental observable” N-point grid velocity observable as a
fundamental object of the proposed dynamically reduced Burger—Beltrami
turbulent flux model below defined.

Let us start with the dynamical equation defining our one-dimensional
Brownian-like fluid flux

Pt (0 50 ) () = =00l + Sl

v(z,0) = g(x),

where we have replaced the usual fluid viscosity term vd?v(z,t)/dz? by
the pure damping term —vA2v(x,t) (the reader should compare our pro-
posed Brownian-like flux with that of the Navier—Stokes—Beltrami studied
in Sec. 10.3).

One of the most important observable objects in fluid turbulence is the
fixed velocities measurements at the grid points (zy) and at a common
observation time t

(10.47)

N
<HamW@—w» (10.48)
=1

where the average ( ) is defined by the random stirring satisfying the
gaussian statistics'®

(flz, ) f (2, ) = k(z — 2")o(t — t'). (10.49)

In momentum space, the observable equation (10.48) is given by the fol-
lowing (grid dependent) characteristic functional (the Hopf wave functional
restricted on the N-point grid)

¢(($1,.-.,$N);(pl,...,pN) <exp< ZPW T, >> (1050)

The Hopf wave equation associated with our model equation (10.48) is
given in a closed form by applying straightforwardly the methods of Ref. 10

i Do) (e o))

N N
B o (1 9 2)p
= E |:p£ o (;978_:5) 2% } + g k(xe — xo)pepe

(=1 21’1

><1/1((9617...,xN);(pl,...,pN);t) (1051)
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Note that we must add the deterministic initial date condition to
Eq. (10.51)

Let us remark that in the physical grid on R? = {x,(:);a =1,2,3;k =
., N}, Eq. (10.51) naturally reads

a a a a a
i (@, 2 0, et

Y B R ]
r=1a=1 pf) p(a) 3$§a) 8p§a)
F((@r, a0, )it

N

a a a) (b

+ | Y Ka(@® -2 pd”
o=1,0'=1

x<ap((@f”,. ) (B )i (10.53)
Hereafter as said earlier we will present our study of Eq. (10.53) for the one-
dimensional case equation (10.51). By introducing the mixed coordinates
defined by the transformation law.

Dj +x; =u;;  pj— T = vj. (10.54)

The turbulent wave equation (10. 51) takes the more invariant form similar
to a many-particle Schrédinger equation in quantum mechanics.

.0

—Z§(¢(u17-~-,uN);(Ul,-nUN);t)

o [y (A Y (KA
_6:14 02uy 0%y Uy + Vg Ouy Ovy

T(w + vy) <8iug + %)] Y((u1, ..., un); (v1,...,0N);t)

N
1 up — up + (v — vp)
F1] 2 ket (

2

xw((ul,...,uN);(pl,...,pN);t) (1055)
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(10.56)

The above written closed partial differential equation is the basic result of
this section. At this point we can implement perturbative calculations for
our turbulent wave equation by considering a physical slowly varying (even
function) correlation function of the form

L

)

K 1/2
K(z) ~ K(0) — 2222, |2| < (—(0)>

2 o (10.57)
0; o> L, '

which by its turn leads to the harmonic and quartic anharmonic potential
which is written as

N

Z {K(O) (weup + veve + upver + Vo)
=1;0'=1

1
—glio(Ug +vp) (ugr + v [uf +ud + v 4+ v — 2upup — 2vgvg/])} .
(10.58)

In the important case of the single fluid velocity average, our turbulent wave
equation takes the following form, after making an analytic continuation
v — iv; namely

i%w(um; t) = (Lo + L1)Y(u,v;t), (10.59)

with the initial condition
Y(u,v;t — 07) = exp [2 (u—;w)g(u;w)} . (10.60)

Here the kinetic and perturbation terms are

10 2\ kO0),,
ﬁo_‘i(W*a?)*T(“ —v),

2 /9 10 s (0 10
ﬁl_u—kiv(@u i8v> V)\(u—’—w)(@u—’—iav)'




302 Lecture Notes in Applied Differential Equations of Mathematical Physics

The harmonic oscillator propagator of the kinetic term equation (10.61) is
determined in a straightforward way and a Feynman diagramatic analysis
may be easily implemented for ¥ < 1 by the same perturbative procedure
used in quantum mechanical problems. Similar remarks hold true in the
general case equation (10.55).

It is worth to point out that analogous results are easily obtained in the
physical case of turbulent Beltrami flux in the three-dimensional case.

Let us comment the case of general turbulent flux. In this case, although
being impossible to write a closed partial differential equation as we did in
Sec. 10.4, we can develop approximate schemes to solve the full functional
Hopf equation by approximating the fluid shear stress tensor by finite dif-
ferences, namely:

d*v(z;;t)
{V dx?

With the uniform grid spacing A = |z, 41 — x;j].

Q

D=

(—2v(xj, t) +v(rj41:t) + v(le,t))} (10.62)

Let us now write a trajectory functional integral representation for the
initial-value problem equation (10.55) after taking into account the analytic
continuation vy, — ivy there.

As a first step to achieving our goal, we write the associated Green func-
tional of Eq. (10.55) in an operator form (the Feynman—Dirac propagation)
for the free case k =0

G/ (ug, ve); (up, vy; t)]

N
1 2 0 10
‘<(“Z’W eXp( [ZZAV(m) (a—w‘m—w)

_ﬁ( +1 ) i_|_1 9
2 wem e Ouy 1 Ouy

As in the usual Feynman analysis we write Eq. (10.63) as an infinite
product of short-time ¢-propagation and consider the standard short—time
expansion

(up, vg)>. (10.63)

lim ((ul”, o) exp(isH)|(0f' ™, uf ™)

s—0Tt
2 2
p1tai 2 ( () <e>)
- wr- —4q
4 ( 0 +w<r>> I I

s—0+t

= lim [ d¥pid qlexp{'
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N
; (u” +iv") (" + g ))—exp{Z[wy)( % uy)l)]}

{=1

N
X exp {Z [zq§ )( — vfj)} } , (10.64)

=1
where H denotes the second-order differential operator inside the brackets
of Eq. (10.63).
If we substitute Eq. (10.64) into the short-time product expansion of
Eq. (10.63), namely

(ue, vl e ™ uf, vp)

= H/ duldv1< (ul, vl exp (z (%) H)

and evaluate the (pr,gr)-momenta functional integrals (see Ref. 11 for a
detailed exposition), we get our searched trajectory path-integral represen-
tation for the Green-function of Egs. (10.56)—(10.65) in the free case k =0

(2o

42( 00 (o ) (—m — ()(U4(o) +m(a)))
N 9 o '7 2

+; (-m — (WA%)(Ue(0) ‘HVK(U))> ] }

() 25 ()

) ( Te(o) + Wiy T A Welo) Vi >>)

(uél,v51)> (10.65)

G [(ue, ve); ((wer, ver); ]

%][(0 —u@/ /)2(0 =Vyr eXp { / dO'

Ue(t)=us  De(t)=we

i) (Te) + VP ) Y |
XZ( +zw() (/\)(Uf()JrVI()))} (10.66)

Note that the discrete index I = 1,..., M has become the continuous
time parameter ¢ ranging in [0, ¢].
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The general k # 0 case is straightforwardly obtained from Eq. (10.66)
by only considering the additional weight

N
expy i (U (o) + Vo)) (U (o) +iVY(0))
o=1,0'=1
’EU_’EIU i’éla_’éa
P (CER A R |

It is obvious from the above written N-body (complex valued!)
trajectory path-integrals representations that any analytical analysis will
be somewhat cumbersome. However, its numerical (Monte-Carlo and F.F.T
algorithms) studies may be useful to implement approximate evaluations
on applied problems.
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Appendix A. A Perturbative Solution of the Burgers
Equation Through the Banach Fixed
Point Theorem

A very important result in the theory of metric spaces is the famous
Banach—Picard fixed point theorem.
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Theorem of Banach—Picard. Let T: (X,d) — (X,d) be a con-
tractive application in a given complete metric space (X,d) = X. This

means that for any pair (z,y) € X x X, we have the uniform bound
with L < 1

d(Tz,Ty) < Ld(z,y). (A1)
As a consequence, we have the following results:
(a) There is a unique solution of the functional abstract equation
Tz = %. (A.2)
(b) ForanyZ € X, the sequence (x,,) defined by the recurrrence relationship
Tpt1 =T"T (A.3)

converges to the (unique) solution of Fq. (A.2).

(¢) For each n, one has the mathematical control of the error from the
approximate sequence equation (A.3) to the real solution & Eq. (A.2)

L e Ta). (A.4)

d(zn,2) <

We left its (easy) detailed proof to our readers.

Another important result is the following theorem related to the con-
tinuous dependence of the solution equation (A.2) on parameters.

Theorem A.l. Let X be a complete metric space and A be a general
topological space. Let T: X x A — X be a family of locally contractive
applications. This means that for any A € A, there is a topological
neighbourhood of A, namely V) € A, and a constant Ly < 1, such that
d(T,z, T,y) < Lad(x,y), for p € Vx. Then, we have that all fized points of
Ty are continuous functions of the parameter A in A.

A curious interplay among compacity and “almost” contractive appli-
cations is the following lemma.

Lemma A.1. Let X be a compact metric space andT: X — X an “almost”
contractive application d(Tx, Ty) < d(z,y) for x # y. (Ezample: T: [0,1] —
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[0,1); T(x) = x — 2?). Let us consider the following real function on X
p: X =R

x — d(x,Tx). (A.5)

Now ¢(z) has a minimum value of § in X due to its compacity. On the
other side, if § > 0, one can consider the restriction of ¢ to a new compact
domain set W = {z € X | d(z,T2) < $}. One finds in W C X, another
different minimum of ¢ in X. So § = 0, which means that there is a & € X,
such that

d(#,T3) =0« Ti = 4. (A.6)

Let us examplify the Banach—Picard theorem by considering the fol-
lowing initial value problem for differential equations in Banach Space F,
where all initial conditions are contained in the Ball of radius R(||Up|| < R)
and the nonlinearity is supposed to be Lipschitz in any bounded set in E

au
—r = Ft.U®), (A7)
U(to) = Up.

We introduce the equivalent integral form of Eq. (A.7) in our proposed
complete metric space E(p gy of continuous function taking values in £
By = {u€ C(0,T).E); suwp [[UQ)||s < K(R);
0<t<T
(A.8)
d(u,v) = sup {u(t) = o(t)l|} }.
0<t<T

Namely,
U@:%+AF@mm@:ﬂm@. (A.9)

Let us now choose the parameter T, R in the definition of Eq. (A.8)
in such a way that a maps E(r 1) into E(g 1) and F be a contractive
application there.

Now, we can see that

d(FU)(1),0) < Vol + / (s, U(s)] [ mds

< U0l + / [F(U) = F(0) + F(0)||(s)ds

< R+ (||[F(0)||g +2L(KR) - Kr)t. (A.10)
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Here, for (z,y) € E(r, ) we have the Lipschitz property
L(Kr)
|1F(z,t) = F(y, )|z < Ozlng{f(R O}l —ylle
< 2L(Kg)- K(R). (A.11)

Let us now choose the global time evolution T in such a way that

R4 T(IFO)||p 1 2L(Kr) - Kr) < K(R) (A.12a)
or
K(R) - R
T < . A.12b
< TFOs s R R LD (4.-12b)
We have the following additional estimate:
t
d(FU,FV) = sup { | aslFs.U6) - P V)l
o<t<T LJo
< T-L(Kg) - d(U, V)}. (A.13)

If one chooses the global time satisfying again the bound for any ¢ > 1.

1

O ET)

(A.14)

we have a unique solution of Eq. (A.7) in E(r g). For instance, if F'(0) =0
and K(R) = R+b, the compatibility of Egs. (A.12b) and (A.14) means the
existence of b > 0 such that b < 2R/(6 — 1).

Related to the material exposed in this chapter, let us apply the
Banach—Picard fix point theorem to a Burger equation with a viscosity
time-dependent parameter and zero initial conditions in R x R

1 t —+oo
U(x,t):;{/o dT/ dy’
0

x [—a—y, (exp <—%)> Uly',7)? .T(§+ﬁ)} } L Fw)
(A.15)

Let us introduce the complete metric space defined below

Eq.r ={U(,1) € C([OvT]aR);Oi?ET(HU('at)HLOO(R)) <R} (A16)
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Proceeding as in the previous example, we will choose T in such a way
that F(E(r r)) C E(r,r). This means that (for 3 > —1)

sup [|[(FU)(z,t)||L<(r)
0<t<T

t “+o0o 5 )
< — sup / d¢ </ dy|e_($_y) 42|z — g
Vo<t<T | Jo —o0 4
Cﬁ
(o)) 20Ol
2 .
< —{ sup / d¢¢P=%) (/ dz - e (/% z) }
v lo<i<t |Jo 0
R2 t 0 .
< —{ sup / dc¢?=2) } (/ dzez2/4z>
v 0<t<T |Jo 0
2
< LTW-Q < Re Th+: < M (A.17)
(ﬁ—i— =) 2cR

Let us further make a choice of the global time 7" in such a way that a
is a contractive application in Er g). In order to show such a result, let us
consider the estimate below

sup {|[(TU)(x,t) — (TV) (2, t)||L=(m) }

0<t<T
Foo le=yl® . 9|y — o] - (B
/ dC/ (6 <1|/32: <y| ‘ )

><||U2(~ t) = V2 Ol

/ dcCcP 2 - |UC 1) — V)l

<2R

X (UG oo ry + IV ) 2oe(r))

1
< — sup
Vo<i<T

IN

— sup
2V g<e<T

1

c2p T W) -V (A.18)
2, T [ ) VD) .
v (B+3) oscoT L=

So F will be a contractive application in E¢r gy if

AcRTP+2 oot L Y28+

v(26+1) 4cR (4.19)
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We have thus the existence and unicity for the Burger equation in the
intergral form (A.15) for global times satisfying Eq. (A.19).

Appendix B. Some Comments on the Support of Functional
Measures in Hilbert Space

Let us comment further on the application of the Minlos theorem in Hilbert
spaces. In this case one has a very simple proof which holds true in general
Banach spaces (E, || ||)-

Let us thus, give a cylindrical measure d*°u(x) in the algebraic dual
E8 of a given Banach space E (Chap. 5).

Let us suppose either that the function ||x|| belongs to L' (E®, d*® u(x)).
Then the support of this cylindrical measures will be the Banach space E.

The proof is the following:

Let A be a subset of the vectorial space E*& (with the topology of
pontual convergence), such that A C E° (so ||| = 4+00). Let the sets be
A, = {z € E®& | ||z|| > n}. Then we have the set inclusion A C ()—, An,
so its measure satisfies the estimates below:

$(A) < liminf (A,)

= liminf u{x € E¥8 | ||z|| > n}

1
< lim inf {_ / ||a:||d°°,u(x)}
n n Ealg

= lim inf —HxHLl(Ealg’d?)
n n
Leads us to the Minlos theorem that the support of the cylindrical
measure in £*# is reduced to the own Banach space E.
Note that by the Minkowisky inequality for general integrals, we have
that ||z||? € L'(E*8,d>®u(x)). Now it is elementary evaluation to see that

if A=* € §,(H), when E = H, a given Hilbert space, we have that

/ () - |Jz]l? = Trn(A™) < oc. (B.2)
Hals

This result produces another criterium for supp d¥u = H (the Minlos
Theorem), when E = H is a Hilbert space.
It is easy to see that if

=0. (B.1)

[ lalla=u(e) < o (B.3)
H
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then the Fourier-transformed functional
20) = [ o mau(o) (B.4)
H

is continuous in the norm topology of H.

Otherwise, if Z(j) is not continuous in the origin 0 € H (without loss
of generality), then there is a sequence {j,} € H and § > 0, such that
[l7l] — 0 with

5126 =11 < [ 0 1 ()
< /H |G 2)|d ()
g||jn||( / ||a:||d°°u<m>) o, (B.5)

a contradiction with § > 0.

Finally, let us consider an elliptic operator B (with inverse) from
the Sobelev space H~2"(Q) to H?>™(£2). Then by the criterium given by
Eq. (B.2) if

Trpoo)[(I+A)T 2B HI+A)T 7] < oo, (B.6)

we will have that the path-integral written below is well-defined for = €
HFT2™(Q) and j € H~2™(Q). Namely

| y
exp <—§(]7B 1J)L?(Q)) :/H+2 @ dpp(z) exp(i(j,z)r2q)).  (B.7)

By the Sobolev theorem which means that the embeeded below is con-
tinuous (with Q@ C R denoting a smooth domain), one can further reduce
the measure support to the Holder a continuous function in Q if 2m—2 > a.
Namely, we have a easy proof of the famous Wiener theorem on sample
continuity of certain path-integrals in Sobolev spaces

H2™(Q) © C*(Q) (B.8a)

The above Wiener theorem is fundamental in order to construct non-
trivial examples of mathematically rigorous Euclideans path-integrals in
spaces RY of higher dimensionality, since it is a trivial consequence of
the Lebesgue theorem that positive continuous functions V(z) generate
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functionals integrable in {H?™(Q2), dpu(p)} of the form below

op {‘ /Q W@)dw} € L' (H*™ (@), dpu(¢)).  (B.SH)

As alast important remark on cylindrical measures in separable Hilbert
spaces, let us point at to our reader that the support of such above mea-
sures is always a o-compact set in the norm topology of H. In order to see
such result let us consider a given dense set of H, namely {zy}rer+. Let
{0k }rer+ be a given sequence of positive real numbers with §; — 0. Let
{en} be another sequence of positive real numbers such that > 2 &, <e.
Now, it is straightforward to see that H C J,—, B(zk,dx) C H and thus
lim sup p{U;_, B(zk,0r)} = p(H) = 1. As a consequence, for each n, there
is a ky, such that pu( Uy, Bz, 0r)) > 1 —e.

Now, the sets K, = (. —, [U:ll B(zy,6))] are closed and totally
bounded, so they are compact sets in H with u(H) > 1 — €. Let us now
choose € = % and the associated compact sets {K,, ,}. Let us further con-
sider the compact sets Kn " U? 1 K¢,. We have that IAQW - Kn+1’u7
for any n and lim sup M(Kn u) = 1. So, suppdu = J,—; Kn, ., & o-compact
set of H.

We consider now an enumerable family of cylindrical measures {du,}
in ‘H satisfying the chain inclusion relationship for any n € I*

supp dptn, © SUpp dfin 1.

Now it is straightforward to see that the compact sets {K,(l")}, where
suppdum = Uo, K™ is such that supp{dum} € U, K™, for any
melt.

Let us consider the family of functionals induced by the restriction of
this sequence of measures in any compact Ky () . Namely

o= O = [ 5@ d(a). (B.5¢)

Here f € Cb(f(,(«bn)). Note that all the above functionals in [J;2; Ci( Afln))
are bounded by B.1. By the Alaoglu—Bourbaki theorem a compact set in
the weak star topology of (|Un~; Cb(f(,(ln)))* is formed, so there is a sub-
sequence (or better the whole sequence) converging to a unique cylindrical
measure fi(x). Namely,

lim f Yy, (x / f(z (B.8d)

n—oo

for any f € Uo—, C| (K(”))



Chapter 11

The Atiyah—Singer Index Theorem:
A Heat Kernel (PDE’s) Proof*

Dirac-type operators in Riemannian manifolds are mathematical objects of
cornerstone importance in differential geometry!' ® and with a growing use-
fulness in quantum physics.*° Unfortunately, many studies related to the
theory of Dirac operators are very sophisticated for applied scientists due
to the use of sophisticated and cumbersome methods of algebraic topology
and bundles manifolds.!

In this chapter, we intend to present in a relatively simple way and
based in the elementary aspects of the Seeley theory of pseudo-differential
operators, one of the most celebrated differential topological theorem: The
Atiyah—Singer index theorem which (in one of its “palatable” version) says
roughly that the trace of the evolution operator associated to a certain
class of Dirac operators defined in two-dimensional orientable compact
Riemannian manifolds possess a manifold topological index — its Euler—
Poincaré genus.

Let us thus start with A denoting an elliptic differential operator of
second order acting in the space C2°(R?),x, formed by all these functions
infinitely differentiable with compact support in R? and taking values in
Myxq(C) (the vector space of the complex matrices g x q)

A=Y an(z)D2, (11.1)

laf<2

where a = (1, ag) are non-negative integers associated with the basic self-
adjoint differential operators

o (1L 0N (1 0\
Dm B (Z (9331) (Z 81‘2) ’ (112)

with Aa(z) € C%(R2)4xq.

*Author’s original results.
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Let us now consider the (contractive) semigroup generated by the
operator A through the spectral calculus for the operators in Banach spaces

exp(—tA) = ]{ de™ Moy — A)7Y (11.3)

27

where C is a given closed curve containing in its interior the spectrum of
A: o(A) which is supposed to be in the semiline R*.

According to Seeley,"? let us consider the operational symbol of the
operator (Algxq — A) which is defined by the relationship below:

(A = N)(&)%F = e7@8 (A — A1)e®*S

= Z A 51 al 52) _)\quq

lor]<2

=) AN, (11.4)

|51=0

where for 0 < j < 2,

Aj(x7§7A) = Z Aa(x)(fl)al (52)(12, (115&)

la|l=a1+az=j

and for j = 2,

Ag(,6,0) = —Algxq + D Ad@) (&) (&) ] . (115b)

|la]|=a1+as=2

Let us now consider the usual Fourier transforms in L'(R?) N L?(R?)
with its operational rule

~ 1

F(&) = N d?ze’® f(z) (11.6a)
(Af)(x) = ﬁ /R P oA OIF Q). (116b)

At this point, it is of crucial importance to note that the functions a;(x, &, A)
are all homogeneous functions of degree 7 when considered as functions of
the variable ¢ and V/\:

a;(z, €, A) = (c )aj(x & N). (11.7)
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Now it is an important technical theorem of Seeley that the Green function
of the operator (A — A1) has a symbol which is given by a series of smooth
functions {C_o_;(x,€)},=0 in the Seeley topology

o((A=X)"H)=>"C o j(=9). (11.8)
J=0

As a consequence of the above formulae, we have the following exact for-
mulae for the inverse of any elliptic inversible operator A

@) = [ a4

0

ad 1 i&(x— C_ —'(mafv)‘)
= — ¢ ded’zd?ye ™ y>[ Ak B d/\} }
j_o{ § Eeadtyesy || St 1)

2mi &

(11.9)

A crucial observation can be made at this point. One can introduce a
noncommutative multiplicative operation among the Seeley symbols asso-
ciated to elliptic operators A and B acting on the domain C°(R?),x,
namely,

o(A) o o(B) E o(A0 B), (11.10)
where A o B is the operator composition. Explicitly, we have that
o(A)ea(B) = Y [Deo(A)(w,&)][iDgo(B)(x,8)]/al. (11.11)
la|=a
Here
al = aq! - asl. (11.12)

From the obvious relationship
(A=X)o(A-A1)"! =1, (11.13)
we have that
o(A=M)oo((A-A)"H =1. (11.14)
As a consequence it yields the result

iz(D?U(A—M)(x»f))iDi S Coj@g | p=1 (1L15)

" al<2 J=0
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or in an equivalent way

L S DEe(A - ) )0 (Cary )] =1 (1116

T lal<2 | =0

The above equations can be solved by introducing the scaled variables
(t>0)

E=te; A2 =t(\)/2 (11.17)
and
Cooj(m, e, (tN)2)2) =t~ TN C_y_(x, & N). (11.18)

After substituting Eq. (11.18) into Eq. (11.16) and by comparing the
resulting power series in the scale factor 1/¢, one obtains the famous Seeley
recurrence equations which for ¢ — 1, give us explicitly expressions of all
Seeley coefficients {C(_ojy(7,&)} of the Green function of the operator A
(note that they are elements of Myx4(C))

Coz(w,8) = (az(w,8) ", (11.19)
0= CLQ(QE,&)C,Q,]‘ ({,C,f)

+$ S (Dfan(x,9))(iDIC_ap(x,€)) | . (11.20)
’ 0<j
k—|a|—2—f=—j

For the Laplacian-like elliptic operator below,

0? o2
A=-— (911@1,@“2)@ + 922($1,$2)w> 1,44
1 2

0 0

+ (Al(x17x2))qua—xl + (1‘12($1»$2))qua—x2 + (Ao(z,22))gx g5

(11.21)

where {g11(), gaz(z); z € R?} are positive definite functions in C°(R?) x4,
we can evaluate exactly the Seeley relationship (Eq. (11.20)).
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Now, it is a tedious evaluation to see that (important exercise left to
our readers) we have the result

a(,&,\) = (g11(2)&] + g22(2)€5 — A1), (11.22a)

01(2,6,\) = —i Ay ()€1 — iAs(2)6s, (11.22b)

ao(@, €, \) = —Ao(), (11.22¢)
Coa(2,6,0) = (g1 (2)&] + gaz(2)€5 — A1), (11.22d)
c—3(2,&N) = i(A1 ()& + Aa(2)&)(Ca(x, &, N))?

i@ [ (o) @6 + (gt &

X (Cz(@,&,N)°
— 2ig226> K%mﬂ@) (&)* + (%922(@) (52)2]
x (C_a(x,&,N))>. (11.22¢)

We now analyze the symbolic—operational Seeley expansion for the evo-
lution semigroup Eq. (11.3)

TI‘(CSO (R2))gxq [exp(—tA)]

-y (%)2 | Faolexpl-t)(e.0

1 ? 1 o ist 2,73 .

%> 2_7”/4-00 d(is)e /R?xR?d xd’xC_g_j(z,§, —is)

_ = l 1 2 2 /+OO 8

_ZO t(27r)3/32d§R2d C_a_; xf, ds

_ Ool L 2, 72 /+Oo is 4\ (23%) ‘ 1/2¢ -

= {Zt(?ﬂ')3 /R?xR?d xd*€ - e’ (t) C_o_j(z,t'/%¢,—is)
-2 Hoo

:Z{t 2 (27r)3/ d*¢ d%/ dsc2j(x,5,—is)}. (11.23)

R? R? —o0
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After substituting Eq. (11.22) (together with the term C_4(z,&, ) not
written here), we have the Seeley short-time expansion for the Heat—Kernel
evolution operator associated with our Laplacean A given by Eq. (11.21):

Trose (r2) 40, [€XP(EA)]

2 (] e e @) L
+ i (/1%2 d*z\/g11922 (—éR(g)» Lxq
- i [G11(A1)? + G33(A2)? + Ao] (z) + O(t). (11.24)

Here R(g) is the curvature scalar associated with the metric tensor ds? =
g11(dx1)? + goa(dwy)?. The inverse metric is denoted by {g11, oo }-

Let us give a proof of the famous Atiyah—Singer index theorem in the
context of the heat kernel PDE’s techniques.

Let us thus consider complex coordinates in a given (bounded) open
subset W C R2, supposed to be a chart of a given Riemann surface M:

z=x1 41T 9 9 7 9
=2 2, A= — iz,
1o} 0 0
oo o (11.25)
0 0 )

Z=1x — %y, — = — +i—r.
0z Ox Oxy

For each integer j, let us introduce Hilbert spaces H; and H; defined as®

vectorial set of all complex valued functions which under the
action of a complex coordinate transformation z = z(w) of W,

J has the tensorial like transformation law

f(z,2) = (0w/82) 7 f(w,w).
(11.26)

We now introduce a Hilbertian structure in H; by the following inner
product:

(9, )n, = /R2 dzdz(p(z,2)7 T f(2,2)9(z, 2), (11.27)
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where p(z, z) denotes a real continuous function in W and of the prove-
nance of a conformal metric structure in a given Riemann surface with local
chart W

ds* = p(z,2)dz A dZ. (11.28)

The Hilbert space H; is defined in an analogous way to the definition
Eq. (11.26), but with the dual tensor transformation law

f(z,2) = (Ow/dz)) ™ f(w, w). (11.29)

As an exercise for our readers we have that the above inner products are
invariant under the action of the conformal (complex) coordinate transfor-
mations of the open set W.

Let us now introduce the following self-adjoint operators in L2(W):

L H —>H 1)
i pjafj; (11.30)

and its adjoint operator

L Ho(en) — H(j

¢ g g (11.31)

We consider the further positive definite (inversible) self-adjoint oper-
ators

£j: L;Lj: Hj — Hj, (11.32&)
L5 LiLT s Ho (1) — Ho(j41)- (11.32Db)
Note the explicit expression:
LiL = (p~10:0:) + ((j + 1)p ™ (9=(Lgpds))), (11.33a)
LiL; = (—p0.0:) — (jp~ " (9:LgpD:)). (11.33b)

By using now the Seeley asymptotic expansion in C2°(R?), we have the
following ¢t — 0™ expansions for the heat kernels associated with the Dirac
operator Eq. (11.33)5:

lim TI‘COO(RQ)2X2 (exp(—tﬁjﬁj-))

t—0t
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_ /W (dz A.dz> (f’(z’z) B Chs 3~7)(Mgp)(z,z)> +O(t) (11.34a)

21 2mt 127
tli%l-*- Trcgo(R2)2X2 (exp(—tﬁ; ﬁj))

/dz/\dé p(z72)+(2+3j)
w2 ot 127

(AEgp)(z,z)) +O(t). (11.34b)

Now the famous topological heat kernel index can be obtained easily
through the Atiyah—Singer definition:

index(£) = 1, [Trcm(aye,o [PXP(L; ) — expltL3L))]

_a I:j) UW dz A _dfp(z,g) <+;A€gp(z72))}

2mi p(z,Z)

- (1 + 2j) X(M). (11.35)

47

Here, the curvature of the Riemann surface M with metric ds? = p(z, z)dz
A dZ is given by

R(z, %) = (%Afgp) (2,2), (11.36)

which is related to the topological invariant of the Euler—Poincaré genus of
M through the Gauss theorem

/ oz, 2)R(2,5) = 27(2 — 29). (11.37)
M
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Appendix A. Normalized Ricci Fluxes in Closed Riemann
Surfaces and the Dirac Operator in the
Presence of an Abelian Gauge Connection

In this appendix we wish to expose a new result of ours on the Riemannian
geometry of Riemann surfaces M. Let us consider the nonlinear parabolic
PDE’s equation governing the flux dynamics of a given metric h,, (z) in
M, namely,

& s = (o~ R, (A1)
where R is a scalar of curvature and Ry its mean value.

An important result in this subject of Ricci fluxes is the famous theorem
of Osgood—Phillips—Sarnak, which shows that in the class of all metric
structures with a fixed conformal structure, the determinant of the Laplace
operator takes its maximal value in the metric of constant curvature.® Let
us present a generalization of such result for a Dirac operator in the presence
of an Abelian gauge connection (with a fixed spin structure).
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Theorem A.1. The determinant of the Dirac operator in the presence of
a gauge connection in a compact orientable Riemann manifold (equivalent
to a complex curve = Riemann surface) has a monotonic grown under the
Ricci flux.

Proof. Let us consider a Dirac operator with a spin structure (v*,u?) in
the presence of a U(1) Abelian gauge connection which in the physicists
tensor notation reads as’

5 an 1 .
P(A h) = inel (@L + gWH,ab(e)sab% + Au) : (A.2)
The matrices v# = éH~, are the (Euclidean) Dirac matrices associated with
the metric Riemann surface structure h*” = é~é%. Note that h*” can always

be written in the canonical conformal form (¢ € M)

() = @Wo, (A.3)

where h* is the element representative of h* in the Teichmiller modulo
space of M. We also note that the Abelian gauge connection (the Hodge
Abelian connection) has the usual decomposition”

ghv

A, = —ﬁaﬂqs + A7 (A.4)

with
VH (A, — Ay = 0. (A.5)

It is useful to remark that the effects of the nontrivial topology of the genus
of Riemann surface M reflects itself in the Hodge harmonic term Aﬁl of the
U (1)-Connection through the Abelian differential forms (and its respective
complex conjugates)” O

g
Al =2h (Z(Peai + geﬁﬁ)) ) (A.6a)

{=1

al, = =0 (Q — Q),Zslwl{ +c.c, (A.6b)

Z =(Q- Q)fjlwi +c.c. (A.6¢)
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The Riemann surface matrix period 2 is defined by the usual homo-
logical relationships (Abel integrals)
/ o' = bj; B = Qy, (A.7)
al bt
where {a'} and {b’} are the canonical homological cycles of M.
Let us now consider the variation of the (functional) determinant of

the Dirac operator det?/ 2(7@72)*) = det(l)) in relation to an infinitesimal
variation of the metric with a fixed conformal class®

2, det(D(A, 1))
o’ area(M) det()(A = 0, h))

1 dzNdZ ~ 5 ) _
-+ | S5 0e00) (2. 2)

1 dzNdz5 5
o ), 2 1 Lter)iltgp)=zl: (A-8)

Note that this metric variation is evaluated for the normalized Ricci flux

below
0
5¢t9p = llgple = Ro — R, (A.9a)
_212—-9)
Ro = o) (A.9b)
R= —%822(@;)). (A.9¢)

As a consequence we have the positivity of Eq. (A.8):

d det (A, h)
o { area(M) det(D(A = 0,h)) } =0 (4.10)

At this point we remark that Eq. (A.10) vanishes solely for all those metric
of constant curvature, which at the asymptotic limit ¢ — oo leads us to the
usual result (R — Ry)

/ (Ro — R)R-Vhdz ndz =20,
M

since for t — oo all (smooth-C*) metrics on M are attracted to the
metric of constant curvature under the action of Ricci flux with a fixed area
(S \/ﬁ% = area(M)).
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